GRADIENT FLOW STRUCTURES FOR DISCRETE POROUS MEDIUM
EQUATIONS

MATTHIAS ERBAR AND JAN MAAS

ABSTRACT. We consider discrete porous medium equations of the form d;p: = Ap(p:), where
A is the generator of a reversible continuous time Markov chain on a finite set X', and ¢ is an
increasing function. We show that these equations arise as gradient flows of certain entropy
functionals with respect to suitable non-local transportation metrics. This may be seen as a
discrete analogue of the Wasserstein gradient flow structure for porous medium equations in
R™ discovered by Otto. We present a one-dimensional counterexample to geodesic convexity
and discuss Gromov-Hausdorff convergence to the Wasserstein metric.

1. INTRODUCTION

Recently it has been shown that discretisations of heat equations and Fokker-Planck equa-
tions can be formulated as gradient flows of the entropy with respect to a non-local trans-
portation metric W on the space of probability measures. Results in this direction have been
obtained independently in various settings, including Fokker-Planck equations on graphs [5],
reversible Markov chains [11], and systems of reaction-diffusion equations [14]. Related gradi-
ent flow structures have been found for fractional heat equations [7] and quantum mechanical
evolution equations [4, 15].

The above-mentioned results can be regarded as discrete counterparts to the by now clas-
sical result of Jordan, Kinderlehrer and Otto [10], who showed that Fokker-Planck equations
on R" are gradient flows of the entropy with respect to the L?-Wasserstein metric on the
space of probability measures. In this continuous setting there are many other interesting
partial differential equations which admit a formulation as Wasserstein gradient flow. Among
them, one of the most prominent examples is the porous medium equation, which has been
identified as the Wasserstein gradient flow of the Rényi entropy in Otto’s seminal paper [16].

It seems therefore natural to ask whether a similar gradient flow structure exists for discrete
versions of porous medium equations. In this paper we show that suitable discretisations
indeed admit a gradient flow structure. The associated metrics turn out to be variations on
the metric W, which have already been studied in [11].

1.1. The discrete setting. In this paper we let X be a finite set. We consider a matrix
Q: X x X — R satisfying Q(z,y) > 0 for all z # y and 3 1 Q(z,y) = 0. We assume
that @ is irreducible, so that basic Markov chain theory implies the existence of a unique
invariant probability measure m on X. We assume that « is reversible, i.e., the detailed
balance equations

Qz,y)m(x) = Qy, x)7(y) (1.1)
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hold for all z,y € X. For a function ¥ : X — R we write

=Y Q@ y)y(y) =) Qz,y) (YY) — (@) . (1.2)

yeX yeX

The operator A is the generator of a continuous time Markov semigroup (P;);>0. By the
reversibility assumption, this semigroup is selfadjoint on L?(X, 7). Moreover, the set Z2(X)
of probability densities with respect to =, is invariant under the semigroup (P;)¢>o.

We shall consider a class of non-local transportation metrics on the space of probability
densities Z(X). The definition of such a metric [11] requires a weight-function 6 : [0, 00) x
[0,00) — [0, 00) satisfying appropriate conditions (see Definition 2.1 below). For p € Z(X)
and z,y € X we then define p(z,y) = 6(p(x), p(y)). Inspired by the Benamou-Brenier formula
[2], we define for pg, p1 € Z(X) the distance W(po, p1) by

Wi )? = inf {5 / S (o) - vle) o) Qe )a(a) e

z,yeX

where the infimum runs over sufficiently regular curves p : [0,1] — Z(X) and ¢ : [0,1] x X —
R satisfying the discrete continuity equation

Dupe() + Y (Yely) — u(@)) pr(, 1) Q, y) = 0

yeX

for all z € X', with boundary conditions py = pg and py = p1. Actually, W is the Riemannian
distance induced by a Riemannian metric defined on the interior &, (X) of Z(X).
Consider now the relative entropy functional H : Z(X) — R defined by

H(p) =Y p(x)log p(x) 7(z) .

zeX

The following result has been shown in [5, 11, 14]: Solutions to the heat equation Oip; =
Apy are gradient flow trajectories of H with respect to the metric W, provided that 6 is the
logarithmic mean defined by

1
O(r,s) ::/ s da . (1.3)
0

1.2. A gradient flow structure for discrete porous medium equations. In this paper
we shall consider non-linear generalisations of the discrete heat equation. For suitable (see
Assumption 3.1) strictly increasing functions ¢ : [0,00) — R we consider the discrete porous
medium type equation given by

hpe = Ap(pt) , (1.4)

where A denotes the discrete Laplacian defined in (1.2). This equation can be analysed
using classical Hilbertian gradient flow techniques in a suitable “discrete H l-space” (see
Proposition 3.2 below).

Here we are interested in more general gradient flow structures in the spirit of the Wasser-
stein gradient flow structure for the porous medium equation [16]. For this purpose, for
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suitable (see Assumption 3.3) strictly convex functions f : [0,00) — R, we consider the
entropy functional F : Z(X) — R defined by

Flp) =Y flp(a)n(z) . (1.5)
reX

We shall prove the following result.

Theorem 1.1. Let ¢ and f be as above, and let W denote the non-local transportation metric
induced by

o(r) — o(s)
0(r,s) = —F——~———~ . 1.6
)= e = 7) (0
Then the gradient flow equation of the entropy functional F with respect to W is the discrete
porous medium equation Oyp = Ap(p).

Remark 1.2. In the special case where ¢(r) = r and f(r) = rlogr we recover the result from

[5, 11, 14]. In this case we have 6(r, s) = ;77 =5, which coincides with (1.3). The possibility
of allowing more general functions f has already been discussed in [11].
Remark 1.3. Of particular interest is the case where ¢(r) = ™ and f(r) = —Lor™ for

some 0 < m < 2. In this case the equation can be considered as a discrete porous medium
equation (if m > 1) or fast diffusion equation (if m < 1). The functional F becomes a Rényi
entropy JF,, so that Theorem 1.1 can be considered as a discrete analogue of the gradient
flow structure obtained by Otto [16]. The expression for 6 from (1.6) becomes

m m

m—1 r"—s

Om (1, s) = (1.7)

m rm—1_ gm-1"
Several classical means are special cases of this expression. In fact, 2(r, s) = “2 is the arith-
metic mean, lim, 1 0,(r, s) is the logarithmic mean, and 6, 5(r, s) = /s is the geometric
mean. Moreover, 6_;(r,s) = 2LSS is the harmonic mean, but we shall not consider negative

r+
values of m in the sequel.

Remark 1.4. For integer values of m, the porous medium equation takes the form of a chemical
reaction equation, for which a gradient flow structure has been found in [14]. However, there
the driving functional is the relative entropy H, so that the associated weight function can be
expressed in terms of logarithmic means. Here we also allow for different driving functionals,
such as the Rényi entropy.

1.3. Geodesic convexity of entropy functionals. Of crucial importance in the theory
of Wasserstein gradient flows is that the relevant entropy functionals exhibit good convexity
properties along Wasserstein geodesics. Recent work [8, 13| shows that analogous properties
hold for the relative entropy functional H in some discrete examples. In particular, H turns
out to be convex along W-geodesics in one-dimensional discrete Fokker-Planck equations [13]
as well as in heat equations on d-dimensional square lattices in arbitrary dimension [8].

It thus seems natural to ask whether similar convexity properties hold for the more gen-
eral functionals F along W-geodesics with the appropriate choice of 6 given by (1.6). In
the continous setting, it follows from a fundamental result by McCann [12] that the Rényi
entropy F(p) = 15 [pn p™ (@) da is displacement convex, i.e., convex along L*-Wasserstein

geodesics in Z(R™), form > 1 — %
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However, in this paper we shall show that the discrete analogue fails in general. We present
a counterexample (Proposition 4.5) in the case m = 2, which shows that even in one dimension
the Rényi entropy fails to be convex along geodesics in the associated non-local transportation
metric.

Proposition 1.5. For N > 6, let () be the generator of simple random walk on the dis-
crete circle Ty = Z/NZ. Let W be the non-local transportation metric associated with the
arithmetic mean 0. Then the Rényi entropy Fo is not convex along VW-geodesics.

It remains an interesting open question whether the Rényi entropy F,, is geodesically
convex in some non-trivial discrete examples for values of m # 1.

1.4. Gromov-Hausdorff convergence of discrete transportation metrics. Since the
discrete transportation metrics discussed in this paper take over the role of the L?-Wasserstein
metric in a discrete setting, it seems natural to ask whether they converge to the L?2-
Wasserstein metric by a suitable limiting procedure. First results in this spirit have been
obtained in [9], where it was proved that discrete transportation metrics Wy associated with
simple random walk on the discrete torus (Z/NZ)¢ converge to the L2-Wasserstein metric
W3 over the torus T?. The weight function considered in [9] is the logarithmic mean. In the
present paper we observe that the result extends to more general weight functions associated
to porous medium equations.

Theorem 1.6. Let d > 1, let 0 < m < 2, and let Wy be the renormalised discrete trans-
portation metric on P(T%) associated with simple random walk on T, and weight function
Om. Then the metric spaces (P(T%), Wn) converge to (2(T%), Ws) in the sense of Gromov-
Hausdorff as N — oo.

Since this result can be obtained by a minor modification of the proof in [9], we do not give
a detailed proof here, but merely point out the crucial properties which make the argument
go through.

2. PRELIMINARIES ON NON-LOCAL TRANSPORTATION METRICS

In this section we collect some preliminary results on non-local transportation metrics. The
presentation here is based on [11].
In this paper, a reversible Markov chain consists of a triple (X, @, 7) where
e X is a finite set;
® Q: XxX — RisaQ-matrix, ie, Q(z,y) > 0forallz #yand ) . Qz,y) =0 for
all z € X. Throughout this paper we assume that @ is irreducible, i.e., for all x,y € X
there exist n > 1 and xy, ...z, € X such that zg = =, z, = y and Q(x;_1,x;) > 0 for
all 1 <1 < m;
e 7 is the associated stationary probability measure on X, which exists uniquely by
basic Markov chain theory. We impose the standing assumption that 7 is reversible,
i.e., we assume that the detailed balance equations

Qz,y)m(x) = Qy, z)m(y) (2.1)
are satisfied for all x,y € X.
The set of probability densities with respect to m will be denoted by

,@(X)::{p:X—)R|p(:U)ZO VieX Zp(x)w(x)zl},
reX
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and we set

@*(X)::{pe@(X)\p(x)>o VJ:GX}.

Definition 2.1. A weight function is a function 6 : [0,00) x [0,00) — [0,00) having the
following properties:

(A1) 0 is continuous on [0,00) X [0,00) and C*> on (0,00) x (0, 00);

(A2) O(s,t) = 0(t,s) for s, t > 0;

(A3) 0(s,t) >0 for s,t > 0;

(A4) O(r,s) < O(r,t) for allr >0 and 0 < s < t;

(A5) 6 :1]0,00) x [0,00) — [0,00) is concave.

Note that (A5) implies in particular the following estimate:

0(2s,2t) < 20(s,t) Vs, t>0.

Let us fix a reversible Markov chain (X, Q,7) and the weight function 6 throughout the
remainder of this section. We recall the definition of the associated non-local transportation
metric from [11], as given in an equivalent form in [8]. Actually, the setup in [11, 8] is slightly
different from the one considered here, since the starting point there is a Markov kernel instead

of a @-matrix. The transportation metrics defined here are the same as in [11, 8], possibly
up to a numerical constant. We refer to Remark 2.7 below for more details.

Definition 2.2 (Non-local transportation metrics). Fiz a weight function 0. For po,p1 €
P(X) we define

1
W(g0. p1)? = inf{ [ At at <p,w>ecs<ﬁo,ﬁ1>},

where CE(po, p1) denotes the collection of pairs (p,1) satisfying the following conditions:
(( (i)  p:[0,1] = RY is C>;

(@) po=po,  pL=p1;

(1ii) pr€ P(X) for allt €[0,1];

(iv) v :[0,1] = RY is measurable ; (2.2)
(v) Forallx € X and all t € (0,1) we have

Depe() + Y (Yey) — ¢u(@)) pe(, 9)Qw,y) = 0,

yeX
and for p € P(X) and 1) € RY,
Alp) =5 3 () — 6(@) b, 1)Qr, y)(a)
T,YyeX

The equation appearing in (2.2) can be regarded as a “discrete continuity equation”. The
analogy with the continuous case becomes more apparent if we introduce some notation. For
a function ¢ : X — R, we consider the discrete gradient Vi : X x X — R given by

Vip(z,y) :=P(y) — () .
For a function ¥ : X x X — R we define its discrete divergence V- ¥ : X — R by

(VW)(@) = 3 3 (W(a,y) — By, 2))Q,y) € R

yeX
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With this notation, it follows from the detailed balance equations (2.1) that the integration
by parts formula

<v¢7 \I]>7T = —<¢7 V : \Ij>7r
holds. Here we write, for ¢, : X - Rand ®,¥: X x X — R,
(o) = Y pla)(z)m(x)

reX

(®,0)c = 5 3 B y)W(,y)Qw ().
T,YyeX
zAy

The continuity equation above can now be written as
tht + V- (ﬁtth) =0.
Moreover, for p € Z(X) we shall write
1 . /
<q)a \Il>p = 5 Z @(w,y)\lf(z,y)p(:z:,y)Q(x,y)W(x) ’ ||\II||P = <\Ijv \II>P :

z,yeX
TF#yY

With this notation we have
Alp,v) = | Vl3 .

Basic properties of W have been studied in [11]. Under the current assumptions we have
the following result.

Proposition 2.3 (Metric structure). The function W : 2(X) x P (X) — R defines a metric
on P(X). Moreover, (Z(X),W) is a geodesic space, i.e., for all py, p1 € P(X) there exists
a curve p: [0,1] = P(X) satisfying po = po, p1 = p1, and

W(ps, pr) = |s = t{W(po, p1)
for all s,t € [0,1].
Proof. Under slightly different assumptions on 6, it has been proved in [11] that W defines

an extended, i.e., (possibly [0, co]-valued) metric. To show that WV is finite under the current
assumptions, we apply [11, Theorem 3.12, Part(1)], which asserts that it suffices to check that

dr < ¢ .

! 1
Cy ::/
0o VO(l—r,147)

(Let us remark that one of the standing assumptions in [11], denoted by (A5) in that paper,
is not in force in the present paper. This doesn’t cause problems here, since the proof of [11,
Theorem 3.12, Part(1)] is based on [11, Lemma 3.14], in which the additional assumption
clearly plays no role). Using the concavity assumption (A5) we infer that

01 —r,14r)>(1—-7)0(1,1)+r0(0,2) > (1 —r)0(1,1)

for r € [0, 1], which implies that Cy < oc.
The final assertion has been proved in [8, Theorem 3.2]. O

Some basic properties of the metric W are collected in the following result, which asserts
that the distance W is induced by a Riemannian metric on the interior 22, (X) of Z2(X).
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Proposition 2.4 (Riemannian structure). The restriction of W to P.(X) is the Riemannian
distance induced by the following Riemannian structure:

- the tangent space of p € P (X) can be identified with the set of discrete gradients
T,:={Vy : ¢ €RY}

by means of the following identification: given a smooth curve (—e,e) 3t — p; €
P (X) with po = p, there exists a unique element Vipg € T}, such that the continuity
equation (2.2)(v) holds at t = 0.

- The Riemannian metric on T), is given by the inner product

(V. Vily = 5 3 (ole) — () (0x) — $5)pl, 9)Qw ) (x)

T, YyeX

This result allows us to perform Riemannian computations (“Otto-calculus” [16]) in the
space of probability measures, even though the underlying space X is discrete. In particular,
if G: Z.(X)— R is a smooth functional and (p¢, ;) is a smooth solution to the continuity
equation, we have

d
&Q(Pt) = (gradyy g(ﬁt)vth>pt ;
and if (p¢,Yy) is a geodesic,

d2
@Q(Pt) = (Hessyy Q(Pt)v¢tvv¢t>pt :

The following result characterises the geodesic equations for W. The equation for 1 is remi-
niscent of the Hamilton-Jacobi equation, which describes geodesics in the Wasserstein space.

Proposition 2.5 (Geodesic equations). Let p € 2,(X) and ) € RY. On a sufficiently small
time interval around 0, the unique constant speed geodesic with pg = p and initial tangent
vector Vg = V) satisfies the following equations:

Oepe() + Z(%(W = ¥e(@))pe(z, y)Q(z,y) =0,

yeX

Outnlw) + 5 3 (1) = 60)Dr8(p1(2), 9. (4) Q) = 0.

yeX

(2.3)

Let A be the discrete Laplacian associated with @), i.e., for a function 1 : X — R we set
Ab() == 3 Qe y) () — (@) (2.4)
yeX

The operator A is the generator of the continuous time Markov semigroup associated with
Q. Note that we have the usual formula A = (V-)V. By the reversibility assumption, A is
selfadjoint on L?(X, ).

Let f € C([0,00); R) be a strictly convex function, which is smooth on (0, c0). We consider
the associated entropy functional F : Z(X) — R defined by

Flp) =Y flp(a)n(z) .

rzeX

The following result explains the relevance of the non-local transportation metrics W.
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Proposition 2.6 (Gradient flows). The heat flow generated by A is the gradient flow of the
entropy with respect to W, provided that 0 is given by
r—s
O(r,s) i= —+——. 2.5
R O 22
Let us note that among all weight functions 6 of the form (2.5), the logarithmic mean (1.3)
is the only one satisfying 0(r,r) = r.

Remark 2.7. We conclude this section by comparing the setup in this paper with the one
from [11], and show that both setups are equivalent up to a constant.

Let @ be as in this section, set ¢(z) := Zyix Q(z,y) and gmax := max;cx ¢(x). We may
then define a Markov kernel K : X x X — R by

Q(z,y)
—, T #y,
K(I’ y) — Gmax
’ Gmax — Q(x) r=y
Gmax 7

Clearly, a probability measure m on A" satisfies the detailed balance equations for @, if and
only if the same equations hold for K. It is then immediate to check that

Wk = V Qmax WQ )

where Wg denotes the metric defined in this paper and Wy is the one from [11].
Conversely, given a Markov kernel K, we may define @ : X x X — R by

K(z,y), T # Yy,
Qz,y) = —ZK(:L’,Z), x=uy.
z#x

It readily follows from the definitions that Wgo = Wk

3. DISCRETE POROUS MEDIUM EQUATIONS AS GRADIENT FLOWS OF THE ENTROPY

In this note we shall be concerned with equations of porous medium-type associated with
a reversible Markov chain (X, Q, 7). The following assumption will be in force throughout
this section.

Assumption 3.1. The function ¢ : [0,00) — R is strictly increasing, C* on (0,00), and
continuous at 0.

We shall study the discrete porous medium equation

Oipt = Ap(py) (3.1)

where A denotes the discrete Laplacian defined in (2.4). Of course, if ¢(r) = r, we recover the
usual discrete heat equation associated with @), which has been studied in [5, 11, 14]. We shall
analyse these equations using gradient flow methods, first in a Hilbertian setting of discrete
Sobolev spaces, and then in a Riemannian setting of non-local transportation metrics.
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3.1. A Hilbertian gradient flow structure. In order to apply Hilbertian gradient flow
methods we shall introduce a “discrete H !'-space” #~!. First we observe that, by the
irreducibility assumption, we have Ker(A) = lin{1}, i.e., the linear span of the function
identically equal to 1. Since A is selfadjoint on L?(X,7), it follows that the operator A is
bijective on

Ran(A) := {1/} X =R Z Y(x)m(z) = 0} .

rzeX

For 1, 11,19 € Ran(A) it thus makes sense to define the inner product
(W1, P2) s = (A7 1, o),

where (-, ), denotes the L?(X, 7)-inner product. The associated norm is given by

9l 1= Ve = VA e =[5 57 (A1(y) — A1) Qe y)m(z)

z,yeX

For arbitrary functions ¢ : X — R we set ¢y, = >y ¥(2)7(x) and note that 1) —cy1 belongs
to Ran(A). A Hilbertian norm on R¥ can then be defined by

llloemr = \f e + 1 = eyl 2o

The equation 9,p; = Ap(p;) can now be studied using classical Hilbertian gradient flow
arguments:

Proposition 3.2. Let ®(r) = [; ¢(s) ds and consider the functional ® : RY — R U {+oo}
defined by

®(p) == ) (p(x))m(x)

TEX

forpe P(X), and ®(p) = +oo otherwise. Then the functional ® is strictly convex on P (X)
and attains its unique minimum at 1. As a consequence, the following assertions hold for all
po € P(X):
(1) Among all locally absolutely continuous curve (pg): in P (X) with po = po, there exists
a unique one satisfying the evolution variational inequality

1d
Sl — |21 < ®(0) — @(pr) (3.2)

for allo € Z(X) and a.e. t > 0.
(2) For all pg € Z(X) and a.e. t > 0 the curve (p;) satisfies the ordinary differential
equation
pe = Ap(pr) -
(8) For all pp € Z(X) we have py — 1 as t — oo.
Proof. Strict convexity of ® follows from the assumption that ¢ is strictly increasing. Part

(1) follows then from the theory of gradient flows of convex functionals in Hilbert spaces [3,
Théoreme 3.1] or the more general theory in metric spaces [1, Theorem 4.0.4]. To prove (2),
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it suffices to compute the #~!-gradient of ®. To do this, note that for a smooth curve (p;)
we have

CB(p) = S (B0 1) = o). Aupi) = ~ (D), Do)
which shows that the #~!-gradient of the functional ® at p € 2(X) is given by —Ap(p),
as desired.

Since the gradient of the convex functional ® vanishes at 1, it follows that ® attains
it minimum at 1. (Alternatively, this follows from Jensen’s inequality.) Uniqueness of the
minimiser follows from the strict convexity of ®. Part (3) is then a consequence of [1, Corollary
4.0.6]. O

3.2. A gradient flow structure for non-local transportation metrics. The gradient
flow structure described in Proposition 3.2 can be regarded as a discrete analogue of the H~!-
gradient flow structure of the porous medium equation. Let us now focus on different gradient
flow structures for the same equation, which are analogous to the Wasserstein-gradient flow
structure. We refer to [16, Section 2] for a discussion of different gradient flow structures for
the porous medium equation in the continuous setting.

Assumption 3.3. The function f : [0,00) — R is strictly conver, C*° on (0,00), and
continuous at 0. Moreover, the function 0, ; defined by

o(r) — ¢(s)
0, ¢(r,s) :=
P10 = ) )
for r # s, extends to a weight function on [0,00) X [0,00) in the sense of Definition 2.1.

The associated metric on (X)) will be denoted by W, ;. Often, if confusion is unlikely
to arise, we will simply write W.
We consider the entropy functional F : Z(X) — R defined by

Flp) =Y fp(a)n(z) . (3-3)

TeEX
Of course, if f(r) = rlogr we recover the usual relative entropy with respect to .

Proposition 3.4. Let W be any non-local transportation metric. The W-gradient of the
functional F at p € P(X) is given by Vf'(p).

Here we use the identification of the tangent space provided in Proposition 2.4. Note that
we do not require that W =W, r in this result.

Proof. Let p € Z,(X) and pick a smooth curve (p;) satisfying the continuity equation
Opr +V - (peVihr) =0,

where we use the notation from Section 2. It then follows that

d d R
7 ) = (o) m = =(f(pe), V- (5 V))m = (Vf (1), Vi)
hence the W-gradient of the functional F at p € Z,(X) is given by V f'(p). O

The next result is now an immediate consequence.

Theorem 3.5. The gradient flow equation of the entropy functional F with respect to the
metric W, ¢ is given by the porous medium equation Oip; = Ap(py).
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Proof. The gradient flow equation of the smooth functional F on &, (X) is given by
8tpt + V- (ﬁtVth) =0 s th = — gradW f(pt) .

Using Proposition 3.4 and the fact that oV f'(p) = Ve(p) by the definition of 6, ¢, we infer
that

V- (p:VU) = =V - (p:V ' (pr) = —Dg(pr)

hence the gradient flow equation reduces to the porous medium equation d;p; = Ap(p;), as
desired. g

Clearly, the gradient flow structure for the heat equation given in Proposition 2.6 corre-
sponds to the special case of Theorem 3.5 where p(r) = 7.

Let us note that also the #~!-gradient flow structure from Proposition 3.2 is a special case
of Theorem 3.5. Indeed, if f = @, then F = ®. Moreover, the following result asserts that
the 7~ !-distance on Z(X) coincides with the non-local transportation metric Wy, which is
given by Definition 2.2 in the special case where 0(r,s) =1 for all ;s > 0.

Proposition 3.6. For pg, p1 € P(X) we have
o = pille=1 = Wilpo, p1)

where Wy denotes the discrete transportation metric with 6 = 1.
Proof. Note that the geodesic equations (2.3) for Wy reduce to
Orpr = —Aty O = 0.

Since ¢ does not depend on t, we infer that the W;-geodesic between py and p; in Z(X) is
given by linear interpolation, i.e., p; = (1 —t)po + p1. It follows that Aty = pg — p1 for all
t € [0,1], and since || - ||,, = || - ||= we obtain

1
Wi(po, p1)* = /0 IVeell7, dt = [IVA™ (oo — p1)l7 = llpo — p1l % -
U

3.3. Porous medium equations and Rényi entropy. Let us now specialise to a partic-
ularly interesting setting, motivated by the Wasserstein gradient flow structure for porous
medium equations of the form dypr = Ap}™ in R™ from [16].

Let 0 < m <2 and m # 1, and consider the functions

o) = o) =™ F() = fanlr) = — ™

m—lr

In this case the porous medium equation and the entropy functional are given by

1
opr = Api* F(p) = Fm(p) == m—1 Z p(z)"m(z) ,
zeX
thus F;, is the usual Rényi entropy. The weight function is given by
m—1 rm™ =g

Om(r,s) =0y, f,.(r,s) == s s o (3.4)

and we let W, denote the associated non-local transportation metric. Note that

lim 6,,(r,s) = 01(r,s) ,
m—1
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where 6; denotes the logarithmic mean defined in (1.3). The weight function 6,, admits the
remarkable integral representation

O (r,s) = /01 ((1 —a)rmt 4 asm_1>mll da (3.5)

which can be checked by an explicit calculation and naturally generalises (1.3). We collect
here some basic properties of the weight functions associated to the Rényi entropy.

Lemma 3.7. Let 0 < m < 2. Then the function 0,, defines a weight function with the
following additional properties:

(1) (Homogeneity) 0pm(As, At) = X0 (s,t) for A >0 and s,t > 0.

(2) (Monotonicity in m) For m < m' we have 0,,(s,t) < O,/ (s,t) for all s,t > 0.

(3) (Zero at the boundary) 0,,(0,t) =0 for all t > 0 if and only if m < 1.

Proof. Properties (A1) — (A4) in Definition 2.1 are obvious from either (3.4) or (3.5).
Concavity of 6,, follows from (3.5), since an explicit computation shows that the Hessian

of the function
1

Fi(rs) o (=) pasm )™

is given by
_1 9 2

Hess F(r,s) = (1 — a)a(2 — m) ((1 —a)r™ 4 asmﬂ) moh o pme3gm=3 < _7"2 er > ,
which is negative semi-definite for all a € [0, 1].

Property (2) follows from the monotonicity in p of LP-“norms”, applied on a two-point
space {0, 1} with probability measure po := (1 — a)dg + @dy. This monotonicity follows from
Jensen’s inequality and holds for negative p as well.

Finally, (3) follows from an explicit computation and (1) is obvious. O

Let us note that 6, is not a weight function for m > 2, since in this case Minkowski’s
inequality for L™ !-norms implies that 6, is convex.

Corollary 3.8. For any reversible Markov chain (X,Q,m) the distance W, is finite and
non-increasing in m. More precisely, for any 0 < m < m’ <2 and pg, p1 € P(X) we have

Wi (0, p1) < Win(po, p1) < 00 .

Proof. This is an immediate consequence of the monotonicity of #,, stated in Lemma 3.7
combined with the equivalent definition of the distance W given in [8, Lemma 2.9]. O

Applied to ¢ = ¢, and f = fy,, Theorem 3.5 reduces to the following result.

Corollary 3.9. Let 0 < m < 2. Then the gradient flow equation of the Rényi entropy Fo,
with respect to the metric W, is the porous medium equation Oypy = Ap}".

4. (GEODESIC K-CONVEXITY OF ENTROPY FUNCTIONALS

In this section we analyse convexity properties of entropy functionals along geodesics for
non-local transportation metrics. We fix a reversible Markov chain (X, Q,7), and we fix
@, f:]0,00) — R satisfying Assumptions 3.1 and 3.3. Throughout this section we set

O(r,s) = 0, ;(r,s) = m . (4.1)
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Let W be the associated metric, and let F be the entropy functional defined in (3.3).

4.1. The Hessian of entropy functionals. We start by calculating the Hessian of an
entropy functional F in the Riemannian structure induced by W. For a probability density
p € Z.(X) we introduce the function Agp : X x X — R defined by

~

Agp(z,y) == 010(p(z), p(y)) Ap(p)(x) + 020(p(x), p(y)) Ap(p)(y) -

Furthermore, for a function ¥ : X — R we set

1

Blp.w) = 5(Bep - Vo, V) = (p- Vb, V(¢ (p)AV)),
=1 Y @@ - 9)Qw ()
z,y,2€X

% (310(p(2), p()) ((p(2)) = (p())) Qx, 2)
+ 020(p(a), (1)) (#(p(2)) = (p(1))) Q. 2))
-5 Y () - v)ple R ()

Ty,z€X
% (¢ (p(@)Q(w, 2) (1(2) — (@) = & (b)) Ry, 2) (=) — (W) ) -

The proof of the following result is an adaptation of [8, Proposition 4.3].

(4.2)

(
)

Proposition 4.1. For p € 2,(X) and 1 € RY we have

(Hess F(p) V4 , V), = B(p, )
Proof. Take (pt,1); satisfying the geodesic equations (2.3). Using the continuity equation
and (4.1) we obtain

L) = (700, V - (7))

dt
= (V' (ps), ﬁtth>ﬂ
= (Veolpt), Vi), -

Therefore the second derivative of the entropy is given by

2
L F o) = (Voup(p), Vi) + (Veolpr), Vo).

dt
= —(Op(pe), Aty) _— (Agp(pr), Oy _ .
Using the continuity equation we obtain
<3t90(Pt), A¢t>,r = <80/(Pt)5tpt, A¢t>,r
= —<V : (ﬁtv¢t)a @/(Pt)A¢t>W
= (Do, V(¢ (pr) Aty))
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Furthermore, applying the geodesic equations (2.3), the detailed balance equations (2.1), and
the fact that 0160(r, s) = 020(s,r) by (A2), we infer that

(Ap(pr), Otr) = —% Z (e () — T/’t(y))2319(0t(x)apt(y))

T,y,2€X

% (p(pi(2)) = epe())) Q(ar, y) QU 2)(2)
=0 2 () — )’ (B0(w), () (201 (2)) — ) Q)

T,y,2€X

+ 020 (pi(), (1)) ((p1(2)) = (1 (1)) Ry, 2) ) Qa, y)e()

— _1<A¢pt Vi, th>7r :

2
Combining the latter three identities, we obtain
d2
<HeSS'F(pt)th ) th>pt = dtZF(pt)
. 1,4
= —(pV, V(&' (pe) Athy)) _ + §<A<,0pt Vb, Vi)
which is the desired identity. O

Since the Riemannian metric does not necessarily extend continuously to the boundary of
Z(X), it is not obvious that a lower bound  on the Hessian in the interior &2, (X) implies
geodesic k-convexity in the metric space (Z(X’), W). Nevertheless, an Eulerian argument by
Daneri and Savaré [6] can be adapted to the current setting, to show that this is indeed the
case. We refer to [8, Theorem 4.5] and [13, Proposition 2.1] for the details in the case where
0 is the logarithmic mean.

Proposition 4.2. For k € R the following assertions are equivalent:

(1) For every constant speed geodesic (pt)icpo,1) in (P (X), W) we have

K
.

Flpe) < (1= 1)F(po) +tF(p1) = St(1 = )W (p0, p1)* - (4.3)

(2) For all py € P(X), the solution (pt) to the porous medium equation with py = po
from Proposition 3.2, satisfies the evolution variational inequality

S W90+ EW(pi0)? < Flo) ~ F(p) (4.4)
forallo € Z(X) and a.e. t > 0.
(3) For all p € Z,(X) we have
Hess F(p) > & .
(4) For all p € P.(X) and 1) € RY we have

B(p, ) > kA(p, ) .

The evolution variational inequality (4.4) can be regarded as a definition of a (strong)
notion of a gradient flow in the setting of a metric space. This inequality has been extensively
studied recently, see for example [1], [?], and [6, Section 3].
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4.2. Examples. In this section we will study W-geodesic convexity of F in some simple
concrete examples. To simplify notation let us write, for i = 1,2,

dip(x,y) := 0i0(p(x), p(x)) .
Set
kq :=sup{k € R : F is k-convex along W, r-geodesics} , (4.5)
with the understanding that sup{@} = —oco.

4.2.1. The two-point space. We consider the two-point space X = {a,b} endowed with the
Q-matrix () defined by

Qa,b)=p,  Qba)=gq,
for p,q > 0. In this case the stationary probability measure 7 is given by
q p
m(a) = —— w(b) = ——.
p+q p+q
In this case we have the following characterisation of kg in terms of p and q.

Proposition 4.3 (Geodesic convexity on the two-point space). Let Q) be as above. Then

KQ = %inf {pso’(r) +q¢'(s) +0(r,5) (pf"(r) + Qf”(8>)} )

_ ptq

where r = }%qq(l —a), s =511+ a), and the infimum runs over all a € (—1,1).

Proof. An explicit computation shows that

__pa_ pp(a) = e(p(b) 2
A = g Tt — o) @ O

and, taking into account that 0160(r, s) = 020(s,r),

Blpt) = P11 (aduita.t) — p0rita.0)) (lota) — olo(0)

- 3a.0) (5 (0(0) + 0/ (00 | (01 — w0
In view of Proposition 4.2, the result follows from these expressions. ]

The following result provides a simplified expression for k¢ in the case where 7 is symmetric
and 6 = 0,,. The case m = 1 has already been considered in [11, Proposition 2.12].

Corollary 4.4. If p=q and ¢ = oy, and f = fn,, then

pm . m—1 (1 B a)m — (1 + a)m m—2 m—2
L 1-— 1
5 aGELI) { m (1—a)™ 1 —(1+a)m1 (( a) +(1+a) )
KQ = —|—(1—a)m_1—|—(1+a)m_1 ) 0<m<2, m#1,

1 «

pinfae—11) { + 1} =2p, m=1.

L 1 — o? arctanh(«)

Proof. This follows readily from Proposition 4.3. O
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4.2.2. The discrete circle. As announced in Proposition 1.5, we will exhibit an instance of
the discrete porous medium equation where convexity fails. For this purpose, we consider
the discrete circle of length N, i.e., X = Ty = Z/NZ for some N > 2. All computations
below are understood modulo N. Let () denote the discrete Laplacian, normalised so that
Q(z,y) = qif |z —y| =1 and Q(z,y) = 0 otherwise. In this case 7 is the uniform probability
given by 7(z) = & for all z € X.

Proposition 4.5. Let m = 2, let [, om and 0, be as in Section 3.3, and let VW be the
associated mon-local transportation metric. Let (Q be the discrete Laplacian on the discrete
circle Ty = Z/NZ with N > 6 defined above. Then the functional F, is not convex along
W-geodesics. More precisely,

KQ < ——( .
Proof. Since m = 2 we have the simple expressions

o(r)=f(r)=7r%, 0(r,s) = r JQF i , 0h0(r,s) = 020(r,s) = % : (4.6)

Inserting these into (4.2), we calculate the Hessian of the Rényi entropy as

N

q
B(p,) = N —Yit1) <PZZ—1 + piio+3p7 + 307 + 8Pipi+l>
z:1
¢’
N > (Wi = ir1) i1 — tita) <2/%2+1 + pir1(pi + Pi+2)) :
=1

Choosing in particular

w:(¢17"'a¢N):(07172a"'a270)a p:(pl,...,p]\/):(€,N—(N—1)€,€,...,€)

we see that only three terms in the first and one term in the second sum are non-zero, and
we find
¢*N

Since A(p,v) = g+ O(e), the result follows. O

Let us remark that in the case where ¢ = N2, the discrete Laplacian converges to the
continuous Laplacian on the torus T = R/Z. In this limit space, it is well known that the
Rényi entropy JF; is convex along 2-Wasserstein geodesics in &(T). However, the previous
result shows that the behaviour at the discrete level is very different, since kg < —N3/2.

4.3. Consequences of geodesic convexity. In this subsection we will show that convexity
of the entropy functional along W-geodesics implies a contraction property for solutions to
the porous medium equation as well as a number of functional inequalities for the invariant
measure of the Markov chain. These results are in the spirit of the work of Otto—Villani [17].
Similar results for the heat flow associated to a finite Markov chain have been obtained in [8].

As a first result we single out the following k-contractivity property, which is a direct
consequence of the evolution variational inequality (4.4).
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Proposition 4.6 (k-Contractivity of the PME). Suppose that kg € R and let (pt)t, (o1): be
two solutions of the discrete porous medium equation as given by Proposition 3.2. Then we
have for allt > 0:

W(pt, o) < e "W(po,00)

Proof. This follows from Proposition 4.2 by applying [6, Proposition 3.1] to the functional F
on the metric space (Z(X), W). O

We introduce the following functional, which we regard as an analogue of the Fisher infor-
mation:

Z(p) = % Y [Few) = fp@)] [(p(y) — elp(a)] Qe y)m () -

r,yeX

If f is not differentiable at 0, we use the convention that Z(p) = 400 for p ¢ Z,(X). Using
Proposition 3.4, we see that for p € Z,(X) we have

Z(p) = |l gradyy F(p)||7 -

The significance of this functional is due to the fact that it gives the change, or dissipation,
of the entropy functional along solutions of the equation dipr = Ap(pt), namely:

d

&f(ﬂt) = —Z(pt) -

Note that in the setting of Section 3.3, the dissipation functional Z,, associated to ¢,, and
fm is given by
1 m _ _
Ln(p) = 5—— > )" = pla)" ] [p(y)™ = p(2)"] Q(z, y)m(z) .

C2m—1
r,yeX

As before, let 1 € Z(X) denotes the density of the stationary distribution, which is
everywhere equal to 1. It follows from the definition that F(1) = f(1).
We introduce the following functional inequalities.
Definition 4.7. The Markov chain (X,Q, ) satisfies
(1) an FWT inequality with constant k € R if for all p € 2(X),

K
Flp) = F(1) = Wp. 1)V I(p) = 5W(p, 1)%. (FWI(r))
(2) an entropy-dissipation inequality with constant A > 0 if for all p € P(X),
1
Flp) =F (1) < 57 Z(p) - (EDI(A))

The following result relates these inequalities to WW-geodesic convexity of the entropy func-
tional F. Recall the definition of kg from (4.5).

Theorem 4.8. The following assertions hold.

(1) If kg € R, then Q satisfies FWI(kQ).
(2) If kg > 0, then Q satisfies EDI(kq).
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Proof. The proof follows from similar arguments as the corresponding results in [8] and uses
the heuristics developed in the continuous case in [17]. However, for the convenience of the
reader we give a self-contained proof here.

To prove (1), assume that kg € R. It is sufficient to prove FWZ(kq) for p € 2, (X). The
inequality for general p € & (X) then follows from an easy approximation argument. So fix
p € P«(X) and let (05)scp0,1) be a constant speed geodesic connecting p = o9 to 1 = o71.
Using Proposition 4.2 and rearranging terms in (4.3), we find

1 K
Flp) = F(1) € = (Floy) = Flo) ) = 52 (1= s)W(p,1)? (4.7)
Taking into account the smoothness of (0¢) near t = 0, we obtain the bound
. | Flos) — Flo . Wi(os, 0o
R T S [ AL LO S 1) Y PR Y

Hence, the first assertion of the theorem follows by passing to the limit s — 0 in (4.7).
Let us now prove (2). Assume that kg > 0. From part (1) we know that ) satisfies
FWI(kq). From this we derive EDI(kg) by an application of Young’s inequality:

1
mygcw2+4—y2 Ve,ye R, ¢>0,
c
. . K
in which we set x = W(p,1), y = \/Z(p) and ¢ = 2. O

5. GROMOV-HAUSDORFF CONVERGENCE

In this final section we discuss the convergence of discrete transportation metrics to the
Wasserstein metric in a simple setting.

For N > 2 let T4 = (Z/NZ)? be the discrete torus in dimension d > 1, which we regard as
an approximation of the continuous torus T¢ = [0, 1]d. We consider the matrix @ : ’]I“]iv X ']I“fv —
R defined by

—2dN?, i=j,
Qi,j) = q N? i—jl=1,
0, otherwise.

Note that the entries are scaled in such a way that the associated discrete Laplacian Ay
defined by (1.2) approximates the Laplacian A on T¢. Let Wy denote the discrete trans-
portation metric corresponding to a weight function 6,,.

The following result has already been announced in the introduction.

Theorem 5.1. Let d > 1 and 0 < m < 2. Then the metric spaces (P(T%), Wy) converge to
(2 (T4, W3) in the sense of Gromov-Hausdorff as N — oc.

Since this result can be proved by following the argument in [9], we shall not give a complete
proof here. Instead, let us point out the three crucial properties of 8 = 6, which allow us to
reapply the argument from [9]:

(1) O(t,t) =t for all t > 0.
(2) 0 is concave.
(3) For all a,b > 0 we have
1 1L _ k- a)? 1
0(a,b) 0(a;b) = ab  f(a,b)

)
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2ab
a+b*

Assumption (1) is clearly necessary, since it is already checked at the formal level that the
metrics may converge to a different limit if (1) is violated. The concavity (2) is used in the
proof in [9] to ensure that the discrete heat semigroup (Pn(t)):>0 contracts the distance:

Wi (P (t)po, Pn(t)p1) < Wn(po, p1) -

This estimate is used in regularisation arguments. Finally, the estimate (3) enters the ar-
gument, since it turns out to be easier to compare the Wasserstein metric to the discrete
transportation metric Wy, which is defined using the harmonic mean. The estimate (3) can
then be combined with a regularisation argument, which shows that the difference between
Wy and Wy becomes negligible as N gets large, provided that the weight function satisfies
(3).

Let us note that these properties are satisfied for 6,, with 0 < m < 2. Indeed, (1) is
obvious, and concavity of # for 0 < m < 2 has been proved in Lemma 3.7. Moreover, it
follows from the monotonicity of 6,, in m (proved in Lemma 3.7) that it suffices to check (3)
for m = 2. In this case an elementary computation shows that (3) indeed holds.

where 6 denotes the harmonic mean defined by 8(a, b) :=
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