A TROTTER PRODUCT FORMULA FOR GRADIENT
FLOWS IN METRIC SPACES

PHILIPPE CLEMENT AND JAN MAAS

ABSTRACT. We prove a Trotter product formula for gradient flows in
metric spaces. This result is applied to establish convergence in the
L?-Wasserstein metric of the splitting method for some Fokker-Planck
equations and porous medium type equations perturbed by a potential.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In the first part of [1] Ambrosio, Gigli and Savaré developed a rich theory
of gradient flows in metric spaces. In particular they studied in great detail
the following situation.

Let (X,d) be a complete metric space, and let ¢ : X — R U {+o0} be
a lower semicontinuous functional which is not identically +o0o. Associated
with ¢ is the Moreau- Yosida functional ® defined for h > 0 and z € X by

oy [ o)+ gpd*(z,y), y € D(p),
O(h, 23y) = { +00, otherwise,

where D(¢) = {z € X : ¢(x) < oo}. In [1] conditions are given which
guarantee

(1) existence and uniqueness of a global minimizer of ®(h, x;-), which is
denoted by Jpx and called the resolvent of ¢ at x;

(2) convergence of sequences of iterated resolvents {(J;/,)" % }n>1;

(3) the validity of a certain evolution variational inequality (EVI) for
the limit.

In the second part of [1] the theory is applied to problems in the space
of probability measures where the functional ¢ can be naturally written as
the sum of two (or more) functionals ', i = 1,2. It appears that in most
cases one can associate with each ¢’ a resolvent J,"L. It is therefore natural
to consider the problem of convergence of sequences of iterates of the form
{(J tz/n J tl/n)n:c}nz 1 provided they are well-defined and to investigate whether
the limit satisfies the EVI associated with (. In this paper we give sufficient

conditions for this to be true (Theorem 1.1).
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We apply our abstract results to establish convergence with respect to
the L?-Wasserstein metric of the splitting method for Fokker-Planck equa-
tions and porous medium equations with a potential satisfying appropriate
conditions.

Let us now present the setting of the paper and state the main results.
Throughout the paper, we let (X, d) be a complete metric space. Fori = 1,2,
let " : X — RU{+o0} be a lower semicontinuous (Isc) functional satisfying

D(¢") ND(¢?) # 2.
We consider the functional ¢ := ' 4 2 defined by
D(p) := D(¢") N D(¢?),
p(z) = ¢ () + ¢*(x), x€D(yp),

and note that D(y) # @, and ¢ is lower semicontinuous.
We shall impose three assumptions:

(A1) For i = 1,2, for any h > 0 and any x € D(y?), the following varia-
tional inequality has a solution:

find y € D(¢) satisfying

G2~ P2+ ) W) Sl (1)
for all z € D(¢%).

Clearly, if y € D(¢") satisfies (1.1), then y is a global minimizer of
®'(h,x;-). Since 3-d*(y,z) + ®'(h,x;y) < ®¥(h,x;2) for every z € D(¢),
this global minimizer is unique. We will denote the minimizer by J; z. Notice
that for x € D(¢*) and h > 0 we have

¢ (i) < ¢ (2),
as can be seen by setting z = z in (1.1).
(A2) For any h > 0 we have

(i) Ji(D(p') N D(¢?))
(i) Ji(D(e') ND(¥?))

For h > 0 and = € D(¢!) N D(¢?) we define
Kpx = J2J e,

It follows from (As2) that Kz € D(y). In particular, it follows that K}, maps
D(y) into itself.

A discretisation h is a finite sequence of positive numbers (h;)!; C
(0,00). For k =1,...,n we set

(¥?),
(")

N

D
D

N

k

|h| := sup hyg, th =0, th= 2Zhj.
1<k<n j=1

Given =z € D(p) and a discretisation h = (h;)}_,, the discrete scheme is

defined for k =1,...,n by

0 ._ ko7l k-1 k._ 12 o5k _ k—1
Iy = T, Ty = Jhkxh s Tp = hkxh = thfl:h .
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We shall associate with the discretisation the piecewise constant function
xp, (resp. Tp) @ [0,t7] — X which takes the values zf at t8, 0 < k < n, is
constant on the intervals (tﬁ_l, tﬁ), 1 < k < n, and is right-continuous (resp.
left-continuous).

To motivate the next assumption, let us remark that, as we have seen
above, for z € D(¢") we have ¢'(J}z) — ¢'(xz) <0, i = 1,2, but in general
we do not have any bound for ¢!(J2z) — ¢'(z) with x € D(¢!). The next
assumption provides some control on this quantity. For k= 1,...,n we set

k
0F .=l ) — ' @, AfL=D o
j=1

We can now state the assumption:

(A3) There exists a Isc functional y : X — R U {+oc}, not identically
+o0, such that the following holds: for any w € D(p) and any
he, T, R,U > 0 there exists K € (0,00) such that for any discretisa-
tion h = (h;)"_, satisfying

|h| < h,, th <T, (1.2)
and any = € D(yp) satisfying
d*(z,w) < R, x(x) <U, (1.3)
we have
b <K

Now we are ready to state the main result of this paper.

Theorem 1.1. Assume that (A1), (Az),(As) hold. Let T. > 0 and let
(h%);>1 be a sequence of discretisations, where h* = (hi)i_ |, such that

(7) %Izlfl‘ thi > Tk and (i7) Zlg& |h'| =0
Let x € D(¢p) and let (2%);>1 C D(p) be a sequence satisfying

(iii)  lim 2 = z, (iv)  sup x(z') < oo, (v) supp(z') < oco.
1—00 i>1 1>1
Then the sequences {x'y:Yi>1 and {2ty }is1 converge uniformly on [0, T.]
to a continuous function w : [0,Ty] — X which satisfies u(0) = x, pou €
LY((0,T:);R) and
4L (u(t).9) < o) - plu(t) (1.4
in the sense of distributions on (0,T%) for any y € D(y).

Remark 1.2. More explicitly, (1.4) means that

1 oo y o0
-5 [ o< [T o0 - e

for any non-negative test function ¢ € C2°((0,00); R). Equivalently, see, e.g,
[4], for any 0 < a < b < o0,
1 b

FEE0) — 5P o)) < b= ele) ~ [ elu)in (1)
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Remark 1.3. Existence and uniqueness of a solution to (1.4) for z € D(¢p) has
been proved in [1, Theorem 4.0.4] under suitable coercivity and convexity
assumptions which imply (A;) for ¢. Here we do not assume that (A;) holds
for . Therefore the existence of a gradient flow for ¢ does not follow from
the results in [1].

Remark 1.4. As we observed before, in (A3) we impose a bound for ! (J2z)—
¢'(z) with z € D(¢!). Note however that we do not assume any bound for
©*(Jlz) — p*(x) with 2 € D(p?).

Remark 1.5. Convergence of the splitting method is well-known in the case
where X is a Hilbert space and each ¢’ is a convex functional [2, 7]. If X is
a Hilbert space, then our assumptions are more restrictive than the ones in

[7].

Remark 1.6. It follows from the theory presented in [1], see also [3], that for
i =1,2, (A1) implies the existence of a semigroup of operators S} : D(¢") —
D(¢"), t > 0, such that for any = € D(?) the function u'(t) := Sizx satisfies
(1.4) with ¢ = ¢". It appears from its proof that Theorem 1.1 remains valid
if we replace one or both of the resolvents with the associated semigroup.

At first sight (As) may seem difficult to verify in concrete situations.
However, the next result provides some sufficient conditions for (As) which
are easier to state and which will be shown to be fulfilled in a number of
examples in Section 3.

Proposition 1.7. Assume that (A1) and (As) hold and suppose that o' and
©? satisfy at least one of the following conditions:
(1) There ezists ¢ > 0 such that for any h > 0 and = € D(y) we have

! (Jhw) < @' (x) + ch;
(2) Assume that ¢'[X] C [0,00]. Moreover, assume that there exists
a >0 such that for any h > 0 and x € D(p) we have
o' (Jhe) < el (2);
(3) Assume that ©*[X] C [0,00]. Moreover, assume that there exist
a, ¢ >0 such that for any h > 0 and x € D(p) we have
(@) @'(Jiw) < @' () + che?(Jia),
(it)  @*(Jpo) < e?(2).
Then (As) is satisfied with
(1) x = constant, (2) x = ¢, (3) x = >

We apply our results to the case where X = QQ(RC[), the space of prob-
ability measures on R? with finite second moment endowed with the L2-
Wasserstein metric. On this space we consider the sum of the (negative)
Boltzmann entropy and a potential energy. The associated gradient flow
corresponds to the Fokker-Planck equation [6]. We show that the conditions
of Proposition 1.7(1) are satisfied under suitable assumptions on the po-
tential, and therefore the splitting method converges in this setting. Using
(2) and (3) of Proposition 1.7, we obtain similar results by replacing the
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Boltzmann entropy by the Rényi entropy, which corresponds to the porous
medium equation [9].

The paper is organised as follows. In Section 2 we shall work in the
abstract setting of a metric space and give the proof of Theorem 1.1 and
Proposition 1.7. The applications to gradient flows in the Wasserstein space
are presented in Section 3.

Acknowledgement. We are grateful to the anonymous referee for his useful com-
ments.

2. PROOF OF THEOREM 1.1 AND OF PROPOSITION 1.7

We continue working in the setting of Section 1. In particular, we assume
throughout this section (with the exception of the proof of Proposition 1.7)
that (Al), (AQ) and (Ag) hold.

We will adapt the arguments from [1] where a single functional has been
considered. First we state a simple analogue of (1.1).

Lemma 2.1 (Discrete Evolution Variational Inequality). Let x € D(¢) and
let h := (hy)p_, be a discretisation. For w € D(p) and k =1,...,n we have

1 2 2/, k—1 k 2 kfl k
_ < _ R
i (Plahow) = (b w)) < plw) = plah) - fodeh,ab™) + b
(2.1)
In particular,
3
Pl ey ) < play ) — plag) + 0 4 (2:2)

4hy,
Proof. Recall that 7} = Jﬁkx’ﬁ_l. Using (1.1) we find that

1
2 20 k=1 < L k Lok k-1
o (3 w) R w) < o) - o' @h) - Qhkd@:h,xh )

1 N ~
i (@ lahow) = B w) < w) - P ah) - 5 dPah 7).
Adding these inequalities, we obtain
1(d2($ )_d2(k—1 < 20 ky 10k
hy W o w) ) < p(w) — ¢ (ay) — ¢ (1)
2,

ot ah) =o' @h) g (kb )+ Plahah).
Finally, observe that
d* (g, oy ") < 2d°(a, BY) + 2d° (T, oy, ).
U

Our next goal is to prove some a priori estimates in Proposition 2.3. We
will use the following discrete version of Gronwall’s lemma, taken from [1,
Lemma 3.2.4]. For the sake of completeness we include the proof.
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Lemma 2.2. Let A > 0, and let {an}n>1,{Tn}n>1 be sequences of positive
numbers satisfying m = sup,>1 T, < 1 and

n
anSA-i-ZTkak, n > 1.

k=1
Then, writing [ := m, =0, and t, := > }_, T for n > 1, we have
an < ABexp(Btn—1). (2.3)

Proof. We argue by induction and observe that (2.3) clearly holds for n = 1.
Let n > 1 and suppose that (2.3) holds for all 1 < k < n. Since, for any
n>1,

A 1 n—1
n 1—Tn+1—Tn;TJG/J,

we obtain

ant1 < AB+ /BZTjaj < AB+ ApB? ZTjeﬁtﬂ‘*l

J=1 Jj=1

tn
<A5+AB2Z ePtdt = A6+A62/ ePtdt
ti—1
= ABePtn,
which completes the induction step. U
Proposition 2.3 (A priori estimates). Let w € D(¢) and 7L, K R, ST>0

be given. There ezist constants C,C € (0,00) such that for every x € D(y)
and any discretisation h := (hy)p_, satisfying

1~
b < 2, he<K,  dww) <R p(@) <S8, H<T,
(2.4)
we have
d?(z}, w) < C, (2.5)
3 — 1 k k-1 0 n n ~
1 hikd (T, 7y ) < p(zy) — p(ry) + AR, < C. (2.6)
k=1
Notice that, by pplylng the first inequality of (2.6) to the subdiscretisa-
tion (h; )] 1, k=1,...,n, we have
@(xlﬁ) < p(ah) + Aj o < o(2h) + AR, (2.7)

forany k=1,...,n
Proof. Tt follows from (2.2) that, for k =1,...,n,

3
de(xﬁ,xh ) < plap) — 80($ﬁ)+51]€1,m-

Summation over k yields the first inequality in (2.6).
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For € > 0 we obtain, setting hg = hpt+1 = 0,

P}, w) — d(af, w)
zznjd%xﬁ,w) d(ah ! w)
—Z (ah, w) — d(@f ™", w)) (d(ah, w) + d(af ™", w)
de(:cﬁ,xii‘l)( (h, w) +d(zy ", w))
<Zid2 +Z d(ah, w) + d(af ™ w)?
<Z—d2 ok §—1>+kz’;’;(d2<xﬁ,w>+d2<xﬁ—%w>)
~

" hy + h
2 k—l k k+1 2/ k

Combining this estimate with the first inequality in (2.6) (which we already
proved), we arrive at

(o w) — () < elp(af) — plaf) + AL

3N g + h (2.8)
n . kzzo k -1-25 kHdQ(xﬁ,w).
Fori=1,2, h >0, and z € X we set
CEUES SR St
and
on(w) == &' (h, w; Jtw) + ®(h, w; JPw).

The defining property of J}'Lw implies that

' (h,w; Jiw) < ®(h, w; z}).
Adding these inequalities for ¢ = 1,2, it follows that

Bh(w) < (af) + ~ (2, w). (2.9)

h
Substituting ¢ :=

N

n (2.8), and using (2.4) and (2.9), we obtain

2 (Pl w) — P} w) <

l\’J\D‘

1
S — & (w )—I—ZdZ(mﬁ,w)—l—Aﬁw)

3= hit i1 o, g
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Rearranging terms, using (2.4), and multiplying the inequality by 4, yields
n
d? (28, w) < A+ ZdeQ(xﬁ, w),
k=0

where A := [3R + 2h(S — @5 (w) + K)|* and 7, := Shk%}zk“ < 2. Applying
Lemma 2.2 we obtain

n—1 -
2lat ) < 4dexp (122 th%th) < 4Aexp (2; ; )

k=
T) =:C,

< 4Aexp( -

which proves (2.5).
Finally, using (2.4), (2.5), and (2.9), we obtain

_ NP
p(ah) — plah) + AR, < S — G (w) + ZdQ(xh,w) +K
. C =~
SS—QOE(U))—FZ-FK:IC.

which proves the second inequality in (2.6). O

Let o € D(¢) and a discretisation h := (hg)}_; C (0,00) be given. As
in [1] it will be useful to consider continuous interpolants of some relevant
quantities which are originally defined only on the discrete set (tj ) _o- For

this purpose we will use the (unique) function ¢, : [0,t}] — [0,1] Wthh is

affine on each interval [tj_1,t;), j = 1,...,n, and satisfies ¢, (t],) = 0 for

j=0,...,n,and limm] lh(t) =1for j = 1, ...,n. We consider the function
h

dnz : [0,t}] x X — R defined by

dio(t.y) = (1= Lu(t))d*(zn (1), y) + a()d*(@n(t), )
and the function ¢y 4 : [0,¢}] = R defined by

Pha(t) == (1= La(t)) e(zy(t)) + tu(t)o(Tn(t)).

Note that z},(t), Zn(t) € D(y), since Kj maps D(p) into itself, as has already
been observed before. Finally, we define the function Ry : [0,] — R by

Rt E)k%k @f@wxaﬁw o) + 65,

L ko L oo k—1
e P hal D) a0 0k - bl ) )
The following result is an analogue of [1, Theorem 4.1.4].

Lemma 2.4 (Gradient flow approximation). Let x € D(y) and a dis-
cretisation h := (hy)}_, be given. For every y € D(p) and every t €
[0, 62]\ {£2,. ...t} we have

G Rat9) + pnalt) — 0ly) < Rus(1), (210)

where % denotes the pointwise derivative.
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Proof. First we remark that t — di .(t,y) is a piecewise affine function. As
a consequence, the derivative in (2.10) exists for ¢ in the above-mentioned
set. Fork=1,...,nand t € (tfl_l,t’fl) we obtain using (2.1),

d
@di,x(t, Y) + ¢ne(t) — o(y)

= 2;11k<d2<@°ﬁ7 y) = (@7 9) + ena () — o(v)

1 _
< 5ﬁ,g; - md2($ﬁa fﬂﬁ Y+ ona(t) — o(at)

— b~ g (ohal ™) + (- ) (ol ) - plah)

The following estimate will be useful in the proof of Proposition 2.7 below.

Lemma 2.5. Let x € D(p) and a discretisation h := (hy)p_, be given. For
1<k <n,
tk

h
/0 [Ru(3)]" ds < [h|(p(aD) — o(ak) + 2AL ).
Proof. Fort=1,...,k and s € [ti:l,t{q) we claim that

Rna ()] < (1= () (w@f ) = 0(ah) + 0, ) + a(8)0hee (211)

Indeed, if Ry, ;(s) is non-negative, this is clear from the definition of Ry, 5 (s).

Otherwise, if Ry ;(s) is negative, (2.11) follows from the non-negativity of

5{1@ and p(zi 1) — p(a}) + (5{1@, the latter being a consequence of (2.2).
Combining (2.11) with the identities

ti t
" eh(t)dt:/_'“ | — () dt = by,
t

i—1 i—1

th h
we obtain
t ket
/ Rua(s)[tds = / " [Rna()]* ds

0 i—1 7tn

k
<Y k(e ) — e(ah) + 64 ,) + hidh .

=1

O

We will now compare the discrete scheme induced by (h,z) to another
discrete scheme induced by (r,y), where y € D(p) and r = (r;)jL; is a
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discretisation. For this purpose we consider the continuous function d%r :
[0,t1] % [0,t*] — R defined by

e (t,8) 7= (1= Le(8))df, 5 (89, () + Le(8)dp o (£, T2 (5))-

In this formula the dependence of dflr (t,s) on x and y is suppressed in the
notation. With this notation we have the following result:

Corollary 2.6. For allt € [0, min{t},t"}] we have
t
Rat.) < Pt + [ Ruslo) + By (o) ds.

Proof. For each fixed s € [0, ] we obtain for all ¢ € [0,2]\ {#%,...,t}} by
(2.10),

0
S Bhalt5) + onat) — ey l5) < Bualt).
Similarly, reversing the roles of (h,z) and (r,y), yields for fixed ¢ € [0, )]

and for all s € [0,#7]\ {t),..., ¢},

0
%dfh(& t) + ery(s) = ona(t) < Rey(s).
Noting that d3, (t, s) = d?,(s,t), we obtain by adding these inequalities, for

each t € [0, min{¢, ¢t} \ {0, ... 7,2, ... 1},

d
7d%1r(t7 t) < R}Lm(t) + Rr,y(t)-

dt
Taking into account that t — d%r(t,t) is continuous and piecewise C!, the
result follows by integrating this inequality. O

The next result contains the main estimate for the proof of the Trotter
product formula in Theorem 1.1 below.

Proposition 2.7. Let w € D(p) and ﬁ, R,S,U, T > 0 be given. There exists

a constant K € (0,00) such that for all x,y € D(p) and all discretisations
h:= (hi)p—y and v := (r;)L, satisfying

1~
b < ch, dEhw) <R elam) <S8, x(aw) <U, T

1~
[ <gh  FEhw) <R er) <S8, xWw)<U g <T
we have, for t € [0, min{t}, t"}],
& (@n(t), 7, () < K(d*(z,y) + [b] + |r]).

Proof. Let t € [0, min{ty;,¢["}] and let k,j > 1 be such that ¢ € [ttt N
(071, 1), where we use the convention that 2t =1+ 1 and 7! = #7041,
To simplify notation we write

agp = d2($ﬁ,ﬂflﬁil), agl = d2(y£7yg_1)a
ag =y T, ag = dP eyl h),

2/ k=1 _j 200k 40
Q= d*(zy ", ul), ag; = d”(zy, Yi)-



A TROTTER PRODUCT FORMULA FOR GRADIENT FLOWS 11
With this notation we have (using that (3", 5;)> <n > ", b?),

d*(@n(1), 7 (1)) = d* (2, 1)
= (1= a()(1 = Le(1) + (1 — Lu(t))le(t)

+ () (1= £e(t)) + bn(t)6e(t)) az5
<3(1 = Lu()(1 — £e(t))(agy, + axj + a;l-)

+2(1 = €n(1))be(t) (agy + ag;)

£ 260(8)(1 = (D) (ag, + a3,) + (e (B)ag;
<3(1—tu(t)(1— Er(t))(amC + ag;j +az )

+3(1 = () br (1) (azy + a5)

+30n(8)(1 = (D) (ag, + a3,) + 3Dl (g
= B2, (1, 1) + 3(1 — b (0)d(ah, 2E) + 3(1 — Lu(0) Ayl 1Y),

To complete the proof, we will estimate each of the terms at the right-
hand side. Using Corollary 2.6, Lemma 2.5, Proposition 2.3 and (As) with
he=th

* R

A (t,1)

¢
< d*(xD, yY) —i—/ Ry () + Ry y(s) ds
0

t

< @)+ | P B ()] ds + [ et as

< d*(ap, u0) + | (@(2) — o(2f) + 248 ) + x| (e(?) — o(yd) + 241 )
< d* (a9, 99) + (C + K)(|h| +|r]),

where C' and K are the constants from (2.6) and (A3) respectively. By
another application of (2.6),

i 4 ~
(ahoal ) < b Zh—cﬂ i) < 5Clh)

and similarly,
L 4 ~
d?(yi’yg—l) S gc‘ﬂv
which completes the proof. O

The following elementary lemma will be used in the proof of Theorem 1.1
below.

Lemma 2.8. Let {a;}i>1 and {b;};>1 be sequences in X converging to the
same limit ¢ € X. Let {\;i}i>1 be a sequence in [0,1], and let p : X —
R U {400} be a lsc functional which is not identically +oco. Then

¥(e) < liminf (1= Ai)vp(ai) + A (bi)).
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Proof. Suppose that 1(c) € R (resp. ¢(c) = +o00.) Let € > 0 (resp. let
M > 0). Since 1 is Isc, we can find § > 0 such that ¢(x) > ¢(c) — € (resp.
Y(x) > M) whenever d(c,z) < d. Since a;,b; — = as i — 0o, we can take
N > 1such that d(a;, z) < ¢ and d(b;, x) < J for all i > N. Consequently, for
all i > N we have ¢(a;) > ¥(c) — e (resp. ¢¥(a;) > M) and ¢(b;) > ¢(c) — e
(resp. ©¥(b;) > M). It follows that (1 — A\;)1(a;) + A\ivo(b;) > (c) — € (resp.
(1 = X)v(a;) + Nivp(b;) > M), which implies the result. O

Proof of Theorem 1.1. Note that the sequences {z,i (t) }i>1 and {2y (t) }i>1
are well-defined on [0, T%] as a consequence of (i). Proposition 2.7, (i7) and
(#44) imply that the sequence {a’yi(t)}i>1 is a Cauchy sequence, even uni-
formly in ¢ € [0, T.]. Using the completeness of (X, d) there exists a limit u(t),
t € [0,T,], which is right-continuous. From (2.6) we have d?(zf,zF™1) <
%5hk. This implies that the sequence {z%,i(t)};>1 converges to the same
limit w(t), ¢ > 0, which is also left-continuous on [0, T]. Assumption (%)
implies that u(0) = x.

Next we show that ou € L'((0,T%);R). Since ¢ is Isc and u is continuous,
the function p ow : [0,7] — R U {400} is Isc, hence Borel measurable and
bounded from below. From (2.7) we obtain for ¢ € [0, T4],

p(ahi (1) < p(2') + AR .
Assumption (v) implies K := sup;>; ¢(2") < oo. Using assumption (Asz)
with Ay := sup;>; |h?|, T := Ty + hy, w := x, R := SUp;>1 d*(2%,x), U :=
sup;>1 ("), which is finite by (iv), we have Ky := sup;5; A, , <
Therefore

i 0.
Xz

o(u(t)) < lim inf(p(?hi (t)) < sup go(xz) + sup Aﬁi b <K+ K.
i—00 i>1 i>1 ’
It follows that ¢ o w is bounded from above, which implies the claim.

It remains to show that (u(t));~0 is a solution to (1.4). This will be done
by passing to the limit in (2.10). Let ¢ € C2°((0,7%);R) be non-negative.
Take y € D(p) and note that, by what we just proved,

lim d}; .(t,y) = d*(u(t),y), uniformly on [0, T}].

1—00 ’
Consequently, the mapping t + ¢'(t)d?(u(t),y) is continuous (hence inte-
grable) on [0, 7] and

Ty Tk
lim ¢ (t)dps i (t,y) dt = ¢ (t)d?(u(t),y) dt. (2.12)

Using the second inequality of (2.6) and the lower semicontinuity of ¢, we

infer that there exist constants C,C € R not depending on ¢ € [0,7,] and
7 > 1 such that

Phi i () > p(a') = C > C.

Since ¢ is non-negative, it thus follows that the functions ¢ — ((t)@pi 4i(t)
are bounded from below, uniformly in ¢. Therefore we may apply Fatou’s



A TROTTER PRODUCT FORMULA FOR GRADIENT FLOWS 13

Lemma to obtain

T. T.
lim inf C(t) i zi(t) dt > / lim inf {(£)ppi i (t) dt.
0 0

1—00 1— 00

Applying Lemma 2.8 with a; := z'i(t), b; = 2'h:i(t), \i = lyi(t), and
1 = @, we infer that

Ty Tk
liminf [ Cl)eniai () dt> [ C(E)p(ult)) dt. (2.13)

Combining (2.12) and (2.13), integrating by parts, using Lemma 2.4, Lemma
2.5, (2.6) and (As), we arrive at

T,
/0 — (@)d2(u(t), y) + C(H)p(u(t)) dt

T*
< lim inf / —¢'(t)dpi i () + C(£)ppi s (£) dt
0 3 b

1—00

1—00

Ty d
= lim inf/ C(t) (dtdﬁi 2 (6 Y) 4 Pni g (t)) dt
0 5 Y

T,
= lim inf/0 C(t)((y) + Ry 4i(t)) dt

i—00

T ~ .
<liminf [ ((£)e(y) dt + (C + K)||Cl[co|b’|

Z—ji:)o 0
=, C(t)p(y) dt,

which shows in view of Remark 1.2 that (u(t)):>0 satisfies (1.4). O

Proof of Proposition 1.7. Let w € D(¢) and h, T, R,U > 0 be given, and
take x € D(p) and a discretisation h C (0, c0) satisfying (1.2) and (1.3).
(1) Since ¢, hy > 0 for k =1,...,n, we have

n n
~ 1
he =D ' @) — @' @) < e b < 5,
k=1 k=1
which implies (A43) with x = constant.

(2) By assumption we have p'(zf) < el (zF) for k = 1,...,n, and
therefore

Pl ah) — ! (@) < (™ — 1)¢' (7).

Since the right-hand side is non-negative, we have

" (zh) — ¢ @) < (¥ — 1)e! (7).
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Moreover, it follows by induction that ¢'(zf) < e2®m ol(z) for k =
1,...,n. Consequently,

n n
<D = 1)ern ol (@) = Y (3 — o3 ) (@)
=1 k=1

which proves (A3) with y = ¢!.
(3) Note that (i) implies that 5{“1@ = [pl(a}) — @) < chpp?(af),

since chyp?(zf) is non-negative. Moreover, using (ii) and induction it fol-

lows that ¢?(2f) < e2M; ¢?(r). Using these estimates we obtain

n n
1 .k
Pe <> hp(af) < cp?(x) ) hpezom
k=1 k=1

1
atpthn

T
< cgoQ(x)/ e*ds < cg02(a?)/ e ds,
ha 0
which proves (A3) with y = ©?. O

3. APPLICATIONS

In this section we will apply the Trotter product formula from Theorem
1.1 in several concrete situations.

The Wasserstein space. Let ng(Rd) denote the set of all Borel proba-
bility measures 1 on R?, d > 1, satisfying fRd |z|? du(z) < oco. We consider
the L?-Wasserstein distance defined for p,v € 25(R%) by

Wa(p, v) := inf { (/Rded 21 — 22]? dE(ml,x2)>1/2 Y eT(u, y)}. (3.1)

Here T'(u,v) denotes the collection of probability measures ¥ on R? x R?
with marginals ; and v, i.e., for all Borel sets A, B C R,

S(AxRY =p(d), BR?x B)=v(B).

Endowed with the metric Wy, &9 (Rd) is a complete separable metric space.
For a Borel mapping T' : R — R™ and a Borel probability measure p on
R? we write T p to denote the image measure on R” defined by Tiyu(B) :=
w(T~(B)) for a Borel set B C R™.

The infimum in (3.1) is attained (see, e.g., [11, Theorem 4.1]). Moreover, a
celebrated result by Brenier, independently due to Rachev and Riischendorf
and later refined by McCann, asserts that if i is absolutely continuous with
respect to the Lebesgue measure ¢, the minimizer ¥ € I'(i,v) is unique
and can be written as ¥ = (I x V f) 4 for some convex function f : R? — R.
We refer to V f as the optimal map pushing p to v. Detailed proofs of these
results can be found in [11, Theorems 9.4 and 10.41].
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We shall present four applications to gradient flows in the metric space
(QQ(Rd)a WZ)

The functionals. In all of our examples below we shall consider a convex
potential V € C?(R%; R) satisfying the (strong) assumption that the Hessian
D?V is bounded, or equivalently since V is convex, that there exists ¢ > 0
such that

AV (zx) <c, z e R4 (3.2)

The potential energy V : P5(R?) — R given by

V(y) = /R V(@) d(a)

is well-defined, since the assumption on the Hessian implies that |V| is of at
most quadratic growth.

We shall also consider the (negative of the) Boltzmann entropy H :
P5(RY) — RU {400} given by

_ [ Jpap(@)logp(x) de, p=p2",
Hp) = { +00, otherwise,

and the Rényi entropy F : P2(R?) — RU {+o00} defined for m > 1, by

1 m d
_f wg Jge (@) dz, p=p 27,
Flu): { +00, otherwise. (3.3)

The functionals V, H, and F are lower semicontinuous on Z5(R%) (see,
e.g., [1, Lemma 5.1.7 and Remark 9.3.8]). A famous result by McCann
[8] asserts that these functionals are displacement convex, that is, convex
along geodesics in Z5(R?). In the first part of [1], an abstract theory of
gradient flows in metric spaces has been developed for functionals which are
convex along interpolating curves, not necessarily geodesics, along which
the squared distance function satisfies an appropriate convexity condition.
This condition fails for Ws-geodesics, but it holds for a different class of
interpolating curves along which the functionals V, H, and F are convex as
well [1, Propositions 9.3.2 and 9.3.9]. For our purpose, it is important to
note that as a consequence (see [1, Theorem 4.1.2]), (A1) is satisfied for any
pair of functionals chosen from V, H, and F.

Moreover, the first inclusion of (Asg) is satisfied in this situation, since

D(V) = D(H) = D(F) = Z2(R?).
In order to prove that the second inclusion of (As) and (As) hold in the

examples below, we shall use the following known result which provides
formulas for the densities of the resolvents. We let J;f denote the resolvent
associated with a functional ¢ defined on R% or &25(R%).

Lemma 3.1. Let u € P5(R%) and h > 0.

(1) We have JY = (JY ) gp. If p = p L2, then J) u = p' 2%, where
pl(z) = p(x + hVV (z))det(I + hD*V(z)), =z e€RY, (3.4)
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(2) We have JZ{/L = p' 2% for some p* € WHH(R?). Let T be the optimal
map pushing Jg{u to p. Then we have

YVt (z) = (T(z) — z)p*(z), L%-a.e. (3.5)

(3) We have Ji = p*.2? for some p' € WHLH(RY). Let T be the optimal
map pushing J,{:,u to p. Then we have

hV (p1)" () = (T(x) — 2)p*(z), L -a.e. (3.6)

Proof. The result follows from [1, Lemma 10.1.2. and Theorem 10.4.6]; see
also [10, Proposition 3]. For the convenience of the reader we provide a
simple direct proof of (1).

For z € R? we use the fact that JY (z) = (I + hVV)~!(x) to obtain

1 1
V(I (2)) + op 1%~ Iy (@)]* < V(y) + op 1%~ yl?,

for any y € R Take v € P(R?) and let T be the optimal map pushing x
to v. Using the estimate above we obtain

VA1) + g R O ) < [ VI @)+ 5l = T @) duta)

< [ VT@) + gyl - T@) P du(o)
Rd
1
2h
which implies that J)u = (J)4u. This proves the first assertion.
To complete the proof, we note that, (I + hVV)#(leu) = p. The con-

vexity of V implies that det(I +hD?V (x)) > 0 for all x € R?, and therefore
(3.4) follows from the change of variable formula. O

= V() + 5= W5 (1, v),

Compatibility of the functionals. It has been shown in [6] that the L2-
Wasserstein gradient flow associated with the sum H + V solves the Fokker-
Planck equation

Op=Np+ V- (pVV)

in an appropriate sense. Similarly, in [9] it has been shown that the gradient
flow associated with F is a solution to the porous medium equation

8tp = Apm
The following result shows that the assumptions of Proposition 1.7 are
satisfied in several examples.
Proposition 3.2. Let h > 0 and let ¢ > 0 be as in (3.2).
(1) For € D(H) we have

H(JY 1) < H(p) + ch. (3.7)
(2) For u € P5(R%) we have
V(JItu) < V(u) + ch. (3.8)

(8) For p € D(F) we have
F(JY ) < e DN F (p). (3.9)
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(4) For u € P5(R?) we have
V(T 1) < V() + c(m — DAF (I ). (3.10)
Proof. (1) We write u' := J,‘Z) p and denote the densities of p and p' by
p and p' respectively. Using the convexity of V, the inequality logdet(I +

A) < tr(A) which holds for any non-negative symmetric matrix A, and the
assumption on AV, we obtain

0 < logdet(I +hD?*V(z)) < hAV(z) <ch,  x€R% (3.11)

Lemma 3.1 implies that

H(p) + /Rd log det(I + hD?*V (z)) du' ()
_ / log p() du(z) + / log det(I + hD?V (2)) dp'(x)
R4 R4

—/ log p(x + hVV (2)) du' (z )—i—/ log det(I + hD?V (z)) du*(z)
Ra

— / log p* () dp (x)
]Rd

= H(uh).
The conclusion follows by combining this identity with (3.11).

(2) Let V™ and V'~ denote the positive and negative part of V respectively.
Since V' is convex, there exist k1, ko > 0 such that |V~ (z)| < k1 (1+ko|z|) for
all z € R% Since p! := J}tu € 25(R?), this implies that V~ € L1(R%; pb).

To show that V* € LY(R% u') as well, let T denote the optimal map
pushing p! := J;L"u to p, and note that by the convexity of V,

Vi) =V(z)+V (z) < V(T(2)) + (VV(z),r — T(x)) + V().
We claim that the first two summands at the right-hand side are contained
in L' (RY, pt).
Indeed, since € D(V) and p = Typ! we have V o T € L' (p!) and

[ v@@dd@ = [ v .

Furthermore, we note that the convexity of V' and the upper bound on its
Laplacian imply that the Hessian of V' is bounded. As a consequence, VV is
of at most linear growth, which in view of the fact that u' € Z25(R%) implies
that VV € L*(R?, p';RY). Since |[I — Tl p2ga ey = Walp, p') < oo, it
follows that (VV,I —T) € L'(R% u') by the Cauchy-Schwarz inequality.
This proves the claim and we conclude that V+ € L'(R?; ut).

Lemma 3.1(2) implies that ! = p'.Z¢ for some p' € WH1(RY). Using the
convexity of V' and (3.5),

Vi) = [ V@
< /R V(T(@) — (VW (@), T() — ) dpl(z)  (312)
=V~ b [ (VY (@), V(o) o
R
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We shall show that

/ (VV (), Vp! (z))de = — AV (z)p*(z) d. (3.13)

Rd Rd

Then (3.8) follows by combining (3.12), (3.13), and the condition AV < c.
To prove (3.13), we set n(y) = 4 for y # 0, and apply the Gauss-Green

ly|
theorem in the ball Bg := {z € R?: |z| < R} to write for R > 0,

/ pl(y)<VV(y),n(y)>dS(y)=/ (VV(2),Vp'(z)) dx
BBR BR
(3.14)
+ AV (x)p!(x) dz.
Br

Now we observe that
1
(VV.Vp!) = -(VV.T = I)p" € L'(RY),

and p'AV € L'(R?) as a consequence of the assumption that 0 < AV < c.
Therefore the dominated convergence theorem implies that the right hand
side of (3.14) converges as R — oo. In particular it follows that

L:= lim P WIVV (y), n(y)) dS(y) (3.15)
— 00 aBR
exists. On the other hand, since we already showed that VV € L?(R, u'; R9),
it follows that p'(VV,n) € L'(R?), hence the coarea formula (see, e.g., [5,
Proposition 1, p.118]) implies that for a.e. R > 0,

[ v asm = ([ e eve.ae) ).

(3.16)

Combining (3.15) and (3.16) we conclude (as in e.g. [10, Proof of Theorem
1]) that L = 0, and therefore (3.13) follows from (3.14).
(3) Write p! := J,‘fu and pu' = pl.Z%. Tt follows from Lemma 3.1 that

Fout) = = [ @) @)

m—1

1 m—1

b / (ola+ RV (@) det(T + hD?V ()" die ()
m—1 Rd
_ 1/ et (1 +hDV(IY )" duly)
—m_le<p(y)e n (Y 1(y)-
(3.17)
Using the inequality det(I + A) < e(4) which holds for any non-negative
symmetric matrix A, we obtain

e(mfl)ch

Fuh) < /Rd (o)™ " duly) = ™V F(p), (3.18)

m—1
which proves (3.9).
(4) As the proof is very similar to the proof of (2), we will only give a
sketch of the argument.
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Set p! := J7 u. Arguing as in the proof of (2), we infer that V~ and
V+ are contained in L'(R% u!). Furthermore, Lemma 3.1(3) implies that
pt = pt. 29 for some p' € WHI(R?). Using the convexity of V and (3.6),

V)= [ Vi)' @)

S e V(T(2)) = (VV(2), T(2) — z) dp' ()

:vw»—@égvvm»vmwm@»¢u

As in the proof of (2), it follows that

/ (VV(2),V(p")"(z)) dx = —/ AV (z)p*(z)™ dz, (3.19)
Rd

R4
and consequently,

V(') < V() +h » AV (z)(p" ()™ da

< V(w) +ch Rd(ﬁl(iv))m dz = V(p) + c(m — hF (u').
(]

Remark 3.3. The estimates (3.12)—(3.13) extend a recent result by Tudo-
rascu [10, Theorem 1], who considered the special case V(z) = $|z|%.

Theorem 3.4. In each of the following four cases, the functionals ' and
©? satisfy (A1), (Az), and (As3):

(1) p! =H and p* =V, (3) ol = F and p* =V,

(2) ! =V and p? = H, (4) ¢t =V and p* = F.

As a consequence, the Trotter product formula from Theorem 1.1 holds.

Proof. In case (1), Proposition 3.2(1) implies (As2)(i7) and Assumption (1)
of Proposition 1.7, hence (Aj).

In case (2), Proposition 3.2(2) implies (A2)(i7) and Assumption (1) of
Proposition 1.7, hence (A3).

In case (3), Proposition 3.2(3) implies (A2)(i7) and Assumption (2) of
Proposition 1.7, hence (A3).

In case (4), Proposition 3.2(3 & 4) implies (A2)(i7) and Assumption (3)
of Proposition 1.7, hence (A3). O
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