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ABSTRACT. We study a class of ergodic quantum Markov semigroups on finite-
dimensional unital C*-algebras. These semigroups have a unique stationary state o,
and we are concerned with those that satisfy a quantum detailed balance condition with
respect to 0. We show that the evolution on the set of states that is given by such a
quantum Markov semigroup is gradient flow for the relative entropy with respect to o in
a particular Riemannian metric on the set of states. This metric is a non-commutative
analog of the 2-Wasserstein metric, and in several interesting cases we are able to show, in
analogy with work of Otto on gradient flows with respect to the classical 2-Wasserstein
metric, that the relative entropy is strictly and uniformly convex with respect to the
Riemannian metric introduced here. As a consequence, we obtain a number of new in-
equalities for the decay of relative entropy for ergodic quantum Markov semigroups with
detailed balance.
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1. INTRODUCTION

Let A be a finite-dimensional C*-algebra with unit 1. We may identify 4 with a C*-
subalgebra of M,,(C), the C*-algebra of n x n matrices, for some n. In finite dimension,
there is no difference between weak and norm closure, and so A is also a von Neumann
algebra. A Quantum Markov Semigroup (QMS) is a continuous one-parameter semigroup
of linear transformations (Z%):>0 on A such that for each ¢t > 0, & is completely positive
and 21 = 1. Associated to any QMS 2, = ¢'“ | is the dual semigroup 3”;[ acting on
G4 (A), the set of faithful states of A. (When there is no ambiguity, we simply write
S4+.) The QMS Z; is ergodic in case 1 spans the eigenspace of & for the eigenvalue
1. In that case, there is a unique invariant state ¢. While o need not be faithful, a
natural projection operation allows us to assume, effectively without loss of generality,
that 0 € 6,(A). Characterizations of the generators of quantum Markov semigroups
on the C*-algebra M,,(C) of all n x n matrices were given at the same time by Gorini,
Kossakowski and Sudershan [27], and by Lindblad [41] in a more general setting (but still
assuming norm continuity of the semigroup). Such semigroups are often called Lindblad
semigroups.

The notion of detailed balance in the theory of classical Markov processes has several
different quantum counterparts, as discussed below. One of these is singled out here, with
a full discussion of how it relates to other variants and why it is physically natural. Suffice
it to say here that, as we shall see, the class of ergodic QMS that satisfy the detailed
balance condition includes a wide variety of examples arising in physics.

The set of faithful states &4 (A) may be identified with the set of invertible density

matrices o on C" that belong to A, as is recalled below. For p,0 € &1 (A), the relative
1
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entropy of p with respect to o is the functional

D(p||o) = Tr[p(log p — log 7)] . (1.1)

We show in Theorem 7.6 that associated to any QMS &7, = €' satisfying detailed
balance, there is a Riemannian metric g on &4 such that the flow on &, induced by the
dual semigroup 332 is gradient flow for the metric g of the relative entropy D(-||o) with
respect to the invariant state ¢ € G. In several cases, we shall show that the relative
entropy functional is geodesically convex for g,, and as a consequence, we shall deduce a
number of functional inequalities that are useful for studying the evolution governed by
Z;. In particular, we shall deduce several sharp relative entropy dissipation inequalities.
Some of these are new; see e.g. Theorem 8.5 and Theorem 8.6.

The Riemannian distance corresponding to g will be seen to be a very natural analog
of the 2-Wasserstein distance on the space of probability densities on R™ [64, Chapter 6].
Otto showed [50] that a large number of classical evolution equations could be viewed
as gradient flow in the 2-Wasserstein metric for certain functionals, and that when the
functionals were geodesically uniformly convex for this geometry, a host of useful functional
inequalities were consequently valid. This is for instance the case when the functional
driving the flow is classical relative entropy with respect to a Gaussian reference measure.
In this case, the flow is given by the classical Ornstein-Uhlenbeck semigroup, described by
the Fokker-Planck equation with linear drift. One of the inequalities that is a consequence
of the uniform geodesic convexity of the relative entropy is the sharp bound on entropy
dissipation for solutions of the Fokker-Planck equation.

The present paper also greatly extends our previous paper [10] in which we obtained
a gradient flow structure for the Fermi Ornstein-Uhlenbeck semigroup. In particular, we
prove a sharp geodesic convexity result for the von Neumann entropy in this setting,
thereby solving a problem that was left open in [10]. Thus, our results can be viewed as
a non-commutative extension of Otto’s investigation of classical gradient flows.

Mielke [45, 46] investigated related variational formulations for dissipative quantum sys-
tems based on Ottinger’s so-called GENERIC framework [48, 49]. However, the gradient
flow structure considered in Mielke’s papers is in general different from the one introduced
in the present paper, as the approach in [45, 46] gives rise to nonlinear evolution equations
that are different from the linear Lindblad equations that we obtain here. Also, Junge
and Zeng [35] have recently developed an approach to some non-commutative functional
inequalities involving a non-commutative analog of the 1-Wasserstein metric.

We restrict our attention to the case that A is a finite-dimensional C*-algebra because
this setting already includes many examples of physical interest, and we wish to explain our
methods in a way that does not encumber them with the host of technical and topological
difficulties that would follow in an infinite-dimensional setting. For example, in an infinite-
dimensional setting, it would matter that A is a von Neumann algebra and not only a
C*-algebra with a unit, so that </ would have a pre-dual, and then what we call G (A)
here would be the set of normal states; i.e., states that are continuous with respect to the
weak-* topology on A, and we would require that &7; be normal for each t; i.e., continuous

tZ would require

with respect to the weak-* topology on A. The innocent formula & = e
closer scrutiny, and so forth. Many of the issues involved in extending our results to a more
general infinite-dimensional setting are standard but not all of them. This will be done
elsewhere. We also refer to a forthcoming paper for a treatment of more general transport

metrics, general entropy functionals, and their geodesic convexity properties [11].
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Here instead, we present a development of our methods that will be readily understood
by people who are interested in the many physically interesting finite-dimensional exam-
ples. We shall also show that our methods may be applied in the infinite-dimensional
setting to particular examples without first generalizing the whole theory. We illustrate
this with the family of Bose Ornstein-Uhlenbeck semigroups, which are always infinite-
dimensional since all non-trivial representations of the Canonical Commutation Relations
are infinite-dimensional. We use our methods to prove a new sharp relative entropy dissipa-
tion inequality for this family that had recently been conjectured in [34]; see Theorem 8.5.
We also prove some other sharp inequalities of this type; e.g., Theorem 8.6.

While this introduction has, in the interest of brevity, used a considerable amount
of terminology without explanation, the rest of the paper is elementary and quite self-
contained. We do assume a basic familiarity with C*-algebras, von Neumann algebras
and completely positive maps. Many readers will have this familiarity, but for background
on C* and von Neumann algebras, we refer to Sakai [56], and for completely positive maps
to Paulsen [52]. Terminology and facts that are used here without explanation can be
found in these references.

We close the introduction with some preliminary definitions and by establishing some
notation that will be in use throughout the paper.

1.1. Preliminary definitions and notation. A will always denote a finite-dimensional
C*-algebra with unit 1, regarded as subalgebra of some matrix algebra M,,(C). The center
of A is generated by a single self-adjoint element Z € A, and its spectral projections yield a
decomposition of A into a finite direct sum of factors: Let {A1,...,\,} forsome 1 <p <n
be the distinct eigenvalues of Z, and let H; be the eigenspace with eigenvalue A;. Then
each H; is invariant under A, and letting .4; denote the restriction of A to H;, A; has a
trivial center; that is, A; is a factor.

The structure of finite-dimensional factors is well-known: #; is unitarily equivalent to
C% ® C", and there is a unitary equivalence in which each A € A; takes the form Iy, ® A
where A € M., (C). That is, each factor may be identified in a natural way with a full
matrix algebra. However, not all finite-dimensional C*-algebras arising in mathematical
physics are factors. For example, a Clifford algebra with an odd number k of generators,
arising in the description of a system of k Fermi degrees of freedom, is not a factor. This
example will be discussed in detail later on.

Let 7 denote the normalized trace on A given by 7(A) = Tr[A]/Tr[1] for all A € A.
Then 7 is a faithful state on A. Let $4 denote the Hilbert space formed by equipping A
with the GNS inner product determined by 7. That is, for all A, B € A,

(A,B)y, =T[A™B] .

We could use this inner product to identify £ 4 with the space of linear functionals on A,
but to keep contact with the physics literature, we do something slightly different: We use
the un-normalized trace to write the general linear functional ¢ on A in the form

o(B) = Ti[AB]

for some A € A. Tt is easy to see that ¢ is a positive linear functional (in the sense that
©(B) > 0 whenever B > 0) if and only if A > 0 in A. It follows that the set of faithful
states on A may be identified with the set of strictly positive elements A of A such that

Tr[A] = 1. Since A € A is strictly positive in A if and only if it is strictly positive in
M,,(C), we may identify the set of faithful states on A with the set of invertible density
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matrices p on M, (C) that belong to the subalgebra A. In the following, we always write
G, to denote this set, whether we think of it as a set of faithful states or as a set of density
matrices.

1.1. DEFINITION (Modular operator and modular group). Let 0 € &4. Define a linear
operator A, on §) 4, or, what is the same thing, on A, by

Ay(A) =cAc™?

for all A € A. A, is called the modular operator. The modular generator is the self-adjoint
element h € A given by

h=—logo .
The modular automorphism group oz on A is the group defined by
oy (A) = efth pAe~ith | (1.2)
Note that A, = «;.

The modular operator and the modular automorphism group are central to the charac-
terization of an important class of quantum Markov semigroups.

First, Davies [18] identified a class of quantum Markov semigroups that he rigorously
showed to arise from coupling a finite quantum system with internal Hamiltonian A to
an infinite fermion heat bath and then taking a weak coupling limit. The whole class of
quantum Markov semigroups he found has the property that the semigroup commutes with
the modular automorphism group «a; given by (1.2) where h is the internal Hamiltonian,
and then o0 = e /Tr[e™]. (Note that adding a scalar constant to h has no effect on
(1.2).) Of course an operator on $)4 commutes with the modular group if and only if it
commutes with the modular operator.

Second, Alicki [3] showed that commutativity with respect to the modular operator is
central to one natural extension of the notion of detailed balance from classical Markov
chains to the quantum setting. Before explaining this fact, which is important for our
work here, we first introduce some more terminology and notation.

A linear operator 2 on A is positivity preserving in case £ A > 0 whenever A >
0. A linear operator J# on A is self-adjointness preserving in case (A A)* = JH A*,
or, equivalently, in case J£ A is self-adjoint whenever A is self-adjoint. Evidently, any

tZ is a self-

positivity preserving operator is self-adjointness preserving. When &, = e
adjointness preserving semigroup, then its generator . = lim; ot (%, — I) is self-
adjointness preserving as well.

Let o0 € &, and note that (A,A)* = AJ1(A*) for all A € A. Moreover, for all A, B € A,
Tr[A*A,B] = Tr[(A,A)*B] and Tr[A*A,A] = Tr[jc" /2 A6 2] |

so that A, is a positive operator on $4. A dagger 1 will be used to denote the adjoint
with respect to the inner product in $) 4, or, what is the same, with respect to the Hilbert-
Schmidt inner product. We will encounter many other inner products on A, but the
GNS inner product associated to 7 has a special role. We may then rewrite one of the
conclusions from just above as Al = A,

Because of the self-adjointness of A, there is an orthonormal basis {E1, ..., Ep} of H4
consisting of eigenvectors of A,. Since A,1 = 1, we may always assume that £} = 1. In
this case, Tr[E,] = 7(Ey) = 0 for all v > 1. Furthermore, since A, is strictly positive, all
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eigenvalues of A, are strictly positive, hence we may write them in the form e™~. Since
(A, A)* = AJLA* ) it follows that for all E € $ 4,
AE=e“F <— A,E"=¢e"FE". (1.3)

In particular, if for w # 0, e~ is an eigenvalue of A,, then so is ¢, and the two eigenspaces
are orthogonal and have the same dimension. It follows that there exists an orthonormal
basis of $) 4 with the properties listed in the next definition:

1.2. DEFINITION (Modular basis). Let A be a finite-dimensional C*-algebra and let
0 € 64 (A). Then there exists an orthonormal basis {E1, . .., By, } of $ 4 with the following
properties:

(i) {E1,..., En} consists of eigenvectors of A,.
(ii) By = 1.
(i) {Ey,...,En}y={E],...,E}}

2. DETAILED BALANCE

There is a large literature on the detailed balance condition in a quantum setting, starting
with the work of Agarwal [1], which initiated a number of investigations in the 1970’s
including [3, 12, 38, 60]. Already in these papers, one finds several different, and non-
equivalent, definitions. A number of more recent investigations [22, 24, 43, 61] have added
to the variety of meanings attached to this term. We therefore carefully explain the context
of the definition that we use here, and why it is the most natural for our purposes.

Let P;; be the Markov transition matrix for a Markov chain on a finite state space S
with elements {x1,...,z,}. Suppose that o is a probability density on S that is invariant
under this transition function: o; = Z?:l 0;P; j for all 7. The transition matrix satisfies
the detailed balance condition with respect to o in case

UiPi,j = Uij,i for all i,j . (21)

Let X,, be the Markov process started from the initial distribution o, so that the process
is stationary. Let Pr be measure on the path space of the process. Then (2.1) is equivalent
to

Pr{X, =i, Xn+1 =7} =Pr{X,, =, Xpnt1 =i} for all 4,j and all n .

In other words, (X,,, X,+1) has the same joint distribution as (X, 1, X,,), so that (2.1)
characterizes time reversal invariance. There is another characterization of (2.1) in terms
of self-adjointness: The matrix P is self-adjoint on C™ equipped with the inner product

(f,9)0 =D onlrgr , (2.2)
k=1

if and only if (2.1) is satisfied.

There are a number of different ways one might generalize the inner product (2.2) to
the quantum setting, and these give different notions of self-adjointness. Let &2 be a
QMS on A. A state o € &4 (A) is invariant under 3”; in case ;@Ja =o forallt >0, or
equivalently, #To = 0. These conditions are equivalent to Trjoc 2, (A)] = Tr[oA] for all
t >0 and all A € A, or equivalently, Tr[oc.Z(A)] =0 for all A € A.

2.1. DEFINITION (Compatible inner product). An inner product (-,-) is compatible
with 0 € 64 (A) in case for all A € A, Tr[oA] = (1, A).
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If a quantum Markov semigroup &, is self-adjoint with respect to an inner product (-, -)
that is compatible with o € &, then for all A € A,

TrjoA] = (1,A) = (A1, A) = (1, P A) = Tr[o P 4],
and thus o is invariant under 9: .

2.2. DEFINITION. Let 0 € G be a non-degenerate density matrix. For each s € R,
and each A, B € A, define

(A, B)s = Tr[(c1=9)/2 A6%/2)* (c(1=9)/2 B5°/2)] = Tx[o*A*c'~*B] . (2.3)

Evidently each of these inner products is compatible with o. At s = 1, this is the GNS
inner product associated to the state p(A) = Tr[oA]. The value s = 1/2 is also special;
()12 is called the KMS inner product. A number of its properties are developed in [54].

The inner products in (2.3) can be written as

(A,B), = Tr[A*Al™*Bo] . (2.4)
More generally, given any function f : (0,00) — (0, 00), define
(A,B)f = Tr[A"f(A,)Bo] . (2.5)

Note that (-,-); is the 0-GNS inner product whether 1 is interpreted as a number, as in
(2.4), or as the constant function f(t) =1, as in (2.5).

Let R4 denote right multiplication by A, and define Qg = Ry o f(Ay). Then another
way to write (2.5) is (4, B)y = Tr[A*QgB]. For all linear operators J# on A,

(A, B)y = ([Qf] ¢ (Q1A),B); .

It follows immediately that %" is self-adjoint with respect to the inner product (-,-) if
and only if

Qo =xT00Qf

2.3. Remark. For f(t) = %, the adjoint #” of # with respect to the inner product (-, -)s
is
H'B=c""1 AT (o' "*Bo*)o™* .

For s = 1/2, this reduces to #'B = o~ '/2¢1(c'/2Bo'/?)5=1/2. Since #T is positivity
preserving if and only if J# is positivity preserving, it is evident that for s = 1/2, #” is
positivity preserving if and only if JZ is positivity preserving. However, for other values
of s, #” need not be positivity preserving when .# is. This is one feature that sets the
KMS inner product apart from the inner products (-, -)s for other values of s.

In [61, Definition 16], detailed balance is defined in terms of self-adjointness with respect
to (-, -)f, yielding a number of a priori different notions of detailed balance depending
on the choice of f. The example following Proposition 18 in [61] shows that different
choices of f can yield distinct classes of self-adjoint operators, and hence distinct notions
of detailed balance. Specifically, it is shown in [61] that self-adjointness with respect to
(*;-)1/2 is not the same as self-adjointness with respect to (-,-); where f(t) = (1 +1)/2,
corresponding to the Bures metric, as discussed in [61]. The authors of [61] conclude:
“The family of quantum detailed balance conditions is therefore much richer than the
classical counterpart”.

However, it turns out that self-adjointness with respect to the GNS inner product, or
indeed with respect to (-,-)s for any s # 1/2 implies self-adjointness with respect to (-,-)¢
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for all f. The argument leading to this conclusion, for which we have found no reference,
is simple and will prove useful.
The following is a simple variant on the well-known KMS symmetry condition:

2.4. LEMMA. For s € R, let (-,-)s be the inner product defined in (2.3). Then for all
teRand all A,B € A,

(ait(A),B)s = (A, B)s—t = (A, ait(B))s - (2.6)
In particular, c is self-adjoint with respect to (-, -)s.
Proof. Using the definitions we obtain
(it (A), B)s = Tr[o* (0t Ao~ ) * 0! 7*B] = Tr[o* Ao ™5 B] = (A, B),_; = (A, ait(B))s ,
which is the desired identity ([l

The following lemma is a result of Alicki [3] for s = 1, and the generalization to s €
[0,1], s # 1/2, can be found in [23, Propositon 8.1]. The following short proof, a simple
adaptation of Alicki’s argument, is included for the reader’s convenience.

2.5. LEMMA. Leto € &4 be a non-degenerate density matriz, and let s € [0,1], s # 1/2.
Let ¢ be any operator on A that is self-adjoint with respect to (-,-)s and also preserves
self-adjointness. Then & commutes with oy, for all t, real and complex.

Proof. For any A, B € A,
(H ias_1y(A), B)s = Tr[o* (A (02 Ao’ 2))0' B
— Tr[o(0® Aot ) el

Tr[o' ™ A*o* # (B)] = Tr[o®
= Teo* Bol " (A7) = Talo'* (# (A))'0° B] = (H (), B)1_,

Since s — (25 — 1) = 1 — 5, (2.6) yields (V' (A), B)1-s = (a25—1)(H (A)), B)s. As B is
arbitrary, a;o,_1)# = H ajg,_1). Since A commutes with a;,_1), it commutes with

every polynomial in the positive self-adjoint operator a;os_1) = A25=1 and hence with
f(A2571) for every function f. In particular, ¢ commutes with oy for all ¢. O

2.6. Remark. Davies [18] has studied a class of quantum Markov semigroups that arise
in a general model of an n-level quantum system coupled to an infinite heat bath. He
studied the weak-coupling limit and gave conditions under which the weak-coupling limit
produces a quantum Markov semigroup. This procedure always yields a semigroup that
commutes with the evolution given by (1.2) where h is the internal Hamiltonian of the
n-level system. This is true whether or not the semigroup has a particular self-adjointness
property. In view of Davies’ result, it is natural to focus on quantum Markov semigroups
that commute with the modular operator associated to their invariant states.

2.7. Remark. The condition that the generator .Z of a quantum Markov semigroup
P, = e commutes with A, imposes strong restrictions on the structure of .%. Consider
the case A = M3(C). Let 0 € &4 have two distinct eigenvalues A1, Ao > 0. Let {n1,m2} be
an orthonormal basis of C? consisting of eigenvectors of o: on; = Ajn; for j = 1,2. Then
A, has three distinct eigenvalues 1, A\;/Ag and Aa/A;. The latter two eigenvalues have
one-dimensional eigenspaces spanned by |11)(n2| and |n2) (n1| respectively. If £ commutes
with A,, then |n1)(n2| and |n2)(n1| must be eigenvectors of £ with eigenvalues, say, v
and . Since A := |m)(n2] + |n2) (m| is self-adjoint and & is self-adjointness preserving, it
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follows that Z(A) = v|ni)(m2| + P|n2)(n1| is self-adjoint, which implies that v is real and
v = v. Thus £ has at most 3 eigenvalues 1, u and v, and v has multiplicity 2 (or 3 in
case v = ). To summarize, it follows that

Z(Im)(n2l) = vim)ma| and  Z(jn2)(ml) = vinz){m| withveR. (2.7)

From here it is not hard to see that the value s = 1/2 is genuinely exceptional in
Lemma 2.5. Suppose that .Z is self-adjoint with respect to the o-KMS inner product
(*s)1/2 for 0 € &, where o has distinct eigenvalues and {n1,n2} is an orthonormal basis
of C? consisting of eigenvectors of o. It follows from the discussion above that if (2.7) is
violated, .Z does not commute with A,. There are many such operators . on My(C).
An explicit construction is given in Appendix B.

2.8. LEMMA. Let 0 € G be a non-degenerate density matrix. Let & be any operator
on A such that 7 o, = oy 2 for all t, or equivalently, Ay, o = K N,. If H is self-adjoint
with respect to the inner product (-,-); for some function f : (0,00) — (0,00), then the
same holds for every function f : (0,00) — (0, 00).

Proof. Suppose that . is self-adjoint with respect to the inner product (:,-); for some
function f : (0,00) — (0,00). Let g : (0,00) — (0,00) be arbitrary, and write h = g/f.
Since £ commutes with A,, it also commutes with A(A,). Thus, for all A, B € A,
(A, 2 (B))g = Tr[oA"g(Ag)H (B)] = Tr[o A" f(Ag) # h(As) B] = (A, Z'h(Ag)B) s
= (A (A),M(Ag)B)y = Tr[o (A)" f(As)h(As)B] = (A (A), By
which is the desired result. g

We summarize some immediate consequences of the last lemmas in a theorem:

2.9. THEOREM. Let 0 € &1 be a non-degenerate density matriz, and let & be any
operator on A. Then:

(1) If A is self-adjoint with respect to the GNS inner product (-,-)1, and H A* = (H A)*
forall A € A, then & commutes with the modular automorphism group of o and moreover,
K is self-adjoint with respect to (-,-)¢ for all f:(0,00) — (0,00).

(2) If & commutes with the modular automorphism group of o, and if & is self-adjoint
with respect to (-,-) s for some f :(0,00) — (0,00), then & is self-adjoint with respect to
(-,-)g for all g : (0,00) = (0,00).

This brings us to the definition of detailed balance, which is one the various definitions
that may be found in the physical literature.

2.10. DEFINITION (Detailed balance). A QMS 22, on A satisfies the detailed balance
condition with respect to 0 € &1 (A) in case for each t > 0, & is self-adjoint in the
0-GNS inner product (-,-);. In this case o is invariant under 92 , and we say that the
QMS Z; satisfies the o-DBC.

2.11. Remark. Every QMS %, = ¢! is self-adjointness preserving: Z,A* = (Z,A)*.
Thus, when & satisfies the 0-DBC, it follows from Theorem 2.9 that

ay(Z(A)) = Zi(aw(A)) (2.8)

for all ¢,¢" and all A € A. This crucial observation is due to Alicki [3], and it means that
P, commutes with the time-translation governed by the Hamiltonian h corresponding
to the state 0. The condition (2.8) may therefore be viewed as a quantum analog of
time-translation invariance or stationarity.
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Theorem 2.9 asserts that in the presence of detailed balance, &, is self-adjoint with
respect to a wide variety of inner products and also that &2, commutes with the modular
group. Moreover, under the condition that &; commutes with the modular group, self-
adjointness with respect to any member of this wide family of inner products implies
self-adjointness with respect to all of them. This is important in what follows.

The inner products defined just above include a number of inner products that arise
naturally in the theory of operator algebras and mathematical physics. One that will be
especially useful here is the Bogoliubov-Kubo-Mori inner product:

1 1
(A, B)BkMm = / Tr[o!* A*0®Blds = / TrlcA*A% Blds = (A, B)y, ,
0 0

fo(t):/OltSds:t_l .

logt
The BKM inner product arises naturally in statistical mechanics and our work here as
follows: For a self-adjoint operator h on a finite-dimensional Hilbert space H, and > 0,
define the Gibbs state og by

where

1

_ —Bh

og = Tefe—77] e

The free energy is the functional F(8,h) = = log(Tr[e=?"]). A simple calculation using
Duhamel’s formula shows that for any self-adjoint A,

2
%}‘(ﬂ, h+ sA) ., = B[(A, A)pkm — (Tr[oA])°] .

In particular, up to a factor of 5, (A, A)pkm arises as the restriction of the Hessian of
F to the space of self-adjoint matrices A satisfying Tr[ogA] = 0. It is well known that
for fixed @, the function h — F(fB,h) is the Legendre transform of the von Neumann
entropy S(p) on the set of density matrices. Therefore, the Hessian of the free energy is
the inverse of Hessian of the entropy; a fact that explains why the BKM inner product
will arise naturally in the study of gradient flows of the relative entropy.

3. GENERATORS OF QUANTUM MARKOV SEMIGROUPS SATISFYING DETAILED BALANCE

Since a QMS &, = e on A that satisfies the o-DBC for some 0 € &, (A) has a
generator .Z that commutes with the modular operator A,, and since A, is positive with
respect to the GNS inner product, A, and .Z can be simultaneously diagonalized. In the
case A = M, (C), the diagonalization of A, reduces immediately to the diagonalization
of o: Let 0 = e" be a density matrix on C". Let {n1,...,1,} be an orthonormal basis of
C" consisting of eigenvectors of h = —logo: hn; = A\jn;. For o = (v, a2) € {(4,7) :1 <
i,7 < n}, define numbers w, (called the Bohr frequencies) by

Wa = Aa; — Aag » (3.1)

and rank-one operators F, given by F, = |0, )(Na,| where, using a standard physics
notation, for n,£ € C™, |n)(¢| is the rank-one operator sending ¢ to (&, ()cnn. Evidently

AgFy=e¢%F, and F!=F, where o = (az, o). (3.2)

«

Alicki [3] exploited such a construction to show that for o € &, with non-degenerate
spectrum (in the sense that each eigenvalue of o is simple), the generator . of a quantum
Markov semigroup on M,,(C) that satisfies the o-DBC (so that . commutes with A,)
has the form described in (3.3) below; see [3, Theorem 3]. (Alicki actually considered
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the more general case that £ is normal with respect to the ¢-GNS inner product. His
formula reduces to (3.3) when .Z is self-adjoint.) The hypothesis that o has non-degenerate
spectrum turns out to unnecessary. In the context of full matrix algebras this has been
shown in [38] for the alternate canonical form given in [3, Theorem 3]. It is possible to
give a simple and self-contained proof of Alicki’s Theorem in a somewhat more general
setting. This is done in Appendix A; the theorem proved there is:

3.1. THEOREM. Let & = e be a QMS on a unital C*-subalgebra A of M, (C).
Suppose that Py satisfies the o-DBC for o € 61 (A) and that P, has an extension Py to
a QMS on M, (C). Regard the modular operator A, as an operator on M,,(C) and let T

denote the normalized trace on M, (C). Then the generator £ of & has the form

PA = Z (e—wj/QVYj*[A, V’]] + e"-’j/Q[V}’ A]‘/J*) (33)
JET

=Y e (VA + V), Al (3.4)
JjeJ

where w; € R for all j € J, and {V;}jes is a set in My (C) with the properties:
(i) T[V}*Vk] =0, forall j,k € J.
(it) T[V;] =0 forall j € J.
(iti) {Vi}jeq ={V} }ies-
() {Vj}jeg consists of eigenvectors of the modular operator A, with
AV = e iV . (3.5)

Conversely, given any o € &4 (A), and any set {V;}jey satisfying (iii) and (iv) for
some {w;}jes C R, the operator £ given by (3.3) is the generator of a QMS 2, that
satisfies the o-DBC.

3.2. Remark. The eigenvectors of A, with eigenvalues other than 1 cannot be self-adjoint
on account of (1.3). However, when o is the normalized trace, A, is the identity, so that
each Vj is an eigenvector of A, with eigenvalue 1, thus w; = 0. It is then possible to take
each Vj to be self-adjoint, so that (3.4) reduces to

LA== [V, [V;, Al (3.6)
JjeET
This formulation arises naturally in various applications, as we shall see in Section 6.

3.3. Remark. By Theorem 3.1, the Hilbert-Schmidt adjoint of .Z is given by

Lo = Y (e W Vil + eV Vi) (3.7)
JjET
= Y e (Wip Vi1 + 5 07))
JET

3.4. Remark. Note that the operators in {V}};c7 need not belong to A itself. The Fermi
Ornstein-Uhlenbeck semigroup in the Clifford algebra with an odd number of generators
provides an example in which they do not, as we discuss shortly.

3.5. Remark. By properties (i) and (i), the index set J has cardinality |J| no greater
than n?2 — 1. While in general the set {Vj}jes is not uniquely determined, the proof in
the appendix shows that | 7| is uniquely determined. Moreover, if {V;};cs and {V}}c7s



GRADIENT FLOW FOR QUANTUM MARKOV SEMIGROUPS 11

are two such sets, there is an |J| x |J| unitary matrix U;j such that for all j € 7,

f/j = Z Uj xVi, and such that unless wy, = wj, Uy ; = 0. Thus, in a strong sense, the sets

keg
{Vi}jes and {w;} e are canonically associated to .Z. (Indeed, since A,V; = eV}, the

numbers {w;};es are fixed once o and the set {V}};es is fixed.)

4. RESTRICTION TO COMMUTATIVE SUBALGEBRAS

Let A be a unital C*-algebra, and let ¢ € &(A). Let A;, A2 be eigenvectors of
Ag: Ayr(Aj) = NjAj, j = 1,2. Then A, A2 > 0, and since the modular operator is an
automorphism,

Ay (A1Ag) = Ay (A1) AL(A2) = M XA Ay .
That is, the product of eigenvectors of A, is again an eigenvector of A,, and moreover,
the eigenspace of A, for the eigenvalue 1 is an algebra. In fact, by (1.3) it is a x-algebra,
and it consists exactly of those elements A € A that commute with 0. Clearly, o itself
always belongs to A,.

4.1. DEFINITION (Modular subalgebra). Let A be a unital C*-algebra, and let o €
S+ (A). The o-modular subalgebra of A, denoted A, is the C*-subalgebra of A consisting
of the eigenspace of A, with eigenvalue 1.

Of course if 0 = 1, A, is the identity on A, and then A, = A. On the other hand,
suppose that A = M,,(C) and let {n,...,n,} be an orthonormal basis of C" consisting of
eigenvectors of o with on; = e~%n; for j = 1,...,n. Then for each 1 < i,j < n, |m;)(n;]
is an eigenvector of A, with eigenvalue e’ =% If the numbers {\,..., A}, which are
the eigenvalues of the modular generator h, are all distinct, then the eigenspace of A,
for the eigenvalue 1 is exactly the span of the set {|n;)(n;[}j_; [3]. In this case A, is an
n-dimensional commutative C*-subalgebra of A.

Let 2, = ' be an ergodic QMS on A, and let o € & be its unique invariant state.
Suppose that &, satisfies the 0-DBC. Since . and A, commute by Theorem 2.9, the
o-modular subalgebra A, of A is invariant under 2% (and under @2 as well). In this
case, let ?t denote the restriction of &, to A,.

If A, is commutative, then ?t is an ergodic QMS on a commutative subalgebra of
M, (C), which may be identified with the transition semigroup of a classical Markov
chain. This happens whenever each eigenvalue of o is simple [3].

Therefore, consider a QMS Z; = e on M, (C) that satisfies the ¢-DBC. Suppose
that A is a unital commutative C*-subalgebra of M, (C) that is invariant under @I I
P, is ergodic, then for any p € & (A), o = limy_, gsz, and hence o € A.

In our finite-dimensional setting, there exists a finite set {E1, ..., By} of minimal pro-
jections in A such that Y ;" E = 1. Consequently, E;Ej, = 0 for all j # k, and A is the
span of {E1, ..., Ep,}: For all A € A we have

m
A= ; TE E, where a; = Tr[EpA] . (4.1)
Define an m x m matrix @ by
1
= ——Tr|E,2ZFE, . 4.2
Qe TG r[EyZ By (4.2)
A vector g = (p1,...,pm) € R™ is a probability vector in case pp > 0 for all k, and

> her P = 1.
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4.2. THEOREM. Let & = €' be an ergodic QMS on M, (C) that satisfies the c-DBC
for its invariant state o. Let A be a unital commutative C*-subalgebra of M,,(C) that is

invariant under 5”2 Let {E1,...,En} be a set of minimal projections in A such that
Y orey By = 1. The m x m matriz Q defined by (4.2) specifies an ergodic continuous-time
Markov chain on {1,...,m} with jump rates Qg ¢ from k to £. The corresponding forward

equation, governing the evolution of site occupation probabilities is

Z (t)Qre — pe(t)Quk) - (4.3)

k=1
A time-dependent probability vector p(t) satisfies (4.3) if and only if the time-dependent
state p(t) on A given by

m

p(t) = T[; k[gi] By (4.4)
k=1

d
satisfies &p(t) = ZTp(t). Moreover, the probability vector & given by oy = Tr[oE}] for
k = 1,....,m is the unique invariant probability vector for the Markov chain, and the
classical detailed balance condition

0kQre = 00Quk (4.5)
1s satisfied.

Proof. We first show that the matrix Q satisfies ), Qk¢ = 0 and that Qj, > 0 for all
k # £, which makes it a transition rate matrix.

Since 0 = L1 ="' | ZLEy, we have >_;" | Q¢ = 0. Let £ be given in the form (3.4).
Then for k # ¢, simple computations yield

Tr[Ep L Ey) = 2 Z e 2Ty [ER V) B, V).
JjeT

Since Ey, and V" E,V; are positive, Tr[EkV;-*Eng] > 0, showing that Q, > 0 for all k # £.

Now suppose that a := Zg#k Qre = 0. Then from the definition, Te[ LT (Ey)E] =
Tr[ErZ (Ep)] = 0 for all k # £, and then, since S )", Qx¢ = 0, also Tr[LT(Eg)Eg] = 0. It
would follow that Zf(Ey) = 0. Since & is ergodic, this is impossible unless A is spanned
by 1, a trivial case. Hence we may proceed assuming that a; > 0 for all k.

Define the matrix Py, by

1

—Qrye (FEk
ay .
0 =k

Py =

Evidently P is an m x m stochastic matrix. Define the m x m matrix M by M, =
adk¢. Then Q = M(P — 1,,) where 1,, is the m x m identity matrix. The equation

’ A(t) = QT (1) is solved in terms of the initial data gy by 5(t) = '@ 5y, and it gives the
site occupation probabilities for a continuous time Markov chain in which the jump rate

for leaving site k is ai, and when such a jump occurs, the probability that site ¢ is the
new site occupied is given by P .

d
The equation d—p( ) = QT5(t) can be written as

m

%Pe(t) = ®)Qre =Y (pk(t)Qri — pe(t)Quy) (4.6)
pt

k=1
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where the second equality follows from the first and the fact that Q¢ = — >, 20 Qo -
This gives us (4.3).

To show that this Markov chain satisfies the classical detailed balance condition (4.5),
observe that o By, = oy (Tr[Eg]) ' E = Ero by (4.1), and therefore

%Tﬂmz(m = Trlo EyZ(Ev)] = TrloZ (Ey) Ey]

— Tr[Ew0 (B =

0k Qi =

gy

Tr[Ey]

Tr[EyZ (Ey)] = 00Qu

where the third equality holds since .Z is self-adjoint for the o-GNS inner product. It
follows immediately from (4.6) that & is invariant.

Finally, it is easy to check using the definition of the matrix @ in terms of the generator
Z that p(t) satisfies (4.6) if and only if £p(t) = £Tp(t). Ergodicity of the Markov chain
P, now follows from the ergodicity of Z;. g

5. DIRICHLET FORM REPRESENTATION ASSOCIATED TO A QUANTUM MARKOV
GENERATOR

Let H = L?(X, %, 1) be the space of square integrable real-valued functions on some
probability space (X, 4, ). A closed and densely defined, symmetric non-negative bilinear
form £ on ‘H defines a non-negative unbounded operator —A through E(f, g) = —(f, Ag)n.
A special case (p is a probability measure) of a theorem of Beurling and Deny [6, 7] states
that P, = e’ is a Markov semigroup if and only if for all f € H, £ (f, f) < &(f, f) where
fdenotes the projection of f onto the closed convex set {geH : 0< g <1 a.e.}.

A powerful non-commutative extension of this theory has been developed starting with
the early work of Gross [28, 29], and continuing with [2, 13, 14, 16, 19, 26]. We shall not
need the whole theory at present, but the Dirichlet form representation of the generator
of a QMS will be useful to us.

Let 2 = ' be a QMS on A that satisfies the o-DBC for some o € &, (A). The
generator . can then be written in the canonical form specified in (3.4) of Theorem 3.1.
Throughout the rest of this section we fix such a generator .Z, and the sets {V;};c7 and
{w;} that specify .2 in the form (3.4).

Define operators 9; on A by

0;A = [V}, A] so that 3;-[14 = [V, Al .

The operators 0; are derivations, and we may consider them as non-commutative
analogs of partial derivatives associated to .Z. With respect to the Hilbert-Schmidt in-
ner product, we may then form non-commutative analogs of the gradient, divergence and
Laplacian associated to .Z. We begin with the Laplacian:

Given the set {V}},c7, we define an operator %y on $4 by

LA=-Y 0l0;A==Y [V}, [V}, A]] .
jeT JjeTJ

Evidently ,,2”(;[ = %), and we may write £HA = Z(Vﬂ* [A, V] + [V}, A]V]).  Thus, by
JjegJ

Theorem 3.1, .%) is the generator of a quantum Markov semigroup & ; = et satisfying

detailed balance with respect to 7. We call this semigroup the heat semigroup associated

to Z; = e, and the operator %, the Laplace operator associated to L.
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We define the Hilbert space $ 4,7 by
Nag = @ﬁfﬁ) ;
JjeT
where each ﬁg) is a copy of H4. For A € H 47 and j € J, let A; denote the component
of A in 5’_)91). Thus, picking some linear ordering of J, we can write
A= (A1,...,47) .

We equip $).4,7 with the usual inner product (A, B)g, ; = > ic 7(4j, Bj)s4-
Define an operator V : 4 — $H4 7 by

VA=(01,...,074) .

Thinking of elements of A4 as non-commutative analogs of functions on a manifold, we
may think of A = (Ay,..., A7) as a vector field. This point of view will be justified in
the next section. We define the operator div : 4 7 — .4 by

divA =—>"014; = > [4;,V/] .
JjeJg Jjeg
Note that div is minus the adjoint of the map V : $H4 — $ 4,7, so that £y is negative semi-

definite. With these definitions, %y = divoV. We call V the non-commutative gradient
associated to .Z, and div the non-commutative divergence associated to .Z.

5.1. Remark. In this finite-dimensional setting, by elementary linear algebra,
(Null(div))" = Ran(V) . (5.1)

In the terminology introduced above, elements of Null(div) are divergence free vector fields.
Then (5.1) says that a vector field A is a gradient if and only if it is orthogonal in $ 4,7
to every divergence free vector field.

The differential structure introduced above allows us to write the generator .Z of a
QMS in terms of a non-commutative Dirichlet form.

5.2. LEMMA. For all s € [0,1], all j € J, and all A, B € A we have
(0B, A)s = (B, e (eI VA — AV]))s . (5.2)
Proof. For any A, B € M, (C),
O,B.A), = To*(0B)" 0" A] = Telo* (V; B — BV;)'0'~* 4]
= Tr[UsB*Vj*UlfsA] - Tr[ast*B*alfsA]
= Tr[asB*UlfsAifl(Vj*)A] - Tr[Ag(Vj*)USB*UlfsA]
_ e(s_l)“’jTr[asB*al_st*A] — e[V o B0 Al
= (B VA= AT),
where in the fourth line we have used (3.5). O
It follows from (5.2) that for all s € [0,1], and all A, B € A,
1279910, B,0;A)s = —(B,e PV A, V;] + e 2V, AV} .
Using the expression for £ given in (3.3), we obtain

£(B,A) = —(B,ZA),, where &(B,A):=Y V(9B 0;A), .
JjeJ
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In particular, taking s = 1/2, we see that
51/2(BvA) = _<Bu'>2ﬂA>1/2 ) where gl/Q(BvA) = Z<8]B783A>1/2 ) (53)
JjeTJ
which expresses .Z in terms of a Dirichlet form in the sense of [26, 13, 14].
As a simple consequence of the Dirichlet form representation, we state an ergodicity
result. Recall that a QMS 2, = e is ergodic in case for each t > 0, the 1-eigenspace

of & is spanned by the identity, or, what is the same thing, the O-eigenspace of .Z is
spanned by the identity.

5.3. THEOREM. Let Z; = et be QMS on A that satisfies the o-DBC for o € S (A).
Let £ be given in the form (3.4). Then the commutant of {V;}jcs equals the null space
of Z. In particular, & is ergodic if and only if the commutant of {V;};es is spanned by
the identity.

Proof. Suppose that A belongs to the commutant of {V;};c7. By definition, this means
that 9;A =0 for all j € J, and therefore A € Null(.Z) by (3.3).
Conversely, if ZA = 0, then by (5.3),

0=—(A,LA) =) (9;A,0;A)1)5,
JjeT
which is the case if and only if [V}, A] = 0 for all j. This means that A belongs to the
commutant of {Vj};e7. O

5.4. THEOREM. Let &2, = ' be an ergodic QMS on A that satisfies the o-DBC for
o€ 64 (A), and let £ be the associated Laplacian. Then for given B € $) 4, the equation

%X =B

has a solution if and only if T[B] = 0. Consequently, when T[B] = 0, there is a non-trivial
affine subspace of H.4,7 consisting of elements A for which divA = B.

Proof. Since (A, %pA)s, = —(VA,VA)g, ,, we have Null(.%p) = Null(V). Since & is
ergodic, it follows from Theorem 5.3 that Null(V) is spanned by 1. Since % is self-adjoint
on 4, the assertion now follows from the Fredholm alternative. ]

The following identity will be useful going forward.
5.5. LEMMA (Chain rule identity). For all V € M,(C), p € 64 and w € R,

1

Proof. Define f(s) = e*(1/2=9) p1=5V p* The right side of (5.4) equals f(1) — f(0) and
f'(s) = 127 1= (— WV — log(p)V + Vlog(p) ) p°
— ew(l/Qfs)plfs <V IOg(eiw/Zp) _ IOg(ew/Q,O)V> ,OS )
Thus the left side of (5.4) equals fol /(1 —s)ds, which yields the result. O

5.6. Remark. Consider the function f,, defined by

—w

! t—e
fu(t) = / s qg = /2~
0 logt 4+ w
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Then (5.4) can be formulated as
Ry fu(A) (V1og(e™/2p) ~ log(e“/2p)V' ) = e™/2Vp — e/2pV . (5.6)
Notice that for w = 0, (5.4) reduces to the commutator identity

Ry fo(Ap)([Vi1ogp]) = [V, p] - (5.7)

This identity provides a quantum analog of the classical identity for smooth, strictly
positive probability densities p(x) on R™:

p(x)Vlog p(z) = Vp(z) . (5.8)
To see this, note that if A commutes with p, f,(A,)A = A so that for each w, the operation
A= R,f,(A,)A is one of the non-commutative interpretations of multiplication of A by
p. Now applying (5.7) with V' =V}, we have R, fo(A,)(0;log p) = 0;p for each j, which
yields a quantum analog of (5.8).

Lemma 5.5 and the previous remark motivate the following definition:

5.7. DEFINITION. For p € &, and w € R, define the operator [p], : M, (C) = M,(C)
by

[plw = Ry o fu(Ap) (5.9)
For each w, [p|,, which is one of the non-commutative forms of multiplication by p, is
evidently invertible, and its inverse, [p];! = (1/f.,)(A,) 0 R,-1 may then be viewed as the
corresponding non-commutative form of division by p.

5.8. LEMMA. For all w € R, the maps p — [plw and p — [p],
Furthermore, for all A,

([PlwA)* = [p]-wA* and consequently ([p],'A)* = [p]"LA* . (5.10)

L are C> on &,.

Proof. Recall the identities

1 _ o0 1 1 -1
/ A58 ds = ATk and / dt = 0gA — logp ,  (5.11)
0 log A — log ju o (E+N(t+p) A—p

which hold for A,z > 0. By (5.5) and (5.9) we obtain

1 1
[Plo = Rofu(A,) = /0 WEILIR ds = /0 (e7/?L,)*(e*/?R,) " ds ,  (5.12)

and it follows from (5.11) that
Pt = [ e L) e e R,)

The fact that p — [p];! is C°° now follows immediately from the resolvent identity, and

then the C'*°-differentiability of p — [p], is clear. Moreover, (5.10) follows from (5.12). O

It is now a simple matter to write the quantum heat flow equation dp/0t = ZOT pin a
form that leads directly to its interpretation as gradient flow for the relative entropy with
respect to the normalized trace: For all p € &4,

D%Tp = div([p]oV logp) ,

where [p]o is applied to each component of Vlogp. As we show in the next section,
it follows easily from this formula that there is a Riemannian metric on &, which is
a natural analog of the 2-Wasserstein metric, such that the quantum heat flow on &,
associated to {V};c7 is a gradient flow for the relative entropy of p with respect to the
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normalized trace 7. For a comprehensive treatment of the theory of gradient flows with
respect to the 2-Wasserstein metric, see [4] and [64, Chapters 23-25].

In fact, the next lemma provides the means to extend this result to the general class
of quantum Markov semigroups that satisfy detailed balance with respect to some non-
degenerate state o.

5.9. LEMMA. Let &2 = e be QMS on A that satisfies the o-DBC for o € &, (A).
and let £ be given in the form (3.4). Then for all p € &4, and all j € T,

0;(log p — log o) = Vj log(e™/%p) — log(e“s/2p)V .

Proof. By (3.5) we have AJV; = e™*iV}, and thus [V},log o] = —0s|s=0ALV; = w;V;. It
follows that

0;(log p —log o) = [V}, log p] — w;Vj = V; log(e™ /% p) —log(e/?p)V;
which is the desired identity. ]

5.10. THEOREM. Let & = '% be QMS on A that satisfies the o-DBC for o € & (A),
and let £ be given in the form (3.4). Then, for all p € &4,

~ L= Z@T( 0;(log p — loga)) .
JjeTJ

Proof. Using Lemma 5.9 and (5.6) we obtain
> o ( 9;(log p — log 0)) = Zaj-([p]wj (Vj log(e /% p) — log(e“’j/Qp)Vj»
JjeET

JjeT
— Z a;f (e—Wj/QVjp _ e%‘ﬂpv}.)
JjET
==Y (7P Wp, Vi1 + e 2 1V7 pVi)) = =21
JET
where the final identity follows from (3.7). O

6. EXAMPLES

6.1. The infinite-temperature Fermi Ornstein-Uhlenbeck semigroup. As Segal
emphasized [58], the Fermion number operator for n degrees of freedom can be represented
in terms of the generators of a Clifford algebra. This permits the semigroup it generates to
be realized as a QMS, a fact that was effectively exploited by Gross [28, 29] using Segal’s
non-commutative integration theory [57, 59].

Let {Q1,...,Qn} be self-adjoint operators on a finite-dimensional Hilbert space satis-
fying the canonical anti-commutation relations (CAR):

Q;Qk + QrQ; = 20%1

The Clifford algebra €™ is the 2™-dimensional algebra generated by {Q] - LetI': €" —
¢" be the principle automorphism on €7, i.e., the unique algebra 1somorphlsm satisfying
I'(Q;) = —Q; for all j. The product of all of the generators Q1Q2 - - - Q,, (in some order) is
evidently unitary, and the CAR imply that it commutes with each Q; if n is odd, and anti-
commutes with each Q; if n is even. Hence when n is odd, the center of €" is non-trivial
and € is not a factor.
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In the even case n = 2m, form the m self-adjoint unitary operators iQ2;_1Q2;, j =
1,...n. These all commute with one another, and we define

W =1i"Q1Q2 - Qam -

Evidently W € €" is unitary and self-adjoint, and since W anti-commutes with each @Q;,
the principle automorphism is inner and is given by

['A) =WAW = W*AW = WAW™ for all A € €" . (6.1)

Let {0,1}" be the set of fermion multi-indices, and for all & = (a;); € {0,1}", define
QY =Q7" - Qpm and || =377 ;. Let 7 be the canonical trace on €", determined by
7(Q*) := 0y o). In a standard representation of €™ as an algebra of operators on (C?)®"
due to Brauer and Weyl, 7 is simply the normalized trace. See [9, 10] for references and
further background.

Gross [29] defined a differential structure and a Dirichlet form on €" as follows: For

je{l,...,n}, let 5j be given by
= 1
0;(A) = §(QjA -T'(4)Q;) . (6.2)

Each B/j is a skew derivation. That is, for all A, B € €, éj(AB) = (éjA)B + I’(A)éjB.
Gross defined the Dirichlet form (A, B) on €" by (A, B) = >0, 7[(9;A4)*8;B], and
defined the operator . on €" by —7[A*.ZB] = £(A, B). Simple computations show that
for all A € €,

n

ot 1 1
0A=(QA+T(A)Q;) and ZA=% (QT(A)Q;—A). (63)
j=1
It is evident that ZQ% = —|a|Q%, hence —.Z is the fermion number operator.

When n is even, so that I'(A) = W*AW, we define V; = iWQ);, so that each V} is both
self-adjoint and unitary. Then, using the fact that Vj2 = 1, we may rewrite (6.3) as

n n
LA = %Z (V}AV] 7A) = 7%2[%’ [V}vAH )
j=1 J=1
which has the form (3.6). Thus, ¢ is a QMS satisfying the 7-DBC. Gross discussed
this QMS as a fermionic analog of the classical Ornstein-Uhlenbeck semigroup; we refer
to it as the infinite temperature Fermi Ornstein-Uhlenbeck semigroup. One good reason
is that it is generated by the negative of the fermionic number operator. Another is that
as conjectured by Gross [29] and proved in [9], it has the same optimal hypercontractivity
properties as the classical Ornstein-Uhlenbeck semigroup. We shall further develop the
analogy here. (The infinite temperature part of the name will be justified in the next
example.)
To relate the differential structure in (6.2) to the one considered here, note that when
n is even, so that I' is the inner automorphism given by (6.1), we have, with V; defined as
above,

« 1 1 =t 1+ 1

0;A = ZW[‘/j,A] = 2—iW8jA and 0;A = —Q—iﬁj(WA) = —2—Z,8j(WA) (6.4)
for 5 = 1,...,n. Thus, Gross’s differential structure in terms of skew derivations may
be substituted with the present differential structure in terms of derivations when n
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is even. When n is odd, this is achieved by embedding €" is an a larger Clifford al-
gebra: One can add one more generator, or, perhaps better, embed the Clifford alge-
bra generated by {Q1,...,Qn}, in the phase space Clifford algebra with 2n generators
{Q1,...,Qn, P, ..., P,} that is discussed next.

6.2. The finite-temperature Fermi Ornstein-Uhlenbeck semigroup. Let A be the
Clifford algebra €" of dimension n = 2m for some m € N. Consider a set of generators

{Qla"‘7Qm7P17”'7Pm}7

where
Qij + QkQ] = F’]Pk + PkP] = 2(5]'7].31 and ijk + Pij =0 foralll1 <jk<m.

We think of A as the full set of phase space observables, the subalgebra generated by
{Q1,...,Qmn} as the algebra of configuration space observables, and the subalgebra gener-
ated by {P1,..., Py} as the algebra of momentum space observables.

Form the operators

1 ‘ . 1 )
Z; = E(Qj +1iP;) so that Zj = E(Qj —iP) .

It is easy to check that
ZjZk + Z]CZJ =0 and Z]Z; + Z]:Z] = 25j,k1 forall1 <jk<m . (65)

Consider the complementary orthogonal projections IN; and N j‘ defined by

1 * 1 1 * .
Nj:§Zij and Nj =5 ij forall 1<j<m .
Then (6.5) implies that
ZiNj=N;"Z;=Z; and N;Z;=Z;N;j =0. (6.6)
Note also that
Z;N, = Ny.Z; and Z;Nj = NiZ; forall j#k. (6.7)
Moreover, {N1,..., Ny, Ni-,..., N5} is a set of commuting orthogonal projections.
For each j, @Q;FP; commutes with both Q5 and P for all £ # j. Hence the operators
{Q1Py,...,QnPy} all commute with one another. As in the previous example, let W =

i H;"zl Q; Pj so that W is self-adjoint and unitary, and for all A € A, let I'(4) = WAW.
Note that Q;P;Z; = iZ; for each j.

For any set of m real numbers {ej,...,e,}, and any parameter 5 € (0,00), to be
interpreted as the inverse temperature, define the free Hamiltonian h and the Gibbs state
og by

= 1
— N — —Bh
h= ;eJN] and og = D e .

where 7 is the canonical trace as in Section 6.1.
Since the N; are commuting orthogonal projections, e P is the product, in any order,
of the operators e_ﬂeij + NjL. Therefore, for each 1 < j < m,

Aoy(Z)) = (€PN + N])Zi(eiN; + Nf) = o*9 2 |



20 ERIC A. CARLEN AND JAN MAAS

where we have used (6.6) and (6.7). Consequently, Ay, (Z7) = e~ Pe Z3. Since W com-

mutes with every even element of A, it follows that
Noy(WZj)=ePWZ; and Dy, (Z;W) =e P92 .
Define the operators
Vi=Wz, 1<j<m,
so that %V]*VJ = Nj and %VJV]* = NjL. Then {V1,..., Vi, Vi*, ..., V.2 } is set of operators
on A satisfying the conditions (i), (i), (ii) and (iv) of Theorem 3.1. Therefore, the
operator .Z3 defined by
1 & ‘ . . Be,
LA =3 [P (VA + VA ) + e P92 (VA V] + 1V, AV) | (6.9)
j=1

is the generator of a QMS 2, = e!%5 that satisfies the o3-DBC.

It is a simple matter to diagonalize .Z3: For each 1 < j < m, define the four operators

Kj,(O,O) =1 N Kj,(l,O) = Z] Kj,(o,l) = Z; and Kj,(l,l) = eﬁej/QNj — eiﬁej/ZNjJ_ .

One readily checks that this set of four operators is orthonormal in any of the inner
products (-,-)s based on og.
Using the fact that for each j, V; and V;* commute with P, and Qy for all k # j, and

using the identities V; K (1 1) = eﬁei/QVj and KV = _e—ﬂej/21/j , we readily compute
that

LpZ; = —cosh(Be;/2)Z; and ZL3Kj 1) = —2cosh(Be;/2)K; 1) - (6.9)
Therefore, for all 0 < k,¢ < 1,

gﬁKj7(k’g) = —(k‘ + f) COSh(ﬁej/Q)Kj’(kvg) .
Let o = (au, ..., q;) denote a generic element of the index set {{0,1} x {0,1}}™, and for
a = (k,0) € {0,1} x {0,1}, define |a| = k + ¢. Then the functions
Ko = Kl,a1K2,a2 ce Km,am

are an orthogonal (but not normalized) basis for ) 4 consisting of eigenvectors of Zj:
m
LKoo =— | Y |aj|cosh(Be;/2) | Ka - (6.10)
j=1

It is now easy to check that in the infinite temperature limit (i.e., 8 — 0), limg_,0 .£3 =
% where

m

> (Vi Vi AL+ V7 [V, Al

LA = —

=

I
N | —
[z <

(Q;T'(A)Q; + PiT(A)P; — 24)

j=1
From the previous example, we recognize % as the negative of the number operator
on A = €". That is, in the infinite temperature limit (8 — 0), we recover the infinite
temperature Fermi Ornstein-Uhlenbeck semigroup, justifying our nomenclature.
As in the infinite temperature case, there is a differential calculus that is more closely
adapted to Z: For 1 < j < m, define the operators

_ 1 1 = 1 1
0jA=5(ZIA-T(A)Z)) = WIV; Al and 9;A= J(ZjA-T(A)Z]) = — W[V}, A]
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We readily compute that

9;Kj 0,0 = 0iKj1,0 =0, 9K 01) = Kj (0,0 (6.11)
and ngj,l,l = cosh(ﬁej/2)Kj7(17o) ,

and that
9;Kj 0,0 = 0iKj01) =0, 9K 1,0 = Kj (0,0 (6.12)
and b/jKj,(l,l) = —COSh(Bej/2)Kj7(O71) .

Again using the fact that for each j, V; and V]* commute with P, and @y for all k& # 7,
one determines the effect of d; and d; on all of A. The orthonormal basis { Ko} may be
viewed as consisting of analogs of multivariate Krawtchouck polynomials — the discrete

analogs of the Hermite polynomials. The differential operators 5]- and \éj, which are skew
derivations as in the infinite temperature case, have the advantage over the closely related
derivations 9;4 = [V;, A] and 9;A = [V;*, A] that they always lower the “degree” of any
K by one, as one would expect. The operators 9; A and 5]'14 do not do this.

Using (6.11) and (6.12) one readily deduces the identities, valid for all

\éjnga — fﬂéjKa = — COSh(ﬁej/Q)éjKa (6.13)
and _ _ _

0} L3 Ko — L30; Ko = — cosh(Be;/2)0; Ko - (6.14)
Finally, we observe that each of the vectors Ky is an eigenvector of A,,. Moreover, it is
easy to see that if {e1, ..., €, } is linearly independent over the integers, then A, Ko = Ka

if and only if for each k, |ax| # 1. The span of the set of such K, is the same as the span
of
{N1, N, ... Ny, N2 3 (6.15)
Hence in this case, the modular algebra A, is the algebra generated by the commuting
projections in (6.15). Let us denote this algebra, which does not depend on /3, by B. While
it need not be the modular algebra when {eq, ..., e, } is not linearly independent over the
integers, it is easy to see (by continuity or computation) that it is always invariant under
yt-
The projections in (6.15) are not minimal in B, but the set of the 2™ distinct non-zero
products one can form from them is a full set of minimal projections. We may identify this
set with the discrete hypercube 2™ = {0,1}™. Set J = {1,...,m}, and let s5; : 2" —

2™ define the j-th coordinate swap defined by s;(z1,...,2m) = (1,...,—Zj, ..., Tm).
m

Let « denote a generic point of 2™. Define F, = H N f 1(NjL)l_xl. The restriction 2,
=1

of &, to B is a nearest neighbor random walk on Q’% with transition rates that are readily

computed using Theorem 4.2.

For a standard representation in which the elements of A operate on C2", and 7 is the
normalized trace, each F, is rank one, so that the transition rate matrix D defined in
(4.2) is simply Dy o = Tr[Ey, £ Eg]. Using (6.9) through (6.10), one readily computes
that Dy 5 = 0 unless ' = s;j(x) for some j, and in that case

2 cosh(Be;) 1
D.., =4 1+ e(*ﬁej) 7
.z = 2 cosh(Be;
- T4 = 0 s

1+ ePei
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and this gives the jump rates along the edges of 2™ for the classical Markov chain corre-
sponding to P,.

6.3. The Bose Ornstein-Uhlenbeck semigroup. A set {Q1,...,Qm,Pi,..., Py} of
self-adjoint operators on a Hilbert space H is a representation of the Canonical Commu-
tation Relations (CCR), in case for all 1 < j, k < m,

[Qj,Qr] =0, [P;,P]=0 and [Qj,P]=1d;x1 .

All representations of the CCR are necessarily infinite-dimensional, since otherwise we
would have Tr[[Q;, Pj]] = 0 which is incompatible with [Q;, Pj] = i1. The CCR algebra is
the C*-algebra generated by the unitaries {e @1, ... eitm@m e=s1P1  gismPml for all
t1,...,tm,S1,--.,Sm, or, what is the essentially the same thing, the Weyl operators. Not
only is ‘H necessarily infinite-dimensional, but the operators {Q1,...,Qm, Pi,..., Py} are
unbounded.

Therefore, the CCR algebra for m Bose degrees of freedom lies outside the scope of the
theory being developed in this paper. However, even without fully extending this theory
to infinite dimensions, we shall be able to deduce new results for an important QMS on
A, namely the Bose Ornstein-Uhlenbeck semigroup.

To keep things simple in this excursion into the infinite-dimensional case, we take m = 1.
Exactly as in the Fermi case, we form the operators
1

1
Z=—(Q+iP) sothat Z*=—
@-+iP) e

7 (Q-iP).
It is easy to check that
Z,Z*]=1. (6.16)
In one standard representation that we may as well fix here, H = L?(R,~v(x)dx) where
~v(x) = (27‘(’)_1/26_:62/2 and Z = 9/0x. Then a simple computation shows that Z* =
x—0/0z, and (6.16) is satisfied. Define the Hamiltonian h by h = Z*Z. It is evident that
for each k, the linear space of polynomials in x of degree at most k is invariant under h.
Since h is self-adjoint, this means the eigenfunctions of h are orthogonal polynomials in
‘H, and hence are the Hermite polynomials. It is well known and easy to check that the
kth Hermite polynomial is an eigenfunction of h with eigenvalue k. That is, h is the Bose
number operator (for one degree of freedom). Fixing an inverse temperature 5 € (0, 00),

we define o3 as
1

og = (Tr[e_'gh])i e Pk
Note that Tr [e*m‘] is finite by what we have said concerning the spectrum of A. One
readily finds that [Z, h] = Z, which is the differential version of the identity

Noy(Z)=¢e"Z .

It follows that Z and Z* are eigenfunctions of the modular operator. (Note that since
they are unbounded, they do not belong to the CCR algebra, and are only affiliated to its
von Neumann algebra closure.)

Define V) = Z and Vo = Z*. Then {V}, Va2} is a set of operators satisfying conditions
(iii) and (iv) of Theorem 3.1 (with w; = —f and wy = (), but not conditions (i) and
(i1), since in the infinite-dimensional case, it is in general too much to ask that the V; be
trace-class. (However, since V1, V5 and 1 are eigenvectors of A, with distinct eigenvalues
there is a natural sense in which they are orthogonal so that a natural analog of (i) and
(i) is valid.)
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In any case, we may define

LA = % (72214, 2] + (27, A\Z) + e 2(2[4, 2] + (2, 4)27) |
= I(27AZ - W 72° 2, AY) + e P2 (2AZ" - LH{zz7, A}, (6.17)

where {A, B} denotes the anti-commutator AB + BA. The operator .Z3 is in fact the
generator of an ergodic QMS, as shown in [15]. These authors construct the QMS first
on the infinite-dimensional analog of £ 4, which in this case strictly contains A, and then
show that the resulting semigroup has the Feller property; i.e., it preserves A.

In [15], another detailed balance condition based on self-adjointness with respect to the
KMS inner product is used. However, Theorem 2.9 and what we have said above about
the modular operator shows that the semigroup also satisfies the 03-DBC as defined here.
In this sense, the example falls into our framework.

Simple computations show that for 1A = [Z, A] and 02 A = [Z%, 4],

0, LA — £30;A = —sinh(8/2)0; A (6.18)

for j = 1,2 and all A in a dense domain of analytic vectors for £ that is discussed in
[15]. We shall use this identity on this domain later to prove a sharp entropy dissipation
inequality for this semigroup, as conjectured in [34, equation (9)]. Note that the corre-
sponding formula for the Fermi Ornstein-Uhlenbeck semigroup involves cosh in place of
sinh. This reflects the fact that in the Fermi case, taking the infinite temperature limit
(8 — 0) yields a QMS with a stationary state, while for the Bose Ornstein-Uhlenbeck
semigroup, this is not the case: the § — 0 limit cannot be taken in (6.3).

The modular generator h has non-degenerate spectrum, and so the modular algebra
Aoy

same thing as the algebra generated by the spectral projections of h. In particular, A,,

in this case is simply the set of all operators that commute with og, which is the

is commutative and independent of 5. It is easy to see that the restriction P, of P, to

.»40[3 corresponds, as in Theorem 4.2, to a birth-death process on N.

7. RIEMANNIAN METRICS AND GRADIENT FLOW

Let 2 = ¢ be QMS on A that satisfies the 0-DBC for o € &, (A). In this section
we define a Riemannian metric on &, that is determined by ., and for which, as we shall
see, the flow given by the dual semigroup 9”; , is gradient flow for the relative entropy
with respect to 0. Let .Z be given in the standard form (3.4). Throughout this section,
{Vi}jes and {w;} cs are fixed, and we assume that & is ergodic.

Let p(t),t € (to,t1), be any differentiable path in & regarded as a convex subset of
A. For each t € (to,t1), let p(t) € A denote the derivative of p(t) in ¢t. If p(t) is any
differentiable path in & defined on (—e¢,€) for some e > 0 such that p(0) = pg, then
Tr[p(0)] = 0, so that by Theorem 5.4, there is an affine subspace of $)4 7 consisting of
elements A for which

p(0) = div A . (7.1)

We wish to rewrite (7.1) as an analog of the classical continuity equation for the time
evolution of a probability density p(z,t) on R™:

%p(x,t) + div[v(z,t)p(x,t)] =0 . (7.2)
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In the classical case, for p strictly positive, any expression of the form

aatp(q:,t) = div[a(z,1)] (7.3)

gives rise to (7.2) with v(z,t) = —p~!(z,t)a(z,t). Conversely, given (7.2) and defining
a(z,t) = —p(z,t)v(z,t), (7.3) is satisfied. In the quantum case, there are many different
ways to multiply and divide by p € G5..

Definition 5.7 gives a one-parameter family of ways to multiply A € A by p that is
relevant here. In the next definition, we extend this to multiplication of vector fields

A e ﬁA,J by p.
7.1. DEFINITION. Let & € RVI. For p € &, we define the linear operator [p]s on

Nag by
[Pl (A1, -, A7) = ([Plon AL - - [l A7) -

Note that [p]z is invertible with

ol (Ars - Ajgy) = (Il Avs - olo L Al - (7.4

where we have used the fact that R, and A, commute.
We are now ready to write (7.1) in the form of a continuity equation: Pick some & € R,
and define V by V = —[p]LglA. Then evidently (7.1) becomes

p(0) + div([plsV) = 0 . (7.5)

The vector field A in (7.1) is not unique; however according to Theorem 5.4, the set
of such vector fields is an affine space, and thus, in our finite-dimensional setting a closed
convex set. It follows immediately that while the vector field V in (7.5) is not unique, the
set of such vector fields is a closed affine subspace of @71 A4, and consequently there is a
unique element of minimal norm in @14 for any Hilbertian norm on &1 A. We now
define the class of Hilbertian norms that is relevant here:

7.2. DEFINITION. For each p € &4, and the given generator .#, define an inner
product (-,-) ¢ , on a1 A by

<WaV>$,p = Z<Wj7 [p]ijJ')fJA :
JjeJ
We write ||V||.# , for the corresponding Hilbertian norm.

This norm can be viewed as a non-commutative analog of a weighted L?-norm for vector

fields.

7.3. THEOREM. Let p(t) be a differentiable path in S defined on (—e,€) for some
e > 0 such that p(0) = po. Then there is a unique vector field V € ®lIA of the form
V =VU with U € o, for which the non-commutative continuity equation

p(0) = —div([po]s V) = — div([po]s VU) (7.6)

holds. Moreover, U can be taken to be traceless, and is then self-adjoint. Furthermore, if
W is any other vector field such that p(0) = — div([po]zW), then

IVIl.z.p0 < Wl -
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Proof. In view of the discussion above, it remains to show that the unique norm-minimizing
vector field V is a gradient. To see this, let A be an arbitrary divergence-free vector field,
set W := [po]-'A, and V. := V + W, so that 5(0) + div([po]5V.) = 0 for all e. Since
VIl.z,po < IVell.z,p, for all e, it follows that (V, W) ,, = 0, and therefore (V,A)g , = 0.
This means that V is orthogonal to the set of divergence-free vector fields, hence it is the
gradient of some U € /. By subtracting a multiple of the identity, we may take U to be
traceless, and then U is uniquely determined, in view of Theorem 5.3 and the ergodicity
of ;.
To show that U is self adjoint, define the operator £, by

Z,A =div([pg]VA) . (7.7)
direct computation yields
L, A=Y ([plo, (V;A = AV)) Vi = Vi ([ple, (V;A — AV)))
jeJ JET

Then using (5.10) of Lemma 5.8,

== Vi ([l wwy (VA" = AV7)) + ) ([p) -y (VA" = A*V))) V.

jed JjeJ
Now use the fact that {Vj};es = {V]'}jes and that for all j € J, A;(V)) = eV
and A, (V}") = e*iV}. It follows that (£,A)* = Z,A". Using (7.7) we write (7.6) as
p(0) = =Z,yU for the U found above. Since p(0) is self-adjoint, it follows from what
we have just shown that we also have p(0) = —%,)U". By the uniqueness of U, U is
self-adjoint. O

7.4. DEFINITION. For each p € &, we identify the tangent space T, at p = pg, with
the set of gradients vector fields G := {VU : U € &/ , U = U*} through the one-to-one
correspondence provided by (7.6). We define the Riemannian metric g on & by

A5, , = IVIZ,
where p(0) and V are related by (7.6).

The metric we have just defined is C*°. Indeed, let A be m-dimensional and let
Ay, ..., Ap—1 be an orthonormal set of m — 1 self-adjoint traceless elements of §) 4. Then
we can define a coordinate map u : &, — R™~! by

u(p) = (Tr[Aip), ..., Tr[Apm_1p]) .
Note that u(7) = 0. Evidently u is a one-to-one map of &, onto an open bounded
convex subset of R™~1. We give &, as usual, the corresponding differential structure.
Conveniently, an atlas of just one chart covers the manifold.

Let u*(p) = Tr[Axp] by the kth coordinate function. The kth coordinate vector field is
tangent to the curve t — p + tAj for ¢ in the open interval in which the right hand side
belongs to G4.. The operator div[p|zV is invertible on the orthogonal complement of the
identity; i.e., on the span of Ay, ..., A;,—1. Define the kth potential function Xy (p) to be
the unique traceless solution X of

div[p]gVX = A, .
It then follows that for the curve ¢t — p + tAg, p(0) = div[p]zVXk(p). This means that
the kth coordinate tangent vector field 9/0u* is given by

0
Dk =VXi(p) ,
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Therefore, in this coordinate system, the k, ¢ component of the metric tensor is given by

9.2(P) ke = Y _(VXk(p), [0l VXe(p))51 »
JET
By Lemma 5.8, for each j, p — [pl,, is C°°, and it follows from this that the map
p = [div[p]3V] ™!, where the inverse is the inverse on the orthogonal complement of 1, is
C®°. Thus, for each k, ¢, [g#(p)|k¢ is a C* function of p.

Now let F : &1 — R be a differentiable function. The differential of F, denoted (;—]:(p),

p
is the unique traceless self-adjoint element in A satisfying

1 oF

lng (<o +14) = 7)) =T | 5 (9)4] (73)
for all traceless self-adjoint A € A. This notation is traditional in the context of gradient
flows for the 2-Wasserstein metric, and it allows us to reserve the symbol D for covariant
derivatives on our Riemannian manifold.)

The corresponding gradient vector field, denoted grad, , J (p), will be interpreted using
the identification of the tangent space given in Definition 7.4: it is the unique element in
G satisfying

d
FFOW)| = (Ed, Fo)V0),, (7.9)
for all differentiable paths p(t) defined on (—¢,¢) for some € > 0 with p(0) = p and
p(0) +div([p]zVU) = 0 for some self-adjoint U. Combining (7.8) and (7.9), it follows that
OF .
~(%(p), div (IpaVU) ) = (grady,, F(p), [7]sVU)

op Ha

and since U is arbitrary, we have proved:

Nag’

7.5. THEOREM. For a differentiable function F on &4, the Riemannian gradient of F
with respect to the Riemannian metric go is given by

OF
%(p) )

and the corresponding gradient flow equation (for steepest descent) is

°Z o)) -

A(t) = div ([p(tn@v%

Let 2; = ¢! be a QMS on A that satisfies the 0-DBC for o € &4 (A). Recall that
the relative entropy with respect to o is the functional D(-||o) on & defined by (1.1). An
easy calculation shows that for F(p) = D(p||o),

OF
— =logp—logo.
op

Therefore, Theorem 5.10 and Theorem 7.5 yield:

grad, JF(p) =V

7.6. THEOREM. Let 2; = e be QMS on A that satisfies the o-DBC for o € G (A).
Then 5

—p=91 7.10
5" p (7.10)
is gradient flow for the relative entropy D(-||o) in the metric g, ¢ canonically associated
to £ through its representation in the form (3.4).
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In [10], we proved the special case of Theorem 7.6 in which &7 is the infinite temperature
Fermi Ornstein-Uhlenbeck semigroup, except that there we defined the metric in terms of
the differential calculus associated to the skew derivations 5]-, defined in (6.2) instead of
the derivations 0; used here. The two metrics are in fact the same, and the alternate form
of the metric in terms of the skew derivatives will be useful to us in the next section.

Therefore we explain the equivalence, using the notation introduced in section 6. Let
p(t) be a smooth path in &4 (€") defined on a neighborhood of 0 with p(0) = p. Suppose
that

Za [p00;U) (7.11)

for some self-adjoint U € €". (We recall that since Vj is self-adjoint in this case, 8} = 0,
and that w; = 0 for each j.) Then by (6.4) and the integral representation for [py, we can
rewrite (7.11) as

1
pO) = 43 (Wlo(W,U)) = —4 3 / 3,(W o WU p")ds

The operation A — fo p*)Apl~4ds is precisely the non-commutative analog of “multi-
plication by p” that was used in [10]. Thus apart form the trivial factor of 4, the realization
of the tangent space and interpretation of continuity equation in [10] is the same as it is
here; the two formulation of the continuity equation are equivalent.

The same applies to the metric. With 5(0) as above, ||5(0)||?

5., as we have defined it

here is given by
n
PO, = > (95, UllodiU)gen = 42 (WU, [plo(W;U))sen
=1
J _—
= 42/ (9;U.T(p°)0;Up" ") syendls . (7.12)
j=17"
The ultimate term in (7.12) is, apart from a trivial factor of 4, precisely how the metric
tensor was defined in [10].

This shows two things: First, that Theorem 7.6 is an extension, and not merely an
analog, of our work in [10]. Second, it makes available to us the differential calculus based
on the skew derivations when studying the geometry associated to the Fermi Ornstein-
Uhlenbeck semigroup. (We have explicitly discussed the infinite temperature case, but
the same reasoning applies in general.) Since the skew derivations have the property of
“lowering polynomial degree by one” for the eigenfunctions of .Z, as discussed between
(6.12) and (6.13), this alternate formulation of the metric will be extremely helpful in the
next section.

8. GEODESIC CONVEXITY AND RELAXATION TO EQUILIBRIUM

In this section we develop the advantages of having written the evolution equation (7.10)
as gradient flow for the relative entropy. We draw on work of Otto and Westdickenberg
[51] and Daneri and Savaré [17]. Both pairs of authors were primarily interested in infinite-
dimensional problems concerning metrics on spaces of probability densities, but several
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of their results are new and interesting in finite dimension. The approach of Otto and
Westdickenberg is thoroughly developed in the finite-dimensional setting in Section 2 of
[17]. We briefly summarize what we need.

Let (M, g) be any smooth, finite-dimensional Riemannian manifold. For z,y in M, the
Riemannian distance dg(z,y) between x and y is given by minimizing an action integral
of paths 7 : [0,1] = M running from z to y:

1
d;(x,y) = inf {/0 15 () 5055y ds = 7(0) =2, (1) = y} ;

where
15 () 5060 = 92y (7(5), 3(5)) -
(If the infimum is achieved, any minimizer v will be a geodesic.) If F' is a smooth function
on M, let grad F' denote its Riemannian gradient. Consider the semigroup S; of trans-
formations on M given by solving () = —grad F'(y(t)); we assume for now that nice
global solutions exist. The semigroup S, t > 0, is gradient flow for F'.
For A € R, the function F' is A-convex in case whenever 7 : [0,1] — M is a distance
minimizing geodesic, then for all s € (0,1),
d2
@F(’Y(S)) > Ag(¥(s),7(s)) -
It is a standard result that whenever F' is A-convex, the gradient flow for F' is A-
contracting in the sense that for all x,y € M and t > 0,
d
3% (S1(@), $u(y)) < —22dg(Si(2), Si(y)) - (8.1)
Otto and Westdickenberg [51] developed an approach to geodesic convexity that takes
(8.1) as its starting point. Let {(s)}epo,1) be any smooth path in M with v(0) = 2 and
(1) = y. They use the gradient flow transformation S; to define a one-parameter family
of paths v' : [0,1] — M, t > 0 defined by

7 (s) = Sey(s) -

Since 7" is admissible for the variational problem that defines dy(S;(z), S(y)), it is imme-
diate that for each ¢ > 0,

1
02(S)(x), Su(y)) < /O

2
ds . (8.2)
9(+*(5))

In the present smooth setting it is shown in [17, (2.8) — (2.11)] that if for all smooth curves

v:[0,1] = M,
2
(el
0+ g(v*(s))

for all s € (0,1), then F is geodesically A-convex.
To see the connection between (8.3) and the contraction property, suppose that = and

—7(s)

ds

d 2

dt

d
&’Y (s)

d
&’Y (s)

, (8.3)
9(1°(s))

y are connected by a minimal geodesic v so that
2
ds .

1
2(y) = / d
0 g(v(s))

s (s)
(If x and y are sufficiently close, this is the case.) Then (8.2) and (8.3) combine to yield

d
" d2(Se(x), Se(y)) < —2Xd(z,y)
0+
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and then, provided that S;(x) and S;(y) continue to be connected by a minimal geodesic
for all ¢, the semigroup property of Sy yields the exponential A-contractivity of the flow:

dg(Si(x), Se(y)) < efAtdg(x,y) . (8.4)

The local argument in [17] proves the geodesic A-convexity of F' when (8.3) is valid for
all smooth paths in M, and thus leads to (8.4) without any assumptions of geodesic
completeness.

When (8.3) is valid for some A > 0, and hence also (8.4) for the same A, F' has at most
one fixed point zg in M, which is necessarily a strict minimizer of F' on M. We may
normalize F'(zy) = 0, and then under the geodesic A-convexity of F, is it well known that
for all x,

d
aF(St(x)) < =20F(Si(x)) (8.5)

which gives us another way to measure the rate of convergence to the fixed point under
the flow S;.

There is also a more direct route from (8.3) to (8.5). If y(¢) is given by the gradient
flow of F' through ~(t) = S¢(x), then

d
3 FO®) = —llerady F(v(#) g1y - (8.6)
Define the energy function E associated to F' by
E(z) = |lgrad, F(z)|% ., - (8.7)

Then (8.3) applied with 7%(s) = Ss¢(x) together with the semigroup property yields

%E(St(x)) < —2XE(Si(x)) -

Hence (8.3) not only leads to the contractivity property (8.4), but also to the exponential
convergence estimates

F(Si(z)) < e MF(z) and E(Si(z)) < e ME(z) . (8.8)
Moreover, combining (8.8) with (8.6) and (8.7), we obtain the inequality
1
< — . .
F(z) < 2)\E(m) (8.9)

In our setting, when F' is a relative entropy function, (8.9) will be a generalized logarithmic
Sobolev inequality.

The relations between (8.4) and the bounds in (8.8) and geodesic convexity of F' have
all been discussed by Otto [50] as the basis of his approach to quantitative estimates on
the rates of relaxation for solutions of the porous medium equation.

Thus, to prove geodesic convexity of F', and hence (8.4) and (8.8), it suffices to prove
(8.3). This first derivative estimate can provide a much easier route to a proof of A-
convexity of F' than direct calculation of the Hessian of F' followed by an estimate of its
least eigenvalue. The point of view of Otto and Westdickenberg is that this approach
can be especially fruitful in an infinite-dimensional setting (such as that of [50]) given all
the regularity issues to go along with computing the Hessian of F. In the remainder of
this section, we shall show that it is also quite fruitful in our finite-dimensional setting.
Related work in the commutative setting can be found in [20, 21, 25, 40, 42, 44]. For the
difficulties relating to direct computation and analysis of the Hessian even for the Fermi
Ornstein-Uhlenbeck semigroup, see our previous paper [10].
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8.1. Geodesic convexity using intertwining relations. For the rest of this section,
let 0 € &, and fix Z; = £, an ergodic QMS that satisfies the o-DBC. Let .Z be given in
the standard form (3.4), so that the data specifying . are the sets {V;};cs and {wj};je7.
Let V: 94 — Hag and div : H4,7 — Ha be the associated non-commutative gradient
and divergence (as opposed to the associated Riemannian gradient and divergence).

Let p : [0,1] — &4 be a smooth path in &, and define the one-parameter family of
paths, p'(s), (s,t) € [0,1] x [0,00) by

pl(s) = Pp(s) .

By what has been explained above, it we can prove that

2
d (’ d t ) ) < _2)\‘ i 0
0+ g(pt(s)) g(p°(s))

a &P (s dSP (s)
for all smooth p : [0,1] — M and all s € (0,1), we will have proved the geodesic convexity

2
(8.10)

of the relative entropy functional, and consequently, we shall have proved
D(Z]pllo) < e D(pllo) -

We now present a simple sufficient condition for (8.10) that we shall be able to verify
in a number of interesting examples.

8.1. DEFINITION. A semigroup Py on A7 intertwines with a semigroup &% on $)4
in case for all ¢ > 0, and all A € $4,

VPA=PVA . (8.11)
By duality, the intertwining relation V o &, = @t o V implies the identity
2] div(A) = div(ZA),  for Ae$Hays.
We will be particularly interested in cases in which for some A € R,
PA = (e NPA,. . e NPA ) (8.12)

8.2. Remark. A classical example is provided by the Mehler formula for the classical
Ornstein-Uhlenbeck semigroup, which was first studied by Mehler in 1866. For 5 > 0, let
va(x) = (8/27)"/2ePl=*/2 be the centered Gaussian density on R™ with zero mean and
variance n/f. For t > 0 and bounded continuous functions f on R", define P, f by

Pof@)= | et (1=e)y)(y) dy (8.13)

Then F; is a classical Markov semigroup; namely the Mehler or Ornstein-Uhlenbeck semi-
group. The dual semigroup PtT acting on probability densities p on R™ is defined by

[ Plo@s@ ae= [ p@pie d
A change of variables yields the dual Mehler formula:
Plp(x) = / ple e —(1—e )Py yp((1—e ) Petely) dy

A Taylor expansion in (8.13) and then integration by parts show that f(z,t) := P,f(x)
and p(z,t) := PtTp(x) satisfy

%f(m, t) = (; div —x) Vf(z,t) and %p(:p,t) = div (;V + :L') plz,t) .
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It is immediate from (8.13) that
VPif(z) = PVf(x) (8.14)

where Bi(v1,...v,)(z) = e '(Pwi(z), ..., Prua(x)). We shall see below that an identity
similar to (8.14) is readily proved for the Fermi and Bose Ornstein-Uhlenbeck semigroup.

Using (8.14), which is a direct analog of (8.11) and (8.12), Ledoux [39, p. 447] gave a
very simple proof of the optimal logarithmic Sobolev inequality for the classical Ornstein-
Uhlenbeck semigroup. A key element in his proof is the joint convexity of (a,7) + |a|?/r
on R™ x (0, 00), for which we will need a suitable non-commutative analogue.

The latter is provided by a well-known convexity inequality for matrices, which asserts
that, for all w € R, the mapping

<p,A>H<A,[p]w1A>ﬁA=Tr[ /0 (tL4+ePp) AT (L + %) Adt|  (8.15)

is jointly convex on & x A; see [32, 33]. Note that if p and A are scalars, the right-hand
side reduces to A%/p. The non-commutative convexity result ultimately derives from Lieb’s
concavity Theorem [37]. Since @J is completely positive, it follows from (8.15) that

(PIANP P P A, < (A0l A (8.16)

There is a well-developed theory of monotone metrics beginning with work of Chentsov and
Morozova [47] for classical Markov processes and its non-commutative extension initiated
by Petz [55], and further developed in [36, 30, 53, 31, 61]. Other results from this theory
will be useful in further developments.

Now consider any smooth path p: [0,1] — &, and for each s € (0, 1) write

p(s) = div A(s)

where A(s) is the solution of j(s) = div A(s) that minimizes (A, [p];'A)y , so that, by
the definitions in Section 7,

92.0(0(5), () = D (Aj(s), [p(s)]5; Aj(5))4 -
JjeT

Set pl(s) := WI p(s), and suppose that the semigroup %, defined by (8.12) intertwines
with Z;. It follows that

d

as”
Consequently, by (8.12) and (8.16),
2

Hs) = 2] div A(s) = div 2] A(s) .

d

‘ ote) < SN P A (9), [P 0())5 P A ()4
g(pt(s)) jeg
_ _ ol d 2
< PN (A (6, [ Aj(5))sa = €72 || () ,
i€ 5 9(p(s))

which clearly implies (8.10). Altogether we have proved:

8.3. THEOREM. Let 0 € &, and let P, = e be an ergodic QMS that satisfies the
o-DBC. Let V and div denote the associated non-commutative gradient and divergence.
Suppose that for some X\ > 0, the semigroup & defined by (8.12) intertwines with ;.
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Then the relative entropy with respect to o is geodesically A-convex on &4 for the Rie-
mannian metric (9. ,)p. Moreover, the exponential convergence estimate

D(Z]pllo) < e D(p||0)
holds, as well as the generalized logarithmic Sobolev inequality
1
-

D(pllo) < 557 [£7(p) (logr —logp)] -

8.2. Intertwining via commutation formulas. For both the Fermi and Bose Ornstein-
Uhlenbeck semigroups &%, there is a Mehler type formula for &; from which the inter-
twining can be readily checked. In the Fermi case, this can be found in formulas (4.1) and
(4.2) of [9], and the formula in the Bose case is a simple adaptation of this.

Fortunately however, it is not necessary to find an explicit formula for the action of the
semigroup &, to prove the intertwining identity and (8.12). In case where such identities
are true, they can often be readily checked using the form of the generator .Z.

8.4. LEMMA. Suppose that for some numbers aj, j € J,
(05, 2] = —a;0; (8.17)
for each j € J. Then defining &, on Nag by
P(Ar,.. Ag) = (e P AL e TN PA )

we have the intertwining relation 0; % = p})taj on A.

Proof. Let A € A and define A(t) = 0; 7 A. Then A(0) = 0;A and
d

TAW = 0L PA= LOPA 0,0, PA= L~ a;1|AL) .

d
It follows that t — e!% A(t) is the unique solution of &X(t) = ZX(t) with X(0) = 0;A4,
which is of course &%;0;A. Therefore, 0; 7 A = e~ ta P10;A. ]
8.5. THEOREM. Let &; be the Bose Ornstein-Uhlenbeck semigroup with generator Zp
given in (6.17), and let og be its invariant state. Then for all p € G4,
D(Zupllog) < e M RED(pllog) .
Proof. Using (6.18), we may apply Lemma 8.4, and then Theorem 8.3. O

Results in [34, Appendix D] show that the constant 2sinh(8/2) in Theorem 8.5 cannot
be improved.

We may make a similar application of Lemma 8.4, and then Theorem 8.3 to the Fermi
Ornstein-Uhlenbeck semigroup. However, in this case, it is not the differential structure
in terms of the derivations 0; for which we have (8.17), but the skew derivations 5j and
5]-. This was proved in (6.13) and (6.14). However, the metric can be written in terms of
5j and 5j just as well, bringing in the principle automorphism I', and indeed, this is how
the metric was written in [10]. This permits us to argue as above in the Bose case, and
we conclude:

8.6. THEOREM. For 8 > 0, let &; be the Fermi Ornstein-Uhlenbeck semigroup with
generator L given in (6.8), and let og be its invariant state. Then for all p € &4,

D(Zpllog) < e ¥ D(p||o)
where Ag = min{cosh(fe;/2) : j=1,...,m}.
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APPENDIX A. PROOF OF THEOREM 3.1

In this appendix we present a simple and self-contained proof of Theorem 3.1. The
starting point is an isometry that is crucial to the characterization of quantum Markov
semigroup generators given by Gorini, Kossakowski and Sudarshan [27]:

Let A be an arbitrary unital C*-subalgebra of M,,(C). Let C2($4) denote the linear
operators from $H 4 to H 4 equipped with the Hilbert-Schmidt norm. There is a natural
identification of Ca($4) with H 4 ® $H 4 that takes advantage of the multiplication on ) 4:
For A, B € § 4, define the operator #(A ® B) : M, (C) — M, (C) by

#(A® B): My(C) = M,(C),  #(A®B)X = AXDB ,

for all X € M,,(C). It follows that the adjoint of #(A ® B) as an operator on the Hilbert
space M, (C) is given by (#(4® B))Jr = #(A* ® B*). Moreover,

Tr[#(A ® B)] = Tr[ATx[B] . (A.1)

The left-hand side of (A.1) involves the trace for operators on M, (C), whereas the right-
hand side involves the trace for operators on C".

Since A, B € A, $) 4 is an invariant subspace of M,,(C) under #(A® B). For the lemma
that follows, it is however important to have #(A ® B) defined as an operator on all of

M, (C).

A.1l. LEMMA. Let {F,} and {Gg} be two orthonormal bases of $H 4, so that {F, ® Gg}
is an orthonormal basis of H4 Q@ Ha. Then {#(Fo ® Gg)} is orthonormal in Co(M,(C)).
In particular, the map # is an isometry from H4 @ H A into C2(My(C)). In particular,
when A = M,,(C), this isometry is a unitary identification of H 4 @ Ha with C2(HA).

10
Then A is a 2-dimensional commutative C*-algebra spanned by {@Q,1}, which is an or-

A.2. Remark. Let A be the unital C*-subalgebra of My(C) generated by @ = [ 01 ]

thonormal basis for £ 4. Consider the four operators on Ms(C) given by

H=#(1®1), H=#100Q), A=#Q®1) and F=#(Q®Q).

Since A is commutative and Q? = 1, |4 = #3|4 and #|4 = H#4|4. Thus, while
{8, Ha, A3, 44} is an orthonormal set of operators on Ms(C) for the normalized Hilbert-
Schmidt inner product, {#1|4, -#2|a, #5| 4, #4|4} only spans a 2-dimensional subspace
of C2($H.4). In short, when A is commutative, there can be no difference between the
restrictions of #(A ® B) and #(B ® A) to A for any A, B € A. However, by viewing
#(A® B) and #(B ® A) as operators on M,,(C), one sees the difference.

Proof of Lemma A.1. We may compute the trace on M,,(C) using any orthonormal basis
in M,,(C). For the proof of the lemma, it is convenient to use the matriz unit orthonormal
basis { £; ;} where E; ; is the matrix in M,,(C) whose (i, j)-entry is 1, and all other entries
are 0. Then for any «, 5 and any u, v,

(#(Fo ® Gg), #(Fu @ G))eymue) = n 2 Y Tr[(FuFijGp) FuEi ;G

ij=1
n n
=n? Y TGEEFLFEG) = 07 (GuGE)iEsi(FaFy)i
i,j=1 i,j=1

= n 'IY[GLGEn T T [FiF,] = 6audpy -
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O

An assumption of Theorem 3.1 is that the QMS &, on A has an extension to a QMS
ﬁ on M,,(C). To keep the notation simple in what follows, we will not use the hat, and
consider #; and .Z as being already defined on M,,(C).

Consider any linear transformation . from M, (C) to M,,(C). Let {Fz} be any or-
thonormal basis of M,,(C) in which each Fj either belongs to $4 or to $%. Then {F*}
is another such orthonormal basis of M,,(C), and by Lemma A.1, {#(F; ® F3)} is an
orthonormal basis of Ca(M,,(C)). Thus £ has the expansion

L= cap#(F; @ Fp) . (A.2)
a?IB
or, what is the same,
ZL(A) = casFiAFs  forall A€ M,(C). (A.3)
a7/6
where the coefficients c, g are given by
Cap = (#(FG @ F3), ZL)ey(5.4) - (A.4)

This orthonormal expansion is fundamental to the work of Gorini, Kossakowski and
Sudarshan on the structure of generators of quantum stochastic semigroups.

A.3. DEFINITION. The n? x n? matrix ¢ with entries given by (A.4) is called the GKS
matriz for the operator £ with respect to the orthonormal basis {Fy}.

The following lemma is from [27]; for the convenience of the reader we give a short
proof.

A4. LEMMA. Let £ be a linear operator on My (C), and let {F,} be an orthonormal
basis of My (C). Then the GKS matriz of £ with respect to {Fy} is self-adjoint if and
only if (ZL(A))* = LA* for all A € M,(C).

Proof. Write .Z as in (A.2) and define by Z(A) := (Z(A*))*. Then

Z(4) = (Y capFad"Fy) =Y caghFjAFa =Y caaFuAF; .
Of,ﬁ O[,B O[,B

By the uniqueness of the expansion (A.2), Z = Zifand only if co 3 =Cgq forall o, 8. [

Going forward we impose the conditions that 1 = 0 and (ZA)* = ZA* for all
A € M,(C). We take the index set for our orthonormal basis {F,} to be the set of all
a = (a1,a2) with 1 < aj,az < n and we suppose that Fi; ;) = 1. Let ¢ be the GKS

matrix for £ with respect to {F,}. Then by Lemma A.4, ¢ is a self-adjoint matrix. By
(A.3), for all A € M,(C),

LA=) capFiAFy=G"A+AG+ Y capFiAF; (A.5)
a,B a,f #(1,1)

where G = WI + Z ca)plp Let K = $(G+G*) and H = £ (G —G*) be the

B#(1,1)
self-adjoint matrices such that G = K + ¢H. Then (A.5) becomes

LA=—i[H A+ KA+ AK+ Y copFiAF; .
a,B #(171)
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1

Then £1 = 0 implies K = ~5 Z capF 3 Fg, and thus, for all A € M,(C),
B £(1,1)
LA = —i[H A+ Y cap <F§AFB - %F;FﬂA - ;AF;Fﬂ)
B £(1,1)
, 1
= —ilH, A+ > cap (FiA Fsl + [Fi, AlFp) . (A.6)
B £(1,1)

Since Tr[G] = Gcq.1),(1,1) € R, and Tr[H] is the imaginary part of Tr[G], it follows that
Tr[H] = 0.
This proves:

A5. THEOREM. Let .Z be an operator on My(C) such that £1 = 0 and (LA)* =
ZLA* for all A€ M,,. Let {F,} be any orthonormal basis of M, (C) such that Fy 1) = 1.
Let [cqo 8] be the GKS matrixz of £ for {F.}. Then £ is given by (A.6) where

1 *
H=g 3 (cansFs—caanFp) - (A7)
B#(1,1)
Notice that only the (n? — 1) x (n? — 1) minor of [c, ] obtained by deleting the (1,1)
row and column figures explicitly in (A.6). This motivates the following:

A.6. DEFINITION. Let .Z be an operator on M,(C) such that I =0 and (ZA)* =
ZLA* for all A € M,,. Let {F,} be any orthonormal basis of §) 4 such that F(; 1y = 1. Let
[ca 5] be the GKS matrix for . with respect to {F,}. The (n* —1) x (n? — 1) matrix with
entries ¢, 3 where a and 3 range over the set {(i,5) : 1 <4, <n and (4,5)# (1,1)}
is called the reduced GKS matriz of £ for the basis {Fy}.

A.7. THEOREM. Let .Z be the generator of a QMS that is self-adjoint with respect to
the inner product (-,-)s for some s € [0,1], s # 1/2. Let ¢ be the GKS matriz of £ with
respect to a modular orthonormal basis of $ 4 defined in Definition 1.2. Then for all o, 3,

e co 53 = Cape’ (A.8)
and
Caf = efwo‘CB/@/ , (A.9)

where the wy, are defined in (3.1). In particular, ¢ commutes with the diagonal matrix
[5a,5e“5], so that the eigenspaces of the latter are eigenspaces of c.

A.8. Remark. The conditions (A.8) and (A.9) are independent of s. Furthermore, (A.8)
implies that

Wa #Fwg = cq3=0. (A.10)
Therefore with an ordering of the indices o so that o > 8 <= w, > wg, the matrix
[ca,] is block-diagonal.

Proof. Since .Z is the generator of a quantum Markov semigroup, its GKS matrix (for any
orthonormal basis of £ 4) is negative semidefinite.
By Lemma 2.5, . commutes with the modular group, and this means that for all A,

LA=0"YZL (Ao )0 .
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In terms of the GKS expansion for ., and making use of (3.2),
Z capFiAF; = LA=0"ZL(cAo Y))o = anﬁa*lF;aAalega
O(,ﬂ a?/B
= anﬁewﬁ_waF;AFg .
a?/B
Now (A.8) follows from the uniqueness of the coefficients. To prove (A.9), note that for
any A, B,

Tr[B*ZLA] =Y Tr[B'capFiAFg) =Y TrleasFsB*F Al =Y Tr((€apFaBFs)* A .

a,fB a,B a,B
Using Lemma A4 we conclude that .£'B = ", 5FoBF; =Y ¢gaFaBFj. Then
a7ﬂ a7ﬁ

(LA, B)s =Tr[(ZL(A)*0c'*Bo’] =
Tr[A* LT (07 Bo®)] = (A, 0° LT (0 7* Bo®)o %), .

The self-adjointness of . with respect to (-, -)s then yields Z(B) = 0*~' £t (¢'=*Bo®)o~*
for all B. Using the GKS expansion for a modular basis and (3.2),

ZCQ,BF;BFB = ZCB,aasleaalfsBangafs = Z:0570;3(17‘(")‘”‘*eSWBFOéBF[}k )

OZ,B Oé,ﬁ OCVﬁ
Since I} = Fy and wy = —w, for all 7, we can rewrite this as
Z CO‘vBF;BFB = Z 05,7a’6(s_1)wa€_stFctBFB .
a7/8 a7ﬁ

By the uniqueness of the coefficients, it follows that e™*“=c, ge*s = e™“acg o for all , 3.
However, by (A.8), ¢c commutes with the sth power of [§, ge“], and thus e™*“oc, ge®# =

Ca,3- This proves (A.9). O
Proof of Theorem 3.1. Let {F,} be a modular basis for o, and consider the GKS expansion
LA= cqsFiAFy . (A.11)

a”@

By Theorem A.5, we can rewrite (A.11) as
1
2

LA= H A+ S s (FIIA F3) + [F2 AIF) | (A12)
a,B #(1,1)
where by (A.10), (A.7) reduces to
1 *
H = 5 > (e sFs - cesanFp)
iv/n
B#(L,1), wp=0
1
- 2i\/n Z (e = a0 s -
B#(LL), wp=0

By (A.9) and (A.10), c¢(1,1),38 = ¢ar,(1,1), and therefore H = 0.
Making use of the fact that for all v, FJ = F./, we replace a with B’ and 3 with o/ and
use (A.9) to rewrite (A.11) as

LA= capFuAFy = cpoFgAF; = cope F3AF) . (A.13)
a,B a,B a,B
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By Theorem A.5, we can rewrite (A.13) as

~ 1
LA=—ilH A+ > cape (FglA, F] + [Fg, AIF}) (A.14)
a,B #(L,1)
y (A.10), (A.7) reduces to H= ! Z (can),aFa = ca,1)Fa). The same

22\/> a#(1,1), wa=0

argument that led to H = 0 leads to H=o.
Averaging (A.12) and (A.14), taking into account H = H = 0, we obtain

1 * * w, * *
LA= Y capl(FIIA F5] 4 [FS A + e (FalA, Fi] + [Fp, AIFS)] . (A.15)
o,B7#(1,1)
Now let U be an (n? — 1) x (n? — 1) unitary matrix that diagonalizes the reduced GKS

matrix [ceg] and which commutes with [6, ge“*], a, 8 # (1,1) so that U, , = 0 unless
Wy = Wo. We may then write

1
Cap = 5 Z Uo*we_””/chyU%B (A.16)
y#(1,1)

Each ¢, is non-negative since the reduced GKS matrix [c, 5] is negative semidefinite, and

E /2
since U, = 0 unless w, = w,, we also have e* cyU, . Defining

Vy = > 5U, sFp, we may rewrite (A.15) as

1 —w * * w. * *
ZA=3 S e (VA VL] + [V AV + e/ (VA V] + [Vy, ATV )]

v#(L,1) (A )
A7

By symmetry, we may assume without loss of generality that ¢, = c,/ where as before
(71,72)" = (72,71) so that V¥ = V.,. Then the expression simplifies to

LA= Y c)[ePVIA VL] + e[V, AV
V#(1,1)
which is (3.3). Simply using (A.16) directly in (A.12) leads to the alternate form
LA= D" e (VIA V] + (VI AV
7#(1,1)

Again since U, o = 0 unless wy = wq, (3.2) implies that for all v and all ¢,

o'Vyot = eV, (A.18)
Letting J = {(k,¢) : 1 <k,{,<n and (k,{) ( 1) }, we see that under the hypothe-
ses of the theorem, . must have the form (3.3), and (3.5) is the differential statement of
(A.17).

What has been proved so far shows that if &, = eZ is any semigroup on M,(C)
that preserves self-adjointness, and has the properties that Z1 = 0 and that £ is self-
adjoint with respect to the 0-GNS inner product, then .Z almost has the form specified in
Theorem 3.1 except that the numbers ¢;, j € J, need not be non-negative, which prevents
us from replacing each V; by /¢;V}.

It is at this point that the complete positivity of #; comes in. Identify M,,(C)®.M,,(C)
with Hrq,(c) @ N, (c), and let P and @ be orthogonal projections in a4, c) ® H,(c)
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onto orthogonal subspaces, so that PQ) = 0. Since &, ® I,, is positivity preserving, we
have 7[P(Z; ® I,,)Q] > 0 for all ¢. It follows that

—71[P(Z; @ I,)Q)] >0. (A.19)
dt =0
By making an appropriate choice of P and (), one can arrange that the derivative in
(A.19) is ¢;; see Lemma 2.4 and the “only if” part of the proof of Theorem 2.2 in [27].
This yields positivity of the ¢j, j € J, which can then be absorbed into the V; by making
the replacement V; — /¢; V. ]

A.9. Remark. For any unital C*-subalgebra A of M,,(C), there is the conditional expec-
tation E 4 which is the orthogonal projection in $) vy, (c) onto £ .4 [63]. This may be written
as an average over the unitaries in the commutant of A [8, 62]; the connected component
of this group 4 that contains the identity is a Lie subgroup of SU(n), on which there ex-

ists a normalized Haar measure p, and then for all X € M,,(C), E4X = / U*XUdu(U).

Evidently, E 4 is a completely positive map with £ 41 = 1. That is, E jl is a quantum
Markov operator.

If 7 is a linear transformation on A, define a linear transformation A on M, (C) by
Y = %oF ‘4. Note that When a linear operator & on A is completely positive, so is
3/5, and the restriction of 32 to A is snnply Z. Moreover, if £ and %% are two linear
transformations of A, then 92”231 92”2.31 In this way we can “lift” any QMS & on A
up to a one- parameter family of Markov operators @ on M,,(C) such that for all s,t > 0,
3%3” QZH s- This construction fails to yield a semigroup only because lim;_,q ,@t E4

1
and not lim;_ 3% = I 4. However, if 2, = €', then hm (e@t Ey) = Z. The operator

Zis evidently a self-adjointness preserving linear transformatlon from M,,(C) to M,,(C),
and .Z1 = 0. If &, satisfies the 0-DBC for o € &1 (A), then for all A, B € M, (C),

rloB* P, A| = tlo B* EaZyE4A)] = T[(E(Bo)") Z4(EaA)] = Tlo(EAB) 2(EAA)] |

where we have used the fact that since 0 € A, E4(0B*) = cE4B*. It follows that
for each t > 0, @‘Z is self-adjoint with respect to the o-GNS inner product on M, (C).
Consequently, the same is true of Z.

Therefore, the proof of Theorem 3.1 given just above shows that Z has the form
specified in Theorem 3.1 except that some c;’s might be negative: The validity of the
inequality (A.19) depended on the fact that lim o & = I, (c)-

APPENDIX B. NOTE oN KMS-SYMMETRY

We give a construction of a class of operators . that satisfy (# A)* = J# A* for all
A and that are self-adjoint with respect to the o-KMS inner product (:,-);/o for some
o € 64, but which do not commute with A, and consequently are not self-adjoint with
respect to the o-GNS inner product. An operator .# on M, (C) that is self-adjoint with
respect to (-,+)1 /o for some o € & is called KMS-symmetric.

When % is completely positive with £ (1) = 1, it has a Kraus representation

m m
=Y K;AK; where Y KiK;=
j=1 i=1
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for some set {K7,...,Kn} C My,(C). Evidently, #TA = > juy KGAK;. Suppose that
HTo =0 with 0 € &,.. The dual set of Kraus operators {IAQ, e ,IA(m} is given by

Rj =AY KY = o' K071

m m

Then ZIA(J*IA(J =1 and Z[A(jal?; =o. It follows that the operator J# defined by
— —

HA = ZKJ’-‘AKJ- is completely positive with # (1) = 1 and # T(¢) = 0. A simple
j=1

calculation shows that (¥ B, A), /3 = (B, # A)y; for all A, B € M,(C). Thus, # is the

adjoint of JZ~ with respect to the o- KMS inner product, and KA s a completely positive

operator on M, (C) such that ,%/Ji’( ) =1 and (%/%)TU =o.
Define a quantum Markov semigroup & by

Zeftt = MAH-T)

Evidently &2, is KMS-symmetric for each ¢t > 0 since KA s KMS-symmetric. Further-
more, &, commutes with A, for each ¢ > 0 if and only if A ¥ commutes with Ay. We
will show that the latter is not generally the case.

To construct counterexamples, consider n = 2; the construction that follows is readily
generalized. Let {uj,us2} be an orthonormal basis in C? and let {vi,vs} be a set of two
linearly independent unit vectors in C? that are not orthogonal. Define the rank-one
operators K and Ky by K; = |vj)(u;|, j = 1,2. Evidently, K] K; + K;K2 = 1, and we
define # A = K} AK; + K3 AK3 so that #1 = 1. Then the range of #T is spanned by
{|vi){v1] , [v2)(va|}. A simple computation yields

T (0 |vr)(v1] + aolva) (va]) = Bilvr)(vi] + Balva) (val ,

<gi>:[1;a 13;}(2) (B.1)

with @ = [{v1,u2)|? and b = |{va, u1)|?, and since {vy, va} is not orthogonal, a+b > 0. The

where

b
vector < a ) is an eigenvector with eigenvalue 1, and hence

g =

o) (v1] + —[uz) (v2] (B.2)

a+b

satisfies #To = &, and hence, as we just noted, (J?\ X )'o = 0. The other eigenvalue of
the matrix in (B.1) is 1 —a — b < 1, so that (B.2) gives the unique invariant state. It
follows that the eigenvalues of # T are 1, 1 — a — b and 0, with

Null(#T) = Span{|ui)(us| , |u2)(ui|} .

Consequently, the null space of J# is 2-dimensional as well, and same holds for the null
space of KA , since A is the o-KMS dual of 7. By ergodicity, it is the only eigenspace
of # A with this property.

Generically, o will have two distinct eigenvalues. (For example, take {uj,us} to be

1 1
: 2 _ 1 _ 1 _
the standard basis of C#, and take v; = 7 < 1 > and vy = 7 ( 0 >, so that o =
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2 3
135
were to commute, then Remark 2.7 would imply that |n;)(n2| and |n2)(m| are linearly

]) Let {n1,m2} be an orthonormal basis of eigenvectors of . If &, and A,

independent eigenvectors of A A with the same eigenvalue. This eigenvalue can only be
zero by the above. But then 0 = S (|n1)(n2|) = A (In2) (m|). Hence we would have

0= 2 (In2){ml) = (v1,n2) {1, v1)|ur) (ur| + (v2,m2) (M1, v2) luz) (ual ,

which would mean that

(vi,m2)(m,v1) =0 and (v, m2)(m1,v2) =0 . (B.3)

Suppose (v1,7m2) = 0. Then since {v1,v2} is not orthogonal, and {11, 72} is, (ve,n1) # 0.
The second equality in (B.3) then yields (va,72), but we cannot have both (v1,m2) = 0
and (vg,m2) = 0 since this would imply that ne = 0.

Under this condition, the first equality in (B.3) would yield (11, v1) = 0. As above, this
would imply (n2,v2) # 0, and hence (n1,v2) = 0. We cannot have both (vi,n;) = 0 and
(v2,m1) = 0 since this would imply that 1, = 0. Hence 2 (|n2)(n1|) = 0 is impossible.

Thus, with this choice of %, £ := HH — 1 is the generator of a quantum Markov
semigroup with invariant state o € & such that % is self-adjoint with respect to the
0-KMS inner product (-,-);/2, but such that £ does not commute with A,. It follows
that .Z is not self-adjoint with respect to the GNS inner product.
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