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GROMOV-HAUSDORFF CONVERGENCE OF DISCRETE
TRANSPORTATION METRICS*
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Abstract. This paper continues the investigation of “Wasserstein-like” transportation distances
for probability measures on discrete sets. We prove that the discrete transportation metrics Wy on
the d-dimensional discrete torus T‘Ii\/ with mesh size % converge, when N — oo, to the standard
2-Wasserstein distance Ws on the continuous torus in the sense of Gromov—Hausdorff. This is the
first convergence result for the recently developed discrete transportation metrics WW. The result
shows the compatibility between these metrics and the well-established 2-Wasserstein metric.
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1. Introduction. In recent years, the theory of optimal transportation has
drawn a lot of attention in the mathematical community; see, for instance, the mono-
graph [17] and references therein. A crucial role in this context is played by the
quadratic transportation distance W, known as Wasserstein distance: it is a distance
between probability measures on a metric space particularly well-suited to study mea-
sure dynamics, with important applications in the fields of functional and geometric
inequalities, parabolic PDEs, and other areas (see [17]).

It turns out that when X is a discrete space, there are no nonconstant Lipschitz
curves in the 2-Wasserstein space (Z(X'), Ws); hence, W5 is not the right metric to
deal with when studying problems where the evolution of measures on discrete spaces
is involved.

Motivated by this remark, various authors [4, 11, 13] proposed a definition of a
variant of the distance W5, denoted by W, on the set of probability measures over a
finite set X endowed with a Markov kernel K. The Markov kernel encodes the geomet-
ric information of the space, and the distance W is defined via an appropriate variant
of the Benamou—Brenier formula. It turns out that the nonexistence of Lipschitz
curves, and in particular geodesics, is circumvented with the use of W. Moreover,
this distance has several of the properties that W5 has in the continuous setting, e.g.,
it can be used to study evolution problems [4, 11, 13] and to give a definition of lower
Ricci curvature bounds [8, 12].

Although the definition of W formally resembles that of W5 given by the Benamou—
Brenier formulation of the optimal transport problem [2], up to now there was no
explicit link between the two metrics. The purpose of this paper is to bridge this
gap by proving a Gromov—-Hausdorff convergence result in an important special case,
which we believe may serve as a guideline to prove similar results in geometrically
more complicated situations.
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Specifically, we consider the space Z2(T?) of probability measures on the torus
T¢ := R%/Z?, endowed with the usual 2-Wasserstein metric W>. We also consider
the d-dimensional periodic lattice T% := (Z/NZ)? with mesh size %, and endow the
space of probability measures & (T‘]i\,) with its renormalized discrete transportation
metric Wy as defined in [4, 11, 13] (see section 2 below). Our main result reads then
as follows:

THEOREM 1.1. Let d > 1. Then the metric spaces (2(T%),Wy) converge to
(2(T), W) in the sense of Gromov—-Hausdorff as N — oo.

In order not to make this introduction too long, we refer to the body of the paper
for the precise definitions of the distances involved; see, in particular, section 2.3. The
outline of the strategy of the proof is in section 3.1, the crucial estimates needed in our
argument are contained in section 3.2, and then the proof is completed in section 3.3.

For the sake of comparison, let us mention that if (X, dy) is a sequence of com-
pact metric spaces converging in the Gromov—Hausdorff sense to a limit space, then
the corresponding 2-Wasserstein spaces also converge in the Gromov—Hausdorff sense,
as is easy to prove (see, e.g., Theorem 28.6 in [17]). The crucial point in Theorem
1.1 is that the discrete transportation metric ¥V is used instead of the 2-Wasserstein
metric. This makes the result nontrivial, and it allows for potential applications to
convergence of gradient flows [5, 16], since Gromov—Hausdorff convergence results
have proven to be powerful in this context [9].

Different results linking discretizations of the Wasserstein distance, evolution
equations, and passage to the limit can be found in, e.g., [10, 15]. Convergence
results for lower Ricci curvature bounds on discrete spaces have been obtained in [3].
Note however, that the notion of discrete Ricci curvature in that paper is based on the
usual 2-Wasserstein metric. A different notion of Ricci curvature has been studied in
[8]. The latter notion relies on the metric W, which is the main object in the present

paper.

2. Preliminaries.

2.1. The 2-Wasserstein metric. Let M be a compact smooth Riemannian
manifold and &?(M) the set of Borel probability measures on it. The Wasserstein
distance W5 on &2 (M) is usually defined by minimizing the transport cost with respect
to the cost function distance squared. It has been emphasized by Benamou and
Brenier [2] that a completely different introduction to the subject can be given in
terms of solutions to the continuity equation. The following result has been proved
for M = R in [1] (see also [14]), the case of general manifolds being a consequence
of Nash’s embedding theorem (see also [7, Proposition 2.5] for a direct proof on
manifolds).

PROPOSITION/DEFINITION 2.1. Let M be a compact smooth Riemannian mani-
fold and p,v € 2(M). Then we have

(2.1) W2, v) :min/o /M o 2(2) dpe(z) dt

the minimum being taken among all distributional solutions (g, v:) of the continuity
equation

d
(22) E,Ut + V- (vt,ut) =0 s

such that t — py is weakly continuous in duality with C(M) and po = pu, pu1 = v.
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In the sequel, when considering the continuous setting we will work with M being
the d-dimensional torus T? := RY/Z? and we will consider solutions to the continuity
equation in terms of probability densities and momentum vector fields. To fix the
ideas, we give the following definition.

DEFINITION 2.2 (solutions to the continuity equation in the continuous torus).
Consider the mappings [0,1] x T? > (¢t,z) = pi(z) € R and [0,1] x T¢ — V;(z) € RY.
We say that (pg, Vi) solves the continuity equation

d
2.3 — V-V;=0,
(2.3) u’ + t
provided both (t,x) — py(x) and (t,x) — Vi(z) are in L'([0,1] x TY), t ~ p; is
continuous with respect to convergence in duality with C(T?), and (2.3) is satisfied in
the sense of distributions.

2.2. Discrete transportation metrics. In several recent works [4, 11, 13] dis-
crete analogues of W5 have been considered, which are well suited to study evolution
equations in a discrete setting. The definition of the Wasserstein distance requires a
metric on the underlying space. In [11], instead, the starting point is a Markov kernel
K on the finite set X, i.e., we assume that K : XxX — Ry satisfles >°  K(z,y) =1
for all x € X. We assume that K is irreducible and denote the unique steady state
by w. Thus 7 is the unique probability measure on X satisfying

m(y) = Y w(z)K(z,y)

reX

for all y € X. We shall assume that K is reversible, i.e., the detailed balance equations

K(z,y)m(z) = K(y, )7 (y)

hold for all x,y € X. Since basic Markov chain theory implies that 7 is strictly
positive, we can—and will—identify probability measures on X with their densities
with respect to 7, i.e., we set

9(X)::{p:X—>R+

Z m(x)p(x) =1 } .

zeX

In order to define the metric W on #(X), it is necessary to fix a function 6 : Ry x
R;+ — R . Various choices have been considered in [8, 11], but here we will focus on
the case where 6 is the logarithmic mean, which is defined by

1
0(s,t) :/ sTTPEP dp
0

With this choice of 8, it has been shown in [4, 11, 13] that the discrete heat flow is the
gradient flow of the Boltzmann—Shannon entropy with respect to W. For p € Z(X)
and z,y € X we set

p(z,y) = 0(p(z), p(y))

which can be regarded informally as being “the density p at the edge (x,y).” Accord-
ing to [8, Lemma 2.9], the following definition can be taken as one of the equivalent
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definitions of the transportation metric W on £(X) associated with the logarithmic
mean.

DEFINITION 2.3. Let K be an irreducible and reversible Markov kernel on a finite
set X, and let po, p1 € P(X). The distance W(po, p1) is defined by

1 T 2
(2.4) W(po,p1)2:inf{%/o > %K(x,y)w(x) dt},
T, yeX ’

where the infimum runs over all curves [0,1] 3 ¢ — (pg, Vi) such that
(1) pr € P(X) for any t € [0,1], the function t — pi(x) is continuous for any
x € X, and py = po, p1 = P1;
(ii) i : X x X = R for any t € [0,1], and the function t — Vi(z,y) belongs to
LY(0,1) for any x,y € X;
(iii) the “discrete continuity equation”

d 1

(25) apt(l") + 5 Z (Vt(xv y) - %(y,%))K(QZ, y) =
yeX

holds for all x € X in the sense of distributions.

2.3. The transportation metric on the discrete torus. In this paper we
shall only be concerned with the simple random walk on the d-dimensional discrete
torus T4 := (Z/NZ)? = {0,..., N — 1}%, in which case the kernel Ky : T4, x T —
[0,1] is given by

L, b=a+e; mod N forsomeic {1,...,d}
_ 24 i ) ) )
Ky(a,b) = { 0, otherwise.

Here, e; denotes the ith unit vector. All computations in Tﬁl\, will be performed
modulo N without further mentioning.

In this case the stationary probability measure 7y is the uniform measure given
by nn(a) = N~ for all a € T%. Therefore, the collection of probability densities
with respect to 7y is given by

P(T§) = pnv: Ty — Ry

> on(a) = N

d
acTg,

For functions f, g : T4 — R we consider the normalized L? inner product
1
<fag>L§V ~Nd Z f(a)g(a)
acTY,

and the Dirichlet form

d
En(f,0) = s D0 O (Flaten) — f(@) (gla+ i) —g(a)

acTd, i=i

Furthermore we set

Let An be the discrete Laplacian, defined by
d

Anf(a) = 2dN*(Ky = I)f(a) = N2> (f(a+e;) = 2f(a) + fla —e:))

i=1
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for a € T%. Notice that following integration by parts formula holds:
Moreover, given g : T4 — R, the equation Ay f = g can be solved if and only if

ZaeT% g(a) = 0, in which case the solution is unique. We shall use the well-known

Poincaré inequality on T‘fv, which we now recall.
PROPOSITION 2.4 (Poincaré inequality on lev). Letd > 1 and N > 4. For all
f:T% — R with EaeT% f(a) =0 we have

1

1£1Z2, < INZ(0 —cos(27r/N))€N(f) ;
_ 1
gN(Ale) S 2N2(1 —COS(27T/N)) ”f“%?v :

Proof. One way to prove the first inequality is as follows. If d = 1, then the
spectrum of the operator I — K on L? (T‘fv, 7N ) consists of the eigenvalues

1 —cos(2mn/N) , 0<n<N-1,

(see, e.g., [6, section 4.2]), which yields the result if d = 1. The result in dimension
d > 1 follows by tensorization (see, e.g., [6, Lemma 3.2]).

The second inequality follows from the first one, using the integration by parts
formula (2.6). O

Remark 2.5. In the limit N — oo, one recovers the classical Poincaré inequality
on the torus T%:

1
11172 (pay < ﬁ”vf”?m('rd) ;

valid for any f with zero mean.
It will be useful to introduce some more notation. For a = (ay,...,aq) € T we
define the cube QY by

N a a1—|—1) [ad ad—|—1) d
= | —= X oo X | — C T
@ [N’ N N N - ’
so that the torus T¢ = R?/Z% can be written as the disjoint union
™= | QY.
acT¢

For i = 1,...,d, the facets of QY will be denoted by

RN _{al al—kl}>< {ai} [ad ad+1}
ai- = | N TN ANy NN ,

RZJIH:[E,M—Fl]x---{ai+1}---x{%,ad+1};
’ N N N N N

see Figure 1.
The collection of all these facets RY,. will be denoted by 2. For p € 2(T%))
and R = RY,, € Z" we shall write

pn(R) :=0(pn(a),pn(ate;)) .
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N
Ra,2+

N N
a2 Ra,lf éV Ra,1+

N
Ra,Q—

ay
F1G. 1. The cube Qa is drawn with its facets in T‘Ii\, withd =2, N =4, and a= (2,3).

Notice that Kx(a,b) is nonzero only for a,b such that a — b = +e; for some i =
1,...,d. Moreover, if V satisfies the discrete continuity equation (2.5), then the same
holds for its antisymmetrization V2™ defined by V;"¥"(a, b) = 3(Vi(a,b)—V;(b,a)),
and we have

S I e @) < 3 T e gy

pr(z,y) pe(,y)

T,yeX T,yeX

Therefore, in Definition 2.3(ii) it suffices to consider vector fields V : T4 x T¢ — R
which are antisymmetric, i.e., V(a,b) = =V (b,a). This will be our convention from

now on. Moreover, we shall identify an antisymmetric vector field V' with a function
V: %N — R defined by

V(RQH) =V(a,a+te;).

Let W, denote the metric on &2(T%,) associated with the kernel Ky according
to Definition 2.3. It will be convenient to work with the normalized metric

Wicx
Wn = ,
N NV2d

which is a quantity of order 1.
Given a probability density py € 2(T%) and a “momentum vector field” Vi :
#ZN — R, the action Ay of (pn, V) is defined by

1 VN (R)2
2.7 V) = .
27) Anlpn, Vi) = T ZN pn(R)
With this notation and taking Definition 2.3 into account, it is immediate to obtain

the following expression for the metric Wy.
LEMMA 2.6. For any pn,0,PpN1 € @(T‘}V) we have

1
(2.8) Wn (AN .0, pn,1)? = inf { / An(pn,t Vive) dt} ,
0

where the infimum runs over all curves [0,1] 3 ¢ — (pn i, Viv,e) such that
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(i) pnt € P(TY) for any t € [0,1], and the function t — py +(a) is continuous
for any a € Tﬁl\, with pN.o = PN.0, PN,1 = PN,1;
(i) Ve : 2N — R for any t € [0,1], and the function t — Vi +(R) belongs to
LY(0,1) for any R € #N;
(iii) the discrete continuity equation

d
(2.9) :11 pnt(a id Z (VNt ait) VN7t(R£i—)) =0

holds for all a € T in the sense of distributions.

By analogy with Definition 2.2 we formulate the following discrete counterpart.

DEFINITION 2.7 (solutions to the continuity equation in the discrete torus). Let
[0,1] x T4 > (t,a) = pni(@) € R and [0,1] x ZN > (t, R) — VN (R) € RY. We say
that (pnt, Vne) is a solution to the discrete continuity equation (2.9) provided that
(1), (ii), and (iii) in Lemma 2.6 are fulfilled.

Finally, we recall a couple of properties of Wy that will be used in what follows.
We shall use the metric dy on T4 defined by

dN(a, b)

for a,b € T%. Recall that the computations are understood modulo N. We let
(2.10) Wa,n

denote the standard 2-Wasserstein distance on #(T%) induced by the distance dy
on T‘}V. In the following result we collect some basic properties of the metric Wy .
PRropPOSITION 2.8. The following assertions hold.
(i) The function (p, o) — W3 (p, o) is convex on P (T%) x P2(T%) with respect
to linear interpolation.
(ii) There exists a universal constant ¢ > 0 such that

Wy < C\/EWQ,N .

In particular, the diameter of the spaces (P(T% ), Wn) is bounded by a constant
depending only on the dimension.

Proof. The first assertion has been proved in [8, Proposition 2.11]. For the second
assertion, we apply [8, Proposition 2.14] to obtain

Wn < %Wé N
where ¢ ~ 1.56 is a universal constant and Wj 5 is the 2-Wasserstein distance on
2(T4,) induced by the graph distance dj, on T4, defined by d(a,b) = > la —
b;|. Since dy(a,b) < VdNdy(a,b), we have Wyn < VANWS, y, which implies the
desired estimate. Since the diameter of the spaces (T4, dy) is uniformly bounded by
a dimensional constant, the same holds for the spaces (#(T% ), Wa n), and the final
assertion follows as well. O



886 NICOLA GIGLI AND JAN MAAS

2.4. Some properties of the heat semigroup on the discrete and con-
tinuous torus. We endow the continuous torus T¢ with its natural Riemannian flat
distance, and we denote the Lebesgue measure by .

Let (H¢)t>0 be the heat semigroup on T¢ with generator A, acting either on
measures or functions. The heat semigroup on Tﬁl\, is the semigroup generated by the
discrete Laplacian Ay, and will be denoted by (H)¢>o.

Let h; be the heat kernel on T9, i.e., the density of H;(dy) with respect to
7. Similarly, h¥ will denote the heat kernel on T¢,, which is defined by h)¥(z) =
HY (N1;9})(z). We thus have the formulas

Hof(2) = /T b)) dnly) MY ix@) = 3 Y @ b)fa ().

beTg,

valid for all L!-functions f : T — R and fy : T4 — R.
The heat semigroup on T¢ acts on vector fields as well coordinatewise. Similarly,
the action of HY on a vector field Vy : Z" — R can be defined via

1
(2.11) HY Vi (RY ) = Z hi'(a—b)Vn(RY ) -
beTq,

Given a function f : T? — R, its Lipschitz constant will be denoted by Lip(f).
Similarly, we define the Lipschitz constant of a function f : T4 — R by

: — o |f(a) — f(b)]
Lipy(f) := :1;13) Tdx@b)

The propositions below collect some basic properties of the heat flows that we will
use in what follows.
PROPOSITION 2.9 (heat flow on the continuous torus). The following assertions
hold for all s > 0.
(i) There exist constants c(s) > 0 and C(s) < co such that for any p € 2(T%)
the density ps of Hsp satisfies

ps = c(s)  and  Lip(ps) < C(s) .
Furthermore, there ezists a dimensional constant C < oo such that
Wo(Hsp, ) < CV's
(ii) There exists a constant C(s) < oo such that for any f € L*(T?) we have
[IHs fllz + Lip(Hs f) < C(s)[| flr -

(iil) Let () € 2(T?) be a geodesic, let v, be the corresponding velocity vector
fields achieving the minimum in (2.1), and let ps and Vs be the densities of Hg(pt)
and Hg(vepe), respectively. Then, t — (pst, Vst) s a solution to the continuity equa-
tion (2.3), and we have

L Vi)
2.12 2 e |
= /0 [N ps.t() dz dt < W5 (po, p11)

Proof. The first assertions in (i), with ¢(s) = inf,ca hs(z) and C(s) = Lip(hs),
are easily deduced from the representation of the heat semigroup as a convolution
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semigroup. The same method can be used to prove (ii). To prove the last claim in
(i), notice that by the convexity of W2 it is sufficient to prove the claim when p is a
Dirac mass. In this case the result follows from the fact that the heat kernel on the
torus can be represented by periodization of the heat kernel on R?, and the parabolic
scaling of the latter.

Finally, (iii) follows from the convexity of R? x Rt 3 (x,a) % and the fact
that Hy is a convolution operator; see, e.g., Lemma 8.1.10 in [1]. ]

PROPOSITION 2.10 (heat flow on the discrete torus). The following assertions
hold for s > 0.

(i) There exists a constant C(s) < oo depending only on s > 0 and the dimen-

sion d, such that for any pn € P(T%) we have

Lipy (HY p) < min {C(s), Lipy(pn)} -

(ii) For any pn € 2(T%,) and any momentum vector field Vi : Z#N — R we
have

Proof. The estimate Lipy(HY py) < Lipy(pn) in (i) is a simple consequence
of the fact that the heat semigroup consists of convolution operators. Taking the
convexity of (z,a,b) — 0(‘%) into account, this also gives (ii).

To prove the remaining bound in (i), we note that for any probability density
pn € P(TY),

1
HY oy (@) = HY p(B) = <| Y= (hY¥(a—o) =hY (b —c))pn(c)
ceTY,
1
< 3a( 3 vle)) sup W@ - )b o)
ceTY, ceTy
= sup |hév(a—c)—hév(b—c)|.
ceTY,

Since h¥(a) = h1'N(a;)---hLN(as), where h1:Y denotes the heat kernel in one di-
mension, we infer that

d
[he'(a) = Y ()] < (e N2> Ihe™ (ar) — h ™ (bn)]
k=1

< Vddy(a,b) [hy V|7 Lipy (hi?Y)
and therefore
(2.13) LiPN(HéVPN) <Vd |‘hi7N||%;l LiPN(hi7N) )

so it remains to obtain bounds on the heat kernel in one dimension. These can be
obtained using the well-known (and easy to check) fact that, if d = 1, the spectrum
of the operator —Ay consists of the eigenvalues

A¢ = 2N?(1 — cos(2nl/N)) , teLy:= {zEZ : {——J+1§z§ {%J}
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Note that Ay = A_y. The corresponding eigenvectors v, are given by

2mila
Ug(a):exp( N ), teLy.
As a consequence, the heat kernel h'" can be written explicitly as

th Ze Aes

LeLn

We shall use the fact that there exist constants ¢ > 0 and ¢ < oo such that for all
N >1and ? € Ly,

el >cl®, oo~ <1,  and  Lipy(ve) < ] .

It follows that for some constant C' > 0 and all a,b € T4,

2 1
1N —A¢s —cl®s
h E e ug( )|SE e §C<1+%)7

EGLN leZ
IhiN (@) —hiN(b)| < > e [ug(a) — ve(b)]
leLn
—cl?s C
<CD tem*dy(a,b) < —dn(a,b),
LeZ 5

so that ||hbN]||L~ < C(1 4+ 57 '/2?) and Lip (h2Y) < Cs~!. Plugging these estimates
into (2.13), we obtain the desired result. a

3. Proof of the main result.

3.1. Ingredients and structure of the proof. In order to prove the stated
Gromov-Hausdorff convergence of the spaces (2(T%), Wy), we will introduce the
natural mappings from the continuous torus to the discrete one, and those going the
other way around.

First we construct discrete measures by integration over cubes, and discrete vector
fields by integration over facets.

DEFINITION 3.1 (from T to T%). Given a probability measure yu € 2(T) and
N € N the probability density Pn(p) € P(TY) is defined as

Pr(u)(a) = Nu(QY) -

Similarly, given a continuous momentum vector field V = (Vy,...,Vy) : T¢ — R we
define Py (V) : 2N — R by

Pn(V)(R) = 2de/ Vi(x) dz | R=RY,.ez".
R
Probability densities on T¢ are defined by piecewise constant extensions of den-
sities on T4, and vector fields on T¢ are defined by linear interpolation.
DEFINITION 3.2 (from T4, to T¢). Given a probability density p™ € 2(T%) and
a momentum vector field VN : #N — R, the probability measure Qn(p™N )7 € P2 (T9)
and the momentum vector field Qn (V) : T? — R are defined as

On(p™) () = p" (a)

ON (VN )i(a) 1= 5o (1= Nai - a) VN (RY) + (N — 0 VY (R
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where a = (a1,...,aq) € Tﬁl\, is uniquely determined by the condition that x =
(71,...,7q) € QY.

The maps Py, On will be the ones that we use to prove Gromov—Hausdorff
convergence. They are constructed in such a way that ensures that solutions of the
continuity equation are mapped to solutions of the continuity equation.

ProproOSITION 3.3. The following assertions hold.

1. Let (pt, Vi) be a solution to the continuity equation (2.3) such that the mapping
x — Vi(x) is continuous for almost every t. Then (Pn(pt), Pn(V2)) solves
the discrete continuity equation (2.9).

2. Vice versa, let (pnt, VNt) be a solution to the discrete continuity equation
(2.9). Then (Qn(pnt), Qn(Vt)) solves the continuity equation (2.3).

Proof. These statements are direct consequences of the definitions and the Gauss—
Green theorem. |

It follows from the definitions that Py o Q is the identity operator on &2(T%).
On the other hand, Qx o Py is a good approximation of the identity in the following
sense.

LEMMA 3.4. For all p € 2(T?) and all N > 2 we have

Vd

(3.1) Wa(Qn (P (w), 1) < -

Proof. Since both measures agree on each cube QY , it follows that

Wa(Qn(Py ()2 < 3 (@) diam(QY)? .

d
aeTy

Taking into account that the diameter of each QY equals v/d/N, the result fol-
lows. d

The following simple result allows us to compare the 2-Wasserstein distances on
P(T?) and Z(T%). Recall that Wa y has been defined in (2.10).

LEMMA 3.5. For all ug, 1 € 2(T?) we have

Wy (P (o), P (1)) < Wl ) + 22

Proof. Define Ty : T — T4, by T () := a whenever z € QY. Since |(Tyz); —
(Tny)il <14 N|z; —y;| for z,y € T, we have
Vd

dyv(Tnz, Tny) < |z —y| + N

Using the fact that Py (u;) = (T'n)# i, the result follows. O
In order to carry out our estimates, we will sometimes need some regularity on
the probability densities involved. For this reason, we introduce the following set.
DEFINITION 3.6 (regular densities). Let § > 0. Then the set Z5(T%) C 2(T%)
is the set of probability densities py € P(T%) such that

min py(a) >4, Lipy(pn) <671

d
acTy

Notice that the projections Py preserve this sort of regularity, i.e.,
(32) Lipy (Pn(p)) < Lip(p) , min Py (p)(a) = inf p(z),
acT¢ zeTd

as is readily checked from the definitions.
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The set P5(T%) is endowed with the following distance, which is obtained by
minimizing the action functional over all paths in the space of regular densities.

DEFINITION 3.7 (the distance Wi 5). Let § > 0 and pn.o,pn.1 € Ps(T%). The
distance Wy 5(pn .0, pn1) is defined as

1
(V\/J\/,(s(pj\/,o,,01\7,1))2 := inf {/ An(pne Vve) dt} :
0

the infimum being taken among all solutions (pn.t, Vi) of the continuity equation
(2.9) such that pyx € Ps(T%) for any t € [0,1].

The last tool that we need is a variant of the distance Wy on 2(T$%), where
instead of the logarithmic mean 6 one considers the harmonic mean 6 given by

~ 2ab
0(a,b) := P

for any a,b > 0. If a = 0 or b = 0, we set f(a,b) = 0. For py € Z(T%) and
RZRZJXHE%N we put

pn(R) = 0(pn(a), pr(a+ei)) .

DEFINITION 3.8 (the distance WN). For pno,pNn1 € W(Tﬁl\,), the metric WN
(pnv0, pN,1) is defined as

1 2
. 2 . 1 Vv t(R)
= inf ) R
(Wn (pn,0:pN,1)) n {/o 4d2 Nd+2 ot pn.t(R) o

the infimum being taken among all solutions (pn+, Vi) of the continuity equation
(2.9).

Distances of this form have already been introduced in [11]. Notice that since
6(a,b) < 6(a,b) for any a,b > 0, it follows immediately that Wy > Wy.

Let us now describe our strategy to prove Theorem 1.1. We start with two
measures po, 1 € P(T?), regularize them a bit using the heat flow for a short
time s > 0, and then show (Proposition 3.10) that for some constant C(s) < oo
(independent on pug, 1) we have

C(s)
VN '
This will follow quite easily. The converse inequality will be harder to achieve, as

the natural inequality that one obtains for py o, py1 € Z(T%) (in Proposition 3.11)
involves the harmonic mean rather than the logarithmic mean, i.e., we prove that

Wa(Qn (o)), On (M) < Wi (pd, oY) .

W (PN (Hs(10)), Py (Hs(121))) < Wa(po, 1) +

Thus the problem becomes to bound WN from above in terms, of Wy plus a small
error. Unfortunately, the harmonic-logarithmic mean inequality 6(a,b) < 6(a,b) goes
in the “wrong” direction, but the elementary inequality
1 1 (b—a)* 1

6(a,b) 0(a,b) = ab  f(a,b)
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that we establish in Proposition 3.12, allows us to obtain an estimate for all regular
densities, i.e.,

_ L\
WN(p(]JVap{v) < (1 - W) WNﬁ(ﬂévvp{V)

for o, € P5(T4,).

Thus at the end everything reduces to proving that Wy s can be bounded above,
up to a small error, by Wy . Clearly, this is false without some additional assumptions
on the measures we want to interpolate. The idea is then to notice that the measures
on the discrete torus that we produced in our first step, using Py after an application
of the heat flow, belong to Z;(T%) for some § > 0. We then show in Proposition 3.13,
which is technically the most involved, that given €,5 > 0, there exists 6 > 0 such
that the bound

Wy 5(pn.0spN1) S WhN(pN0, pN1) + €

holds for any pn,0, pn,1 € 95(’1‘(]{/). This will be enough to complete the argument.

3.2. Estimates. Here we collect all the estimates that we need to implement
the strategy outlined above. We start by observing the effect of Py on the action of
vector fields.

LEMMA 3.9. Let = pr € P(T?) be a probability measure and V : T — R? q
momentum vector field. Assume that both p and V are Lipschitz and that min p > 0.
Put pV := Pn(p) and VN := Pn(V). Then, for any N > 2 we have the bound

(33) .AN(pN,VN) < Ad |V(ZIJ)|2 d$—|—%(”v||[loo Llp(v)+(1+L1p(p))2|V|%x> .

p(@) min p (min p)?
Proof. We apply Jensen’s inequality to the convex function (z,y,z) — 9(9;1) to
obtain for R = RY,. € 2",
(3.4)
2
1 VV@R)? L (JaVitr) dr)
1PNT2 N (R) ( Jado™ otr = ney dhdr [ 2 plr + hei) dh dr)

* Vi)l )
= /R/O O(p(r — he;) , p(r+ he;)) dhd

5 Vi(r)P? )
//_N 0(p(r — he;) , p(r+ he;)) dhdr.

Since 0,0(a,b) < ( ) we infer that

-

|p(r + hey) — 0(p(r — hei) . p(r + hey))| < -t

IN

min |p(r + hei) — p(r — he;)|

o L+ Lip(p) 2Lip(p)
~  minp N

Combining this with the elementary fact that for z,Z € R and y > g > 0,

2 2 - 2
¢ I |z + 7| T -
‘——T‘S = |$—$|+?|y—y|v
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we obtain for r € R and |h| < +

1 [Vi(r)? _|Vi(r + hei)?
216(p(r — he;) , p(r+ he;)) p(r + he;)

1 ~ Li 7o 14Li
L (WVlamLipV) | IVIE~ L+ LinG) Y
N min p (minp)2  minp

Combining this bound with (3.4), and summing over all R € %~ the result fol-
lows. d

The previous result can be used to obtain the following lower bound for the
Wasserstein metric Ws.

PROPOSITION 3.10. Let s > 0. There exists a dimensional constant C(s) < oo
such that for all probability measures g, 1 € P(T?) and for all N > 1 we have

Wi (P (Ha(10)). P (Ha(p2))) < Wa (o, pn) + % .

Proof. Let () be a constant speed geodesic connecting 1o to p1 in (Z2(T9), W),
and let (v;) denote the corresponding velocity vector field achieving the minimum in
(2.1). For s > 0, let ps; and V;; be the densities with respect to m of Hs(u:) and
Hs(vept), respectively. According to (iii) of Proposition 2.9, for given s > 0, the curve
t — (ps,t, Vs,t) is a solution to the continuity equation (2.3) and we have

(35) / / dt de < W2 (po, pl)
Td ps t

By (i) and (ii) of Proposition 2.9 we also know that there exist constants ¢(s) > 0
and C(s) < oo such that for all ¢ € [0, 1],

(3.6)

inf poo(@) > e(s), Lip(per) < C(s), Vi

" + Lip(Vi) < O(5)|Vayallr -

Set t = nn ¢ = Pn(Hs(pe)) and t — Wiy := Pn(Vs,t). By Proposition 3.3 the curve
(nnt, W) solves the continuity equation (2.9). Applying Lemma 3.9, (3.6), and
(3.5), we obtain for some (different) constant C'(s) < oo,

Wi (P (Hs(10)), P (Hs(111)))?

1
S/ AN (N, W) dt
0
1 2
S/ [/ WVerl@l® 4, + = <|V ip(Vs.e )+(1+L1p(pst)) 2
o LJre psi(®) N min pg ¢ (min ps,¢)?

C(s !
< W3(po, p1) + %/ 1Vy/2,ell7e dt .
0

)]

Applying the Cauchy—Schwarz inequality in the form

[Ve2,0()]?
Vol < [ T b
H /Z’tHLlf Td 05/2715(3:) )
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we obtain

Wi (Pn(Hs(110)), P (Hs(11)))* < Wa(po, p1)? / /rd |‘/s/2t

Ps/2, t

dx dt

C(s
< Walpo, p1)? + %Wz(poa p1)?

Taking into account that (£2(T?), Ws) has finite diameter, we obtain the result by
taking square roots and using that va 4+ b < \/a + V/b. |

The next result provides a lower bound for Ws. Recall that WN is defined using
the harmonic mean instead of the logarithmic mean.

PROPOSITION 3.11. Let N > 1 and piy, pY¥ € 2(T%,). Then

(3.7) Wa(Qn(pd). On (o)) < Wi (o, pl) -

Proof. Let t — (pY,V;") be a solution to the continuity equation (2.9). Define
pi = On(pN) and V; := Qn(V,V). Then, for every t € [0,1] we have

2
/ IW( >| "
Td Pt

_Z/QN pi(x

acTd,
N 1= Nz + a4 Nx; —a; 2
Nd 1 Z / }W‘/t (Ré\{if) + W%N(RQH) dx;
2
= dZNd+QZ / | 1—y) Vi ( J"’thN(Ré\{H)‘ dy

1 th (RN )+ VN (RYL)?
— 4d2Nd+2 ZpN(a)

a,t

1 VN(RY,,)? 1 1
2 Nd+2 Z Gl N TN
Ad? N+ 2 P (a)  pp(a+e)

VN (R;']xvz+)2

1
= N 2 Ry

Since from Proposition 3.3 we know that ¢ — (p¢, Vi) solves the continuity equation,
we obtain

1 1 N 2
Vi(x) 1 VY (R)

W2 < | d dt < § L~ qdt.
2(:00,01) _/O /I‘d pt( = 4d2Nd+2 0 faiN(R)

RexzN

Taking the infimum over all the solutions (p, V,) of (2.9) and recalling the Defini-
tion 3.8 of WN we get the result. 0

For regular densities, the following result compares the distances defined using
the harmonic and the logarithmic means. Note that the reverse inequality Wx < Wi
follows directly from the harmonic-logarithmic mean inequality. It is possible to obtain
a better (i.e., larger) numerical constant in the denominator appearing in (3.8), but
the stated estimate suffices for our purpose.
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PROPOSITION 3.12. Let § > 0, N > 672, and p)fpY € P5(T%). Then the
following estimate holds:

1

— 1 2
(35) vt ) < (1= 5az) Wslo o).

Proof. Let b > a > 0 and, as before, let 6(a,b) := ;+; be the harmonic mean.
a b
Set f(t) = ((1 —t)a +tb)~! and notice that

=/Jﬂﬂ& L Lo+ £
0 " B(ab) 2

Integrating by parts, and using that f/(0) < f/(¢) < /(1) since f is convex, we obtain

1
- /f t) dt + = /f
2AQ—DfU&+%Atﬂ““

Therefore, for pV € 25(T%) and R € ZV we have

Q::z

IN

1 1 \h o1
ﬁwméo‘wm) N (R)

and the result follows applying this inequality along a geodesic in (Z5(T%), Wn.s5)
connecting pi’ to p¥¥. O

The final proposition in this subsection shows that regular densities can be con-
nected by a curve consisting of (a bit less) regular densities, for which the action
functional is almost optimal.

PROPOSITION 3.13. Let €,8 € (0,1). Then there exists § > 0 such that for any
N >4 and pn,o, pN1 € gzg(Tﬁl\,), we have the bound

(3.9) Wy s(pn0, pN1) < W (pN0, PN1) + €

Proof. Let a,b € (0,6) to be fixed later and ¢t — (pn+, Vv t) be a Wi-geodesic
connecting py.o to pn,1. Define the curves t — (py,, Vi ;) and t = (px,, Vi ;) by

(3.10) pnii=(1—a)pns+a, Vae=(1—a)Vny,
(3.11) P?\/,t = H{;V(P}v,t) ) VJ\2/,t = Hév(VJ%/,t) .
The latter expression should be interpreted in the sense of (2.11).

Step 1. From py ; to p}v,j for j =0, 1.
For j = 0,1, we define s — 7y s ; as the linear interpolation between py ; and

1 .
PN,j» 1-€.;

IN,s.i(a) = (1= 5)pn j(a) + spy ;(a) = pn (@) + sa(1 — pn j(a)) .
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Notice that since 3 ,cra 1= pn j(a) = 0, it makes sense to define

Wy (RY;4+) == F2adN? (Afvl(l —pnj)(ate) — A (L — PN,j)(a)) :

with 1 being the density constantly equal to one. A direct computation shows that
s — (Mn,s,5, Whs,5) is a solution to the continuity equation (2.9). Notice that actually
Wh,s,; does not depend on s. Taking into account that

(3.12) nnsj(@)>a, a€eTy,scl0,1], j=0,1,
recalling the Poincaré inequality (Proposition 2.4), and using the trivial bound

En(1—pn,;) < d(Lipy(pn,))* < d6—3

we obtain
(3.13)
2
WN sg ))
AN(nN,S7j7WN7S,j): 4d2Nd+2 Z Z nNSJ(R +)

acTy i=1

o S (AR - e )~ AR (@)’

acT¢ i=1

_ a
=aln(A(1—pn,)) < EHI —pnll7s

a ad
< EgN(l —pn,j) < eyl

where £ := inf y>4 2N?(1 — cos(27/N)) > 0. Notice also that

(3.14) Lipy(nn,s,;) < Lipy(pn,;) <071, s€[0,1], j=0,1.

Step 2. From p}v,j to p?\,,j for j =0, 1.
For j = 0,1 we interpolate from P}v,j and p%\,)j using the heat flow, i.e., we define
5+ (ON,5,j: ZN.s,5) DY

ON 5;]( ) HSb(pNj)
ZN,sJ(Ra z:l:) = :FZbdN (O’N,S)j(a:l: ei) — O’N,S)j(a)) .
We then obtain

An(on, sjaZN s.3)

Zn,s i (RY )2
T Y Z e

aETd i=1 UN SaJ(R +)

2

(onsj(ate) —ons (@)
Nd 22 (RN )
UN;S7J a,i+

- s D (onsi(a+en) —ow,q (@) (log(on,s,i(a+e:) — loglow,si(a)))

= ngN (UN7s,j7]-Og(UN75xj)) :
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In view of Proposition 2.10(7) we obtain by construction,

(3.15) ons;(a) >4, acTy, s€0,1], j=0,1,
(3.16)  Lipy(on,s;) < Lipy(pn,) <67", se€[0,1], j=0,1.

Hence Lipy(log(on ) < H2AEX21) < 52 Since [En(f, 9)| < dLipy(f) Lipy(9)

minoy, s,
we obtain

db?

(317) AN(UN,S7j7ZN,S7j) S F .

Step 3. From p3  to p% ;.

From the convexity of the function (z,a,b) — ﬁ%b) we get
An(pn e Vivg) € (L= a)An(pw,e, Vive) = (1= a)Wn (pno, pva)®

for any ¢ € [0, 1]. Using again the convexity of (x,a,b) — 9(2217) and the fact that H

acts as a convolution semigroup, we also get

AN(P?\ata V]\27,t) < AN(p}V,ta V]\lf,t)

for any ¢ € [0,1]. Combining these two inequalities and integrating we get

1 1
(3.18) / An (P VR ) dt < / Ax(phy Vi) < (1— a)Wi(pw.or o)
0 0

Since the heat semigroup preserves positivity, we obtain
(3.19) pri@) >a, aeT§, tel0,1],
and by Proposition 2.10(i) we have

(3.20) Lipy (k) <C0) . te[0.1],

for some constant C'(b) > 0 which depends only on b and on the dimension d.

Step 4. Gluing the pieces.

Let £ € (0,1/4) to be fixed later. We define the curve t — (p},, Vi ;) on [0, 1] by
gluing the pieces together, that is,

(nN7§7O,€_1WN,%,O) ) tel0,4,
(O, 1007 2y 12 ) te (20,
2 —1y,2
(P Vi) =4 (P emae,(1—4O7VE o), te20,1-2(,
(O 1zt 1 07 2y 1 ) te(1—201-1)),
(”N7%7lv€_1Wm%71) ; tel—120,1].

Clearly, t = (p% 4, Vi) is a solution to the continuity equation (2.9). From (3.13),
(3.17), and (3.18) we get, taking the scaling factors into account,

1 2
2ad 2db 1—a
3 3\ 2
/0 AN (PN Vi) < 7252 + 753 + 1 4€WN(pN,OapN71)
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It remains to fix the constants a,b € (0,0) and £ € (0,1/4) as functions of ¢ and e.
From Proposition 2.8(ii) we know that the diameter of (2(T%), Wy ) is bounded by a
constant D > 0 depending only on d. Choose now ¢ > 0 so small that ﬁ <1+ 35%,
and then a,b > 0 so small that

[ V)

2ad 2

€ 2db? ¢
< <
(K252 — 37 053 — 3
With these choices we get
1
(321) | AN o Vi) <4 W (oo
0

Furthermore, the inequalities (3.12), (3.15), and (3.19) and the inequalities (3.14),
(3.16), and (3.20) imply that

minpy, >a,  Lipy(pk,) < max{6~',C(0)};

hence, p3; , belongs to #5(T%) for some § depending on a,b, and 8. The result follows
in view of Definition 3.7 of Wy ;. O

3.3. Wrap up and conclusion of the argument. Finally we shall prove
Theorem 1.1. Let us first recall one of the equivalent characterizations of Gromov—
Hausdorff convergence, which we formulate here as a definition. We refer to, e.g., [17,
Definition 27.6 and equation (27.4)]) for more details.

DEFINITION 3.14 (Gromov—Hausdorff convergence). We say that a sequence
of compact metric spaces (Xy,,dy,) converges in the sense of Gromov—Hausdorff to a
compact metric space (X, d), if there exists a sequence of maps fn : X — X, which
are

(i) en-isometric, i.e., for all v,y € X,

|dn(fn(x)7 fn(y)) - d(x,y)| <ep and

(ii) eyn-surjective, i.e., for all x,, € X, there exists v € X with

d(fu(z),n) < e

for some sequence £, — 0.

Now we are ready to prove our main result Theorem 1.1, which we restate for the
convenience of the reader.

THEOREM 3.15. Let d > 1. Then the metric spaces (2(T% ), Wn) converge to
(2(T9),Ws) in the sense of Gromov-Hausdorff as N — oc.

Proof. For s > 0 and N > 1 we consider the map from 2 (T9) to 2(T%) given
by

po— Pn(Hsp)

We claim that for each s > 0 there exists N(s) > 1 such that for all N > N(s) this
map is both £(s)-isometric and e(s)-surjective, for some sequence £(s) | 0 as s | 0.
This suffices to prove the theorem.

e(s)-isometry. Let o, p1 € 2(T4). Proposition 2.9(i) in conjunction with (3.2)
yields that Py (Hspo) and Py (Hspr) belong to Pss)(T% ) for some 6(s) > 0 and for
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any N > 1. Let n > 0. From Proposition 3.13 we then get the existence of 4(n, s) > 0
such that

W 50,5 (P (Hspo), Py (Hspn)) < Wi (P (Hapio), Pr (Hspn)) + 1 -

From Proposition 3.12 we infer that

Nl=

—~ 1 -
WN(PN(HsﬂO)aPN(HsM)) < (1 - W) WN 5(n.5) (PN(HsﬂO)aPN(Hsﬂl))a

and then from Proposition 3.11 that
Wa(Qn (Pn (Hst0)), On (Pn (Hsp1))) < Wi (Pn(Hspo), P (Hspn)) -

Lemma 3.4 and Proposition 2.9(i) yield

Wy (,u()v :ul) < W, (QN(PN(HSUO))v QN(,PN(HS,Ul))) + 20\/§ + 2% .

Combining these four inequalities, we obtain

Walho, ) < (1= 5o ) (W (Pa(ao). Py (o) +1)
+2CV/s + 2% .

On the other hand, Proposition 3.10 grants that

Wiy (P (Hapio), P (Hojin)) < Waljio, i) + % .

Taking Proposition 2.8(ii) into account, the latter two inequalities yield that for N =
N(s) sufficiently large and n = 7(s) sufficiently small, we have for all N > N(s),

‘W2(M0, ) — Wi (PN(HSMO)apN(HsMI))‘ <e(s)

for some e(s) L 0 as s | 0.

e(s)-surjectivity. Let pV € P(T%) and set p¥ := HyQn(p"™). Then, for some
dimensional constant C' < oo which may change from line to line, we obtain using
Proposition 2.8(ii), Lemma 3.5, and Proposition 2.9(i),

Wi (™, P (pY)) = Wi (Pn(Qn (™)), Pn(p)))
< CWz,N(PN(QN(PN))aPN(PéV))

C
<CWa(Qn (™) 03) +
<c(+ ).

Taking, say, N = 1/4/s, we infer that Py o Hy is 2C\/s-surjective, which completes
the proof. O
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