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Introduction

Stochastic partial differential equations (SPDEs) are used to model a wide
variety of phenomena in physics, population biology, finance, and other fields
of science. Mathematically, SPDEs are often formulated as stochastic ordinary
differential equations (SDEs) in an infinite dimensional Banach space E. The
solution to such an equation is a Banach space-valued stochastic process which
can be studied by means of probabilistic methods, in particular the theory of
stochastic integration in Banach spaces, and by analytic methods. This thesis
focusses on the latter, in particular on two specific approaches.

Firstly, associated with an SPDE is an evolution equation for functions
defined on FE, known as the Kolmogorov backward equation, typically a linear
second order parabolic partial differential equation in infinitely many vari-
ables. Secondly, an SPDE induces a flow on the space of probability measures
on F, representing the time-evolution of the law of the underlying process,
and evolving according to a Kolmogorov forward (or Fokker-Planck) equation.
Properties of solutions to both types of equations will be studied in this thesis.

The above-mentioned equations describe various physical phenomena, such
as the erratic behaviour of particles immersed in a fluid and the statistics of
laser light. Furthermore, these equations arise in the analysis of interacting
particle systems, in the study of crystals in solid state theory, in models for
neuronal activity, and in the kinematic approach to turbulence.

Part I: Elliptic operators on Wiener spaces

In this part of the thesis we analyse the generators of transition semigroups
associated with a class of stochastic processes in a Banach space E. We start
with an informal discussion of the probabilistic interpretation of the transition
semigroup.

For x € E we consider the linear stochastic Cauchy problem in E given by

{dX(t) = —AX(t)dt + i dWy(t), t>0,
X(0) =x.
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Such an equation represents an autonomous dynamical system perturbed by
additive noise. The first term on the right hand side is a deterministic drift
term involving the generator —A of a Cy-semigroup of bounded linear opera-
tors on E. The second term is a noise term containing a so-called cylindrical
Wiener process (W (t)):>0 associated with a Hilbert space H, and a bounded
operator ¢ : H — F injecting the noise into the system. Under mild assump-
tions, the Cauchy problem admits a unique solution (X%(t));>0, being an
E-valued stochastic process starting from X(0) = = and evolving in time
under the joint influence of the drift and the noise.

Given a time ¢ > 0, and a Borel set B C F, we are interested in the
probability that the process is contained in B at time t. In other words, we
would like to determine P(X?®(t) € B) = E15(X*(t)). The latter expression
suggests that it is natural to take a more general functional approach and
compute

u(z,t) = (P(t)f)(z) = Ef(X®(t)), ax€BE, t>0,

for, say, f € %, (F), the space of bounded Borel functions on E. In this way
we obtain a collection of linear operators (P(t));>0 acting on %), (FE). Since the
solution to the SDE is a Markov process, these operators form a semigroup,
whose generator — L turns out to be a second order elliptic differential operator
acting on functions defined on E. Therefore u satisfies dyu(x,t) = —Lu(z,t),
a second order parabolic partial differential equation in infinitely many vari-
ables. Equations arising in this way are known as Kolmogorov (backward)
equations.

Part I of this thesis is concerned with the analysis of such operators L
in suitable LP(u)-spaces, where y is an invariant measure for the underlying
stochastic process on FE. Although it is relatively easy to give an explicit
formula for L on a suitable core of smooth functions, it is not easy to give a
precise description of the operator, since it is difficult to determine its domain
as an operator on LP(u). Solving this problem boils down to obtaining two-
sided LP-estimates for the generator. The knowledge of the domain of the
operator is useful in the study of nonlinear perturbations of the process.

The simplest infinite dimensional example contained in this framework is
the classical Ornstein-Uhlenbeck operator, also known as the number operator
in quantum field theory, which is obtained by taking A = I in the stochastic
equation stated above. In this case the domain identification of L on LP(u) is
provided by the celebrated P.-A. Meyer inequalities, which are of fundamental
importance in the theory of Malliavin calculus. These inequalities allow to
define fractional Gaussian Sobolev spaces in an infinite dimensional setting,
and imply the boundedness of the Skorokhod stochastic integral.

The problem described above has been treated by various mathematicians
who obtained several results using very different methods. In particular the
problem has been solved in the finite dimensional case by Metafune, Priiss,
Rhandi, and Schnaubelt [125] using Dori-Venni theorems for sums of opera-
tors. The domain identification in the infinite-dimensional case under a sym-
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metry assumption is due to Chojnowska-Michalik and Goldys [32] (see also
Shigekawa [152]), who employed the Littlewood-Paley-Stein theory for sym-
metric diffusion semigroups. However, both methods fail to extend to the
infinite dimensional non-symmetric case.

In the first part of this thesis we present a simultaneous generalisation of
both results. We prove the domain identification in the infinite dimensional
non-symmetric case under the sole assumption of analyticity of the semigroup.

Part II: Wasserstein Theory for Infinite Dimensional Diffusions

Suppose that the above-mentioned SDE is considered with a random initial
condition X (0) = Xy, where X is an E-valued random variable. For ¢t > 0, let
e be the law of the solution X (¢). In this way the stochastic process (X (¢))¢>0
induces an evolution [0,00) 3 ¢t — P*(t)u := s of probability measures on
E. The suggestive notation P* is motivated by the fact that P* is formally
the adjoint of the semigroup P considered in Part I, in the sense that for all
bounded continuous functions f : E — R,

[ pwan= [ awon.
E E

The measures (i);>0 solve the Kolmogorov forward equation, also known as
the Fokker-Planck equation.

At the end of the 1990s a very appealing interpretation for Fokker-Planck
equations in a finite dimensional space has been given by Jordan, Kinderlehrer,
and Otto [85]. These authors demonstrated that certain Fokker-Planck equa-
tions can be regarded as gradient flows for entropy functionals on the space
of probability measures endowed with the L?-Wasserstein metric.

Although such an analysis is mathematically complicated due to the lack
of a linear structure on the L?-Wasserstein space, the gradient flow formu-
lation has many advantages. First of all, it provides new schemes for nu-
merical approximation. Furthermore, singular (Dirac) measures are naturally
included in the theory, and the ideas are applicable in very general, possibly
non-smooth metric spaces. Moreover, new proofs for several probabilistic and
functional inequalities (such as concentration of measure, logarithmic Sobolev,
and isoperimetric inequalities) can be obtained, often with sharp constants.
Finally, geometric properties of the underlying metric spaces can be effectively
studied using Wasserstein gradient flows.

In recent years, various works have been devoted to the implementation of
these ideas in an infinite dimensional setting, in particular by Ambrosio, Gigli,
Savaré, and Zambotti [4, 5] in Hilbert spaces, and by Fang, Shao, and Sturm
[59, 150] in the setting of an abstract Wiener space. In Part II of this thesis
we follow this line of argumentation, and present a Wasserstein framework
which is suitable for the study of Fokker-Planck equations associated with the
diffusions treated in Part I.
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Part ITI: Malliavin Calculus in Banach Spaces

The main results obtained in Part I are generalisations of results from the
theory of Malliavin calculus, a differential calculus for functions defined on
an infinite dimensional Banach space E endowed with a Gaussian measure.
Malliavin calculus can be applied to establish regularity results for the laws as-
sociated with solutions to stochastic (partial) differential equations. In several
applications it is useful to develop a theory of Malliavin calculus for functions
with values in an infinite dimensional space X . For instance, in [25] the theory
where X is a Hilbert space has been applied to problems in mathematical fi-
nance. Unfortunately, the straightforward extension to Banach spaces breaks
down.

Nevertheless, in Part III we demonstrate that a natural Banach space-
valued generalisation of Malliavin calculus can be obtained by a systematic
use of so-called v-radonifying operators. This approach is inspired by recent
advances in vector-valued stochastic and harmonic analysis. As an application
we obtain a Clark-Ocone representation formula for random variables taking
values in a UMD Banach space.

We continue with a more detailed introduction to each of the three parts.

Part I

Ornstein-Uhlenbeck operators

Ornstein-Uhlenbeck operators appear as generators of transition semigroups
associated with linear stochastic differential equations on a Banach space F.
There exists a vast literature on these operators. Of particular relevance for
the following discussion are the papers by Chojnowska-Michalik and Goldys
[29, 31, 33], and Goldys and van Neerven [70].

Let —A be the generator of a Cy-semigroup (S(t));>0 of bounded linear
operators on a Banach space E. Let H be a Hilbert space, let i € L(H, F)
be a bounded linear operator, set @@ := i:*, and let Wy be an H-cylindrical
Wiener process. For x € E we consider the linear stochastic Cauchy problem

{dX(t) = —AX(t)dt +idWx(t), t>0, (0.1)

X(0) =z

Under mild assumptions this problem admits a unique solution, and the tran-
sition semigroup is given by

P(t)f(z) == /E FSWe+y)dmly),  zeE t20,  (02)

for all bounded Borel functions f : E — R. In this expression, u; denotes the
law of the solution to (0.1) with initial value = 0. Assuming the existence of
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a weak limit po, := lims_ o ¢, the semigroup P extends to a Cp-semigroup
of positive contractions on LP(u) for 1 < p < oo. On a suitable core of
functions the generator —L is given by

Lf(z) = —%trace D% f(x) + (x, A*V f(z)), x€E, (0.3)

where V denotes the Fréchet derivative and Dy can be regarded as the deriva-
tive in the direction of H. Under an analyticity assumption, the operator L
can be written as a divergence form elliptic differential operator on the space
L?(poo). In fact,

L =D} BDy,

where B is a bounded operator on H satisfying B + B* = I. We will study
these operators L in a more general framework.

Elliptic operators on Wiener spaces

Motivated by the considerations above we will set up an abstract framework
for the study of elliptic operators on Wiener spaces. We start with the follow-
ing data:

- (E,H,p) is an (abstract) Wiener space, i.e., H is the reproducing kernel
Hilbert space of a Gaussian measure p on a real separable Banach space
E;

— H is another real Hilbert space and V : D(V) C H — H is a closed and
densely defined operator;

— B € L(H) is a bounded operator which is coercive on R(V), i.e., there

exists k > 0 such that
[Bu,u] > k||ul|?, u € R(V).

Here we use the notation D(T') and R(T) to denote the domain and the range
of an operator T. For operators acting on an LP-space, we will write D,(T)
and R, (T') respectively.

Associated with this abstract framework are the following operators:

A:=V*BV on H, A:=VV*BonH.

These operators can be lifted to function spaces by means of the gradient
Dy := VD :Dy(Dy) C LP(u) — LP(u; H), where D denotes the Malliavin
derivative. This leads to the operators

L:=D}{BDy on L*(u),  L:=DyD}{B on L*(u; H).

The operators —A and —L are the generators of analytic contraction semi-
groups denoted by S and P respectively. Furthermore, the operators —A and
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—L generate bounded analytic semigroups S and P, which are not necessar-
ily contractive. It can be shown that the semigroup P extends to an analytic
contraction semigroup on all spaces LP(u) for 1 < p < oo. Similarly, the semi-
group P can be extended to a bounded analytic semigroup on the closure of
the range of Dy in LP(u; H).

Our first main result characterises the (two-sided) LP-boundedness of the
Riesz transform

Dy/VL:VLfw Dyf

in terms of the four operators considered above. We write A < B to express
that there exists constants ¢, C' > 0, not depending on A and B, such that
cA < B < CA. Similar conventions are used for the notation A < B and
Az B.

Theorem 0.1 (Domain of vL). Let 1 < p < co. The following assertions
are equivalent:

(1) Dy(VL) = Dy(Dv) with |VLf|l, = | Dv fll, for f € Dp(VL);
(2) L admits a bounded H*-functional calculus on R,(Dy);
(3) D(VA) = D(V) with |VAh| = |[Vh]| for h € D(/A):
(4)

A admits a bounded H*-functional calculus on R(V).

We actually prove a more refined version of this result involving neces-
sary and sufficient conditions for one-sided estimates for the Riesz transform.
An immediate consequence of the theorem is that (1) and (2) are actually
independent of p.

Theorem 0.1 contains the classical Meyer inequalities from Malliavin cal-
culus as a trivial consequence. In this case we have H = H and V = B = I,
and (3) is trivially satisfied.

Let us briefly comment on the equivalence of (1) and (3). It turns out that
the operator A can be identified with the restriction of L to the first chaos in
the Wiener-It6 decomposition, on which all LP-norms are equivalent by the
Khintchine inequalities. In view of this observation, the implication (1) =
(3) is trivial. In the opposite direction, as (3) is not automatically satisfied
[121], the same observation gives an obvious obstruction for the validity of
(1). However, the theorem asserts that this is in fact the only obstruction.

Using Theorem 0.1 we can also characterise the domain of L. Our second
main result reads as follows:

Theorem 0.2 (Domain of L). Let 1 < p < 0o, and let the equivalent con-
ditions of Theorem 0.1 be satisfied. Then we have equality of domains

DP(L) = DP(D%/) N DP(DA)
with equivalence of norms

11y + 1Zf o = 1111y + 1Dy £llp + 107 fllp + [1Daflp-
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In this result, D, denotes the second derivative associated with the operator
V, and D 4 denotes the first derivative associated with A. Note that the domain
is the intersection of a “noise part” D(D?) and a “drift part” D(D4), which
is natural in view of the expression (0.3).

The conditions of Theorem 0.1 are automatically satisfied in each of the
following two cases:

(1) B is selfadjoint. Under this assumption the results had already been
proved by Shigekawa [152] and Chojnowska-Michalik and Goldys [32].

(2) V has finite dimensional range. In this situation we recover the results by
Metafune, Priiss, Rhandi, and Schnaubelt [125].

The Ornstein-Uhlenbeck semigroup setting considered above fits naturally
into the abstract framework. In this case p is the invariant measure po,, H is
its reproducing kernel Hilbert space, and H corresponds to the Hilbert space
'H associated with the noise term in (0.1).

Each of the four semigroups appearing in the discussion above has a nat-
ural interpretation:

— S corresponds to the adjoint of the restriction of the drift semigroup S to
the reproducing kernel Hilbert space of fio-

— Similarly, S can be viewed as the adjoint of the restriction of S to the
noise Hilbert space H.

— P is the Ornstein-Uhlenbeck transition semigroup associated with (0.1).

— P can be interpreted as the corresponding Ornstein-Uhlenbeck semigroup
acting on vector fields.

The equivalence of (1) and (4) is of particular interest in this setting, since
it characterises the boundedness of the Riesz transform directly in terms of
the interplay between the drift S and the noise H, without referring to the
invariant measure.

The strategy of the proof

To prove Theorem 0.1 we will work in the setting of perturbed Hodge-Dirac
operators. This is an abstract framework constructed by M°Intosh in the study
of the Kato square root problem.

Consider the perturbed Hodge-Dirac operators defined by

0 DyB

Dy 0

0V*B
r=[v"

} on Ho H, H—[ ] on LP(u) & LP(p; H).

The operators A, A, L, and L can be reconstructed by taking squares:

2 _[VBY 0 ]_[A0 2 _ [DvBDy 0 _[Lo
0 VV*B 0Al 0 DyDLB 0Ll
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To prove the boundedness of the Riesz transform Dy /v/L, we would like to
apply the following formal argument for f € D,(L):

1Dy fllp = L (£, 0)ll,
S VI, VI (S, 0)lp = 11/VIE2 |y | VL |-

Therefore, still arguing formally, we obtain the desired estimate as soon as we
can prove the boundedness of the operator IT/v/ IT?. Applying the formal rules

of functional calculus we may write IT/vII? = (\/2;2)(17) = sgn(I1), where

sgn : C\ iR — C is the bounded holomorphic function defined by

1, Re z >0,
sgn(z) := { -1 Re z < 0. (0-4)

Therefore, we conclude from this formal argument that in order to prove
the boundedness of the Riesz transform Dy / \/f, it suffices to show that the
operator sgn(II) is bounded. In fact, we shall prove that IT has a bounded
H-functional calculus in the sense that ¥ (II) defines a bounded operator
for all bounded holomorphic functions v defined on a certain bisector in the
complex plane.

Let us emphasise that proving the boundedness of operators of the form
sgn(IT) is not an easy task in general, even if p = 2. In fact, in the re-
lated setting where Dy, is replaced by the Euclidean gradient, and B by a
matrix-valued multiplication operator with L°°-coefficients, the boundedness
of sgn(IT) is equivalent to the famous Kato square root conjecture in harmonic
analysis, which has been proved in [8].

It turns out that with some work the formal argument above can be made
rigorous, provided we prove that the operator IT is randomised bisectorial.
Loosely speaking, this means that the operator IT should satisfy appropriate
resolvent estimates which remain stable under randomisation. These so-called
R-boundedness results form the core of the proof of Theorem 0.1; they are
essentially equivalent to various Littlewood-Paley-Stein type inequalities. We
will prove the following result:

Theorem 0.3 (Gradient bounds). For 1 < p < oo the following statements
hold.

(1) For all smooth cylindrical functions f : E — R and t > 0 we have, for
p-almost all x € E,

V| Dy P(t) f ()| S (P f (@),

(2) The set {\/tDy P(t): t >0} is R-bounded in L(LP(u), LP(u; H)).
(3) For all f € LP(u) we have

H(/OOO IVEDy P(t) £ %)WHP S 1f 1
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The proof is based on Gaussian techniques such as the Mehler formula
and reproducing kernel Hilbert spaces. Once we have obtained this result, the
boundedness of the H>°-calculus can be proved in a relatively straightforward
manner.

Let us finally remark that we could have taken a different but equivalent
point of departure. Instead of starting with the space H and the operators V'
and B, we could have taken an abstract Wiener space (F, H, 1) and an analytic
contraction Cp-semigroup (e~*4);>o on H. Then the semigroup (e~*L);>q on
LP(u) can be constructed by second quantisation. In this context we obtain
a characterisation for the LP-boundedness of the Riesz transform associated
with L on LP(u) in terms of the corresponding result for A on H.

Organisation

In Chapter 1 we collect some relevant background material concerning analysis
on Wiener spaces. Chapter 2 contains the basic theory of Ornstein-Uhlenbeck
operators. In Chapter 3 we summarise the Hilbertian theory of Hodge-Dirac
operators, which underlies the study of elliptic operators on Wiener spaces
presented in Chapter 4. The latter chapter is based on [107] and contains
most of the new results obtained in Part I of this thesis. In particular the
proofs of the main Theorems 0.1 and 0.2 can be found there. Chapter 5 is
an appendix containing a review of the main tools: randomised boundedness,
radonifying operators, and H*°-functional calculus.

Part 11

This second part of the thesis is in a sense the dual of Part I. We will construct
a framework for the study of Fokker-Planck equations corresponding to (0.1)
as entropy gradient flows with respect to a suitable Wasserstein metric.

The idea of formulating diffusion equations as gradient flows with respect
to the Wasserstein metric goes back to the seminal paper by Jordan, Kinder-
lehrer and Otto [85]. Since then this approach has been very popular (see, e.g.,
[1, 26, 27, 37, 172]). A systematic theory of gradient flows in metric spaces
has been developed by Ambrosio, Gigli, and Savaré [4]. This theory has been
applied to Fokker-Planck equations in Hilbert spaces (see [4] and the paper
by Ambrosio, Savaré, and Zambotti [5]).

Closely related to our work are the papers by Fang, Shao and Sturm
[59, 150]. These authors construct a theory of gradient flows in Wasserstein
spaces over abstract Wiener spaces. In particular, they prove that the entropy
gradient flow of the Wiener measure is a solution to the Fokker-Planck equa-
tion associated with the classical Ornstein-Uhlenbeck operator. The philoso-
phy of these works is similar to [4, 5], but additional technical complications
arise due to the fact that the Wasserstein metric is defined in terms of the
Cameron-Martin distance, which behaves very irregularly on E.
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Adapting the approach of these works, we establish a framework which
also covers the more general Ornstein-Uhlenbeck setting considered in Part I.

Geometry of the Wasserstein space

We consider a Hilbert space H, a separable Banach space E and a continuous
embedding i : H — E. Let #(E) denote the collection of Borel probability
measures on E. For p,v € &(E) we define the Wasserstein distance by

W)=t { ([ oo d2<x,y>)1/2 Derum} e

where I'(u, v) denotes the collection of all Borel probability measures on the
product F x E having marginals p and v. Endowed with the Wasserstein
metric Wy, Z(F) is a complete separable pseudo-metric space (in the sense
that the Wy attains the value +00). The non-continuity of |- | as a function
on F makes the analysis technically more involved than in the Euclidean or
Hilbertian case. Contrary to [59], we do not assume that H is the reproducing
kernel Hilbert space associated with a Gaussian measure on FE.
We investigate the geometric structure of Z(E). For pn € Z(E) we set

T ={Vuf:feC}tCL*uH),

where Vg denotes the gradient in the direction of H, C is a class of smooth
cylindrical real-valued functions defined on FE, and the closure is taken in
L?(p; H). The space Tf is interpreted as the tangent space to Z(FE) at u. We
show that to each Wg-smooth curve (pi¢)¢cjo,1) € &(E) corresponds a unique
measurable function Z : [0, 1] x E — R having the following properties:

(1) Zy € T for a.e. t > 0 and f01 S 1 Ze(2)|3; dpe (@) dE < o0
(2) The continuity equation

Out + Vi - (Zyp) =0

holds in the following distributional sense: for all « € C¢°(0,1) and all
smooth cylindrical functions f € C,

/01 /E (o/(t)f(l‘) +a(t)[Vuf(z), Zt(x)]H> dp () dt = 0.

We will view (Z):e[o,1] as the velocity field along the curve (u¢)¢e[o,1). These
objects allow to perform Riemannian-like computations (“Otto calculus”) in
the space Z(FE). Such a Riemannian structure on &(R"™) has been formally
introduced in [140] and rigorously implemented in [4] in a Hilbert space set-
ting. Our work follows the approach of [59], where the Wiener space case has
been considered.
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Gradient flows

A gradient flow associated with a smooth convex functional ¢ € C?(R") is a
solution u € C*(0, 00; R™) to the equation dyu(t) = —V¢(u(t)). Loosely speak-
ing, at each moment in time the solution moves in the direction of steepest
descent of the functional ¢.

Clearly, the definition of a gradient flow refers to the differentiable struc-
ture of R™. However, a theory of gradient flows in metric spaces (X, d) without
any differentiable structure has been developed by Ambrosio, Gigli, and Savaré
in [4]. These authors consider functionals ¢ : X — RU {oo} which are convex
along suitable curves in X, and consider a notion of a gradient flow which
only involves the metric d and the functional ¢. More precisely, a locally ab-
solutely continuous mapping u : (0,00) — X is said to be a gradient flow for
a proper lower semicontinuous functional ¢ if there exists A € R such that for
any y € D(¢) the evolution variational inequality (EVI)

SO (D)) + S (1), ) < 6(y) — H(u(0) 03

holds for almost every t € (0,00). Under suitable convexity assumptions, ex-
istence and uniqueness of gradient flows has been proved in [4]. Moreover, the
theory has been applied to entropy functionals on the Wasserstein space over
a Hilbert space. We will study functionals and gradient flows in (Z(E), W)
based on this line of argumentation.

The Riemannian structure on the Wasserstein space can be used to intro-
duce the subdifferential d¢ associated with a functional ¢ : Z(E) — RU{oo}.
Combining this with the velocity fields along curves in &(E), which we al-
ready discussed above, we give a rigorous meaning to the Wasserstein gradient
flow equation

One of the main results asserts that under appropriate convexity assumptions
on ¢, this differential geometric approach is equivalent to the metric approach
to gradient flows via the EVI (0.5).

As an example we let v be a Gaussian measure on E and consider the
relative entropy functional defined by

lo d , < ) =
Hy: P(E) — [0, +00], Hoy(p) = {_{Eog ere lcfther’zvil;‘te. .

We show that these functionals are convex along generalised geodesics in the
sense of [4] if the reproducing kernel Hilbert space of 7 is contained in H.
Application to infinite dimensional diffusions

In this section we connect the above-mentioned theory to the first part of the
thesis and apply the results to infinite dimensional diffusions.
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Under suitable assumptions we show that the relative entropy functional
H,..., associated with the invariant measure i, of the SDE (0.1) is generalised
displacement convex with respect to the Wasserstein distance induced by the
noise Hilbert space H. This result generalises the Wiener space result from [59]
and allows us to apply the abstract metric theory from [4], which guarantees
for each o0 € D(H,,__) the existence of a unique gradient flow (o¢):>0 in Z(E)
associated with the metric W5 and the functional H,__, satisfying the initial
condition oy = 0.

Using the approach of [85] (see also [59] for the Wiener space setting) we
show in Theorem 10.17 that the measures (o¢);>o satisfy the Fokker-Planck
equation associated with the Ornstein-Uhlenbeck operator L in the following
distributional sense: for any test function a € C2°[0,00) and any sufficiently
smooth function f € D(L) we have

_ /0 T [E () doy () dt
+2/O°O a(t)/ELf(x)dat(a:)dt:oz(O)/Ef(m) do(z).

This generalises the result from [59], where the classical Ornstein-Uhlenbeck
operator corresponding to A = I in (0.1) has been considered.

We believe that the theory described in this chapter can be used as a
framework for more general evolution equations in the space of probability
measures over infinite dimensional spaces.

Organisation

Part II of the thesis is based on [106]. In Chapter 6 we collect some background
results and study the basic properties of the Wasserstein space (Z(E), Wg).
Chapter 7 is concerned with the analysis of smooth paths in &(F) and their
velocity fields. Functionals and their subdifferentials are investigated in Chap-
ter 8, and in Chapter 9 we analyse the corresponding gradient flows on Z(E).
Finally, in Chapter 10 we consider the relative entropy functionals associated
with Gaussian measures on E and connect the theory to Part I of this thesis.

Part 111

The theory of Malliavin calculus [82, 138] has been initiated in the seven-
ties by Malliavin [111], who gave a probabilistic proof of Hérmander’s “sums
of squares”-theorem. The Malliavin calculus generalises in a natural way to
Hilbert space-valued random variables. We refer to [25] for a recent account
of this infinite dimensional setting with applications to mathematical finance.

In recent years many Hilbert space results in stochastic and harmonic
analysis have been transferred to a Banach space setting [81, 90]. Of partic-
ular relevance for this work is the theory of stochastic integration in Banach
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spaces developed by van Neerven, Veraar, and Weis [134, 135]. Inspired by
these developments we construct in Part III a theory of Malliavin calculus for
random variables taking values in a Banach space.

The focus in Chapter 11 is on the interplay between Malliavin calculus
and decoupling inequalities for vector-valued random variables. These decou-
pling inequalities underly the proofs of Theorems 11.5, 11.9 and 11.12. In
the opposite direction, we apply the theory developed here to give a new
proof of a known decoupling result in Theorem 11.24. Different aspects of
vector-valued Malliavin calculus have been considered by several authors in
[112, 115, 117, 153].

In Chapter 12 (see also [109]) the vector-valued Malliavin calculus is used
to construct a Skorokhod integral in so-called UMD Banach spaces which
extends the stochastic integral from [134]. This integral is used to obtain a
Clark-Ocone representation formula in UMD spaces. This result is new (see
[116]).

Banach space-valued Malliavin calculus

Let us briefly discuss some of the main results of this part of the thesis. Let
(£2, F,P) be a probability space, let H be a Hilbert space, and let E be a Ba-
nach space. We consider an isometry W : H — L?(£2) onto a closed subspace
consisting of Gaussian random variables, and assume that F is the o-field
generated by {W(h) : h € H}. According to the classical Wiener-Ité de-
composition, L2(£2, F,P) admits an orthogonal decomposition into Gaussian
chaoses L2(£2, F,P) = @,,~, H™. Moreover, there exist canonical isometries
&,, from the symmetric Hilbert space tensor powers H®™ onto H (™).

We show in Theorem 11.5 that this result admits a natural Banach space-
valued generalisation. For this purpose we introduce higher order versions
of the space of ~-radonifying operators v(H,E) C L(H, E). These spaces
~®™(H, E) consist of so-called symmetric vy-radonifying operators, which turn
out to be the natural vector-valued analogues of the symmetric Hilbert space
tensor powers in this setting. We prove that @,,, extends to an LP-isomorphism
between y©™(H, E) and the vector-valued Gaussian chaos H(™)(E) for 1 <
p < oo,

1@ ® DT o0 Smp I Tlnom iy, T € 7™ (H, B).

In Section 11.3 we consider the particular case where H = L?(M, ) for
some o-finite measure space (M, u). Theorem 11.9 shows that the Wiener-
It6 isomorphism is given in this case by a multiple stochastic integral I,,, for
Banach space-valued functions, for which we prove two-sided estimates on the
LP-norms. In fact, for any 1 < p < co we obtain the estimates

i El| Lo (2;8) ~mp |Fllyom (L2 (ar),B) F € y®™(L*(M), E),
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which generalise the estimates for (single) Banach space-valued stochastic
integrals in [135].

The proofs of these results rely on known decoupling inequalities for so-
called tetrahedral and symmetric chaos. The idea to use decoupling in the
study of multiple stochastic integrals already appears in the pioneering work
on decoupling by McConnell and Taqqu [119, 120], Kwapieni [96] and others.

In Section 11.4 we consider the Banach space-valued Malliavin derivative
D, which for 1 < p < oo acts as a closed operator

D :D'?(,E) C LP(, E) — LP(£2;~7(H, E)),

where D17 (£2; E) denotes the E-valued Gaussian Sobolev space. The main
result of this section (Theorem 11.12) asserts that the restriction of the Malli-
avin derivative to each chaos is an LP-isomorphism for 1 < p < oo,

I DF|| ey (m,B)) ~p.m 1F|Lr(2;E) F e H™(E),

a fact which is by no means obvious for general Banach spaces. The use of
decoupling in this context appears to be new. In UMD spaces this result is an
easy consequence of Pisier’s extension of Meyer’s inequalities to UMD Banach
spaces. These inequalities are considered in more detail in Section 11.5. We
discuss several of their consequences and obtain a version of Meyer’s multiplier
theorem in UMD spaces. We return to decoupling in Theorem 11.24 where
we present a new proof of a known decoupling result for Gaussian chaoses in
UMD spaces based on Meyer’s inequalities.

The Clark-Ocone formula

A classical result of Clark [34] and Ocone [139] asserts that if F = (F)ic(0,1
is the augmented filtration generated by a Brownian motion (W;);cpo,r] on a
probability space (2, F,P), then every Fr-measurable Malliavin differentiable
random variable F' € DY'P(£2), 1 < p < oo, admits a representation

T
F =E(F) +/ E(D,F|Fy) dW,
0

where D; is the Malliavin derivative of F at time ¢. An extension to Fr-
measurable random variables F' € DY!(§2) was given by Karatzas, Ocone,
and Li [91]. The Clark-Ocone formula is used in mathematical finance to
obtain explicit expressions for hedging strategies.

The aim of Chapter 12 is to extend this formula to the infinite-dimensional
setting using the theory of stochastic integration of £(5, E)-valued processes
with respect to J#-cylindrical Brownian motions, developed in [134]. Here, 5
is a separable Hilbert space and E is a UMD Banach space.

For this purpose we study the properties of the divergence operator, which
is a closed operator acting from L?(£2;v(H, E)) to L?(§2; E). This operator
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is in duality with the Malliavin derivative. In the special case where H =
L?(0,T; ) for another Hilbert space 5, the divergence operator turns out
to be a UMD space-valued Skorokhod integral, which extends the stochastic
integral of [134] to non-adapted processes.

The main result in Chapter 12 asserts that if F is a UMD Banach space,
1 <p<oo,and F € DMP(£2; E) is Fr-measurable, then

T
F =E(F) +/ Pe(DF) dW s,
0

where D is the Malliavin derivative of F, W is an 7 -cylindrical Wiener
process, and Fr is the projection onto the F-adapted elements in a suitable
Banach space of LP-stochastically integrable £(.7, E)-valued processes.

Organisation

In Chapter 11, which is based on [105], we develop a Banach space-valued
theory of Malliavin calculus and study some of the fundamental objects, in
particular Wiener-It6 chaos, multiple stochastic integrals, and the Malliavin
derivative. Chapter 12 is concerned with the Skorokhod stochastic integral
and the Clark-Ocone representation formula. This chapter is based on [109].
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Elliptic operators on Wiener spaces
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Analysis on Wiener Spaces

In this chapter we review some parts of the theory of analysis on Wiener
spaces. These are separable Banach spaces endowed with a Gaussian measure.
Before discussing the infinite dimensional framework, we start by recalling
some properties of Gaussian measures on R.

Gaussian measures on the real line

A Borel probability measure v on R is called Gaussian if either v = §y, or
there exists ¢ > 0 such that v has a density ‘;—z with respect to the Lebesgue

measure given by
dry 1 £
— = —= eR.
¢  /2mq P < 2q )’ ¢

The number ¢ is called the covariance of . In the case where v = §y we say
that ¢ = 0. We have

/ €2 du(e) = g.
R

Lemma 1.1. A Borel probability measure p on R is Gaussian with covariance
q > 0 if and only if its Fourier transform is given by

2
A(t) = /Rexp(—itf) dy(€) = exp (-‘i) . teR (1.1)

The standard Gaussian measure is the Gaussian measure with ¢ = 1.

1.1 Gaussian measures on Banach spaces

e Throughout the rest of Chapter 1, we let E and F' be real separable Banach
spaces.
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Let #(FE) be the Borel o-algebra of E. The collection of all Borel proba-
bility measures on E will be denoted by Z(FE). For u € Z(FE) and a Borel
mapping T : E — F, the push-forward measure Typ € P(F) is defined by

Tyu(B) == (T~ (B)),  BeHB(F).

Definition 1.2. A Borel probability measure p on E is said to be Gaussian if
for any x* € E* the measure x%, v is Gaussian on R.

The following celebrated result is known as Fernique’s Theorem [60].

Theorem 1.3. Let u be a Gaussian measure on E. There exists a constant
8 > 0 such that

/ exp(B2]]?) dyu(z) < oo.
E

Proof. See [14, Theorem 2.8.5]. O

We will often use the much weaker result that p has integrable p-moments,
ie, Ig € LP(u; E) for all 1 < p < co. In particular, the following definition
makes sense:

Definition 1.4. For a Gaussian measure . on E the covariance operator () €
L(E*, E) is defined by the Bochner integral

Qz* := /E<x7x*>x du(z), x* e B

Note that if 4 € P (F) is Gaussian with covariance Q € L(E*, E), then for
each z* € E* the covariance of the Gaussian measure 2,u € Z(R) equals
(Qu*,27).

In order to study covariance operators in more detail we introduce some
terminology. An operator R € L(E*, E) is said to be

e positive, if (Rx*,x*) > 0 for any z* € E*;
o symmetric, if (Rx*,y*) = (Ry*, a*) for any z*, y* € E*.

It is obvious that covariances of Gaussian measures are positive and sym-
metric. However, not every positive symmetric operator Q € L(E*, E) is the
covariance of a Gaussian measure, unless F is finite dimensional.

To prove that a positive symmetric operator Q € L(E*, E) is the covari-
ance of a Gaussian measure, the following result is often useful. Recall that a
subset M C Z(FE) is said to be tight if for each € > 0 there exists a compact
set K C E such that p(K) > 1 —¢ for every p € M.

Proposition 1.5 (Covariance domination). Let Q € L(E*,E) be the
covariance of a Gaussian measure p on E. Suppose that # C L(E*,E) is a
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collection of positive symmetric operators such that for some K > 0 and all
R € # we have

(Rz*,z*) < K*(Qz*, x*), x* e B

Then each R € Z is the covariance of a Gaussian measure ur on E. Moreover,
the collection {ug : R € R} is tight, and for all 1 < p < 0o we have

[ letdunta) < &7 [ Jolf duo).
E E
Proof. See [130, Theorem 4.10]. O

For p € #(E) we consider its Fourier transform fi : E* — C defined by

p(x*) = /}Eexp(—i@,x*))du(x), x* e B

The following proposition characterises Gaussian measures in terms of their
Fourier transforms.

Proposition 1.6. For p € 2(E) the following assertions are equivalent:

(1) i is Gaussian with covariance operator Q;
(2) There exists a positive symmetric operator Q € L(E*,E) such that the
Fourier transform of u is given by

wlx*) = e 3(Qe"") Va* e BE*.
Proof. If p is Gaussian with covariance operator ), then
[ € dwyw© = [ @) dute) = @a"07),
R E
hence x p is Gaussian with covariance (Qz*, z*). Therefore (2) follows from

Lemma 1.1.
Conversely, (2) implies that for ¢ € R and z* € E*,

. . * 1,2 -
@) = [ e din(©) = [ et dua) = @,

Therefore Lemma 1.1 implies that 27, 41 is Gaussian with covariance (Qz*, z*),
hence p is Gaussian. Note that

/ (2, 2%)? dp(z) = / € d(aly)(€) = (Qu", "),
E R

hence by polarisation we obtain for y* € E*,

/ (@, 2" ) y) dule) = (Qa",y").
E

This implies that @ is the covariance of u. U



22 1 Analysis on Wiener Spaces
A useful consequence is the following result.

Lemma 1.7. Let p be a Gaussian measure on E with covariance @ €
L(E*,E). For all T € L(E,F) the measure Ty is Gaussian on F with co-
variance TQT™.

Proof. For any x* € E*, Proposition 1.6 implies that

Temla) = [ e aTup)(@) = [ e aufa)
E

Therefore the result follows by another application of Proposition 1.6. (]

1.2 Reproducing kernel Hilbert spaces

It turns out that each Gaussian measure on E comes with a canonical Hilbert
space, which plays a prominent role in the differential calculus on E. In this
section we will study these Hilbert spaces in a slightly more general setting
following the presentation in [130].

e Throughout this section we let Q € L(E*, E) be a positive symmetric
operator.

Consider the bilinear form [-, -]z, on R(Q) defined for z*,y* € E* by

[Qx*’Qy*]HQ = <Qx*,y*>, T,y € R(Q)

Note that this expression is well-defined. Indeed, if Qy* = Qy* for some
y*,g* € E*, then

(Qz%y") = (Qy",2%) = (Qy", ") = (Qz", §").
Lemma 1.8. The bilinear form [-,-]u, defines an inner product on R(Q).

Proof. Clearly, [,-]n, is positive and symmetric (in the sense of bilinear
forms). It remains to show that [z,z]g, > 0 for any non-zero z € R(Q).
To show this, let x := Qz* for some * € E*, and assume that [z, 7]y, = 0.
The Cauchy-Schwarz inequality implies that for any y* € E*,

(Qz*,y*)* < (Qa*,z*)(Qy*,y*) =0,
thus x = 0. O

This leads to the following definition:
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Definition 1.9. The reproducing kernel Hilbert space (RKHS) associated
with @ is the completion of R(Q) with respect to the norm induced by the
inner product [-, -] g, .

It turns out that the RKHS is continuously embedded in E:

Proposition 1.10. The identity operator on R(Q) extends to a continuous
embedding ig : Hg — E. Moreover, we have the factorisation

Q = ZQZ*Q

Proof. Let z* € E*.Taking the supremum over all y* in the unit ball of E*,
we obtain

Q|| = sup (Qu*,y*) = sup [Qz*, Qy*lry < Q=" |y sup 1QY* |l 1, -
Combined with the fact that for any y* € E*,
£ % k 1/2 *
1Qy* 1o = QU™ y) Y < QU e oy Iy N1
it follows that
* 1/2 *
Q=12 < QU % &) 1Q2" g,

which proves that the identity operator on R(Q) extends to a bounded oper-
ator ig : Hg — E.
For z* € E*, let hy~ be the element in Hg corresponding to Qz* in E,
ie., ighy~ = Qx*. For y* € E* we have
[i*Qa:*7h’y*]HQ = <ith*,$*> = <Qy*,x*> = [hx*’hy*]HQ'

Since elements of the form h,~ form a dense subset of Hg, it follows that
igx" = hy+, hence Q = iqiy,.

To show that ig is injective, we suppose that igg = 0 for some g € Hg.
For any y* € E* we obtain

which implies that g = 0, thus iq is injective. O

From now on we will explicitly distinguish between an element h € Hg and
the corresponding element igh € F.
The following characterisation of Hg will be useful.

Lemma 1.11. We have equality of sets
iQ(Hq) ={z € B (z,y")* <(Qy",y") Vy" € E"}.
Moreover, for any h € Hg,
7]l sg = inf{C 2 0 (igh,y")* < C*(Qy",y") Vy" € E"}.
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Proof. Take h € Hg. For any y* € E* we have

(ih,y*) = ity g < g i3y g = 410 Q7" %) /2
which shows that ig(Hg) is contained in the set under consideration, together
with the desired lower bound for ||A[/z,. The corresponding upper bound
follows from the identity (Qy*,y*) = sz?y*H%Q and the fact that R(Q) is
dense in Hy.

To prove that ig(Hg) contains the set in question, suppose that z € E
satisfies (r,y*)? < C*(Qy*,y*) for some C' > 0 and all y* € E*. Then the
mapping i, y" — (x, y*) extends to a bounded linear functional on Hg. By the
Riesz Representation Theorem there exists h € H with ||h||z, < C such that
(x,y") = [h, 15y lng = (iQh,y*) for every y* € E*. It follows that z = iQh.D

1.3 The Wiener-It6 chaos decomposition

e In this section we consider an (abstract) Wiener space, i.e., a triple
(E, H, 1), where p is a Gaussian measure on E with covariance operator
Q € L(E*, FE) and reproducing kernel Hilbert space H. We let i : H — E
denote the canonical embedding.

We will study an orthogonal decomposition of L?(j), which is very useful in
the analysis on Wiener spaces. In the one dimensional case, a prominent role
is played by the Hermite polynomials (H,,)m>0, which are recursively defined
for € € R by

Ho(§) =1,  Hi(§)=¢  (m+1)Hpii(§) = EHm(E) — Hm-1(§).
Their importance in this setting is due to the fact that

(m!l/ZHm)mzo

is an orthonormal basis of L2?(7), where v denotes the standard Gaussian
measure on R.

The starting point for an infinite dimensional generalisation of this orthog-
onal decomposition is the following observation:

Proposition 1.12. The mapping
@it — (- xt), x* € E*,
extends to an isometry from H to L*(p).

Proof. Observe that for every x* € E*,
[ o = (@a" o) = i

This shows at once that ¢ is well-defined and isometric. O
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The isometry ¢ is known as the Paley- Wiener map. For h € H we will
usually write ¢y := ¢(h).

Remark 1.13. For h € H, it can be shown that the function ¢;, € L?(u1) agrees
p-a.e. with the p-a.e. uniquely defined measurable extension of the bounded
linear functional ¢, : H — R defined by ¢,(g) := [g,h] (see [14, Theorem
2.10.11] or [61]).

Using the Paley-Wiener map, we will construct an orthogonal decomposi-
tion of L?(u). Set H(=?) := R1, and define H(=™) inductively as the closed
linear span of H(<(m=1) together with all products of the form ¢y, -...- ¢p,,
with h1,...,hm € H. We then define H(® := R1 and define H™) as the
orthogonal complement of H(=("=1) in H(EM) The space H™) is usually
referred to as the m-th Wiener-Ité chaos. Note that H(Y) = ¢(H). The or-
thogonal projection in L?(u) onto H(™) will be denoted by I,,,.

The main result of this section expresses each Wiener-Ito6 chaos in terms
of Hermite polynomials, and gives a decomposition of L?(u) as an infinite
orthogonal direct sum of chaoses.

Theorem 1.14. For each m > 0 we have
H™ :=Tn{H,.(¢p) : h € H,|h| = 1}. (1.2)

Moreover, we have the orthogonal Wiener-I1td6 decomposition

1
L*(n) = H™. (1.3)
m>0
Proof. See [138, Theorem 1.1.1]. O

Some properties of Hermite polynomials in this setting are collected in the
following result.

Proposition 1.15. Let m,n > 0, and let (e;);>1 be an orthonormal basis of
H. Then
{ H ij!l/2Haj ((rbej) : ZOCJ = m}
j=0 j=0

is an orthonormal basis of H™ . Moreover, for g,h € H with ||g|| = ||h| = 1,

Proof. See [138, Lemma 1.1.1], [138, Proposition 1.1.1], and [84, Theorem
3.19]. Note that a different normalisation for the Hermite polynomials is used
in the latter reference. i
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Gaussian exponentials

A distinguished role in the analysis on Wiener spaces is played by the Gaussian
exponentials. These functions appear in the literature under various names
(Wick exponentials, coherent states, etc.) and are often useful in performing
explicit computations.
For h € H, the Gaussian exponential E}, : E — R is (u-a.e.) defined by
Ep(x) :=exp (gbh(:c) - %HhHQ), zeF. (1.6)
Proposition 1.16. Let 1 < p < oo. For g,h € H we have
= 1
En= Y o In(oR) (1.7)

m=0

where the sum converges absolutely in LP(u). Moreover, the linear span of the
functions {Ep, : h € H} is dense in LP(u), and

/ EgEh d,U/ = exp ([97 h])7
E
1Enllp = exp (25 [[2]1?).
Proof. See [84, Theorem 3.33, Corollary 3.37, 3.38 & 3.40]. O

Gaussian exponentials appear as Radon-Nikodym derivatives in the fol-
lowing celebrated Cameron-Martin theorem:

Theorem 1.17. For x € E consider the shift operator T* : E — E defined
by T*(y) == x +y fory € E. Then Typu < p if and only if x =igh for some
h € H. In this case the Radon-Nikodym derivative is given by dig%“ = FE}.

Proof. See [14, Corollary 2.4.3]. O

Wiener-Ito6 chaos in LP

It is a reformulation of the classical Khintchine inequalities that all LP-norms
are equivalent when restricted to the first Wiener-Ité chaos H). The next
result expresses the remarkable fact that this equivalence holds true on every
chaos:

Theorem 1.18. For 1 < p < g < oo the following assertions hold.

(1) The space |U,,>0 @ocpmen H™ is dense in LP(p).
(2) There exist constants C, 4 > 1 such that for any m > 0,

1l < W fllg < CPllfllp, € H™. (1.8)
(3) For 1 < p < oo the operators I, extend to bounded projections on LP(u).
Proof. See [84, Theorem 5.10]. O

Let us remark that the operators (I,,)m>0 are not uniformly bounded on
L?(p) for p # 2.
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1.4 Second quantisation

e We continue with the notation from section 1.3.

To continue our treatment of the Wiener-Itd6 chaos decomposition we use the
language of (Hilbert space) tensor products.

Form >1and¢=1,...,m, let H; be a real Hilbert space with orthonor-
mal basis (62)k21~ The Hilbert space tensor product H1 ®- - -® H,, is defined as
the Hilbert space of all multilinear operators € : Hy ®--- @ H,, — R satisfying

Z |£(ei17"'7e’im)|2<oov

In particular, we can consider the tensor powers H®™ for m > 0 with the
convention that H®° := R.
For g; € H; we define g1 ® -+ - ® g, € H1 ® --- ® H,, by

g1 [ ®gm(h1,. . ,hm) = [glahl] LR [gm,hm], hl S Hl
The m-fold symmetric tensor power H®™ is the range of the orthogonal
projection Pg € L(H®™) defined by
1
Pyl @ ®hm) = — D o) @ ® ho(m),
cESm

where S,,, denotes the permutation group on m elements. The (symmetric)
Fock space #(H) is defined as the Hilbert space direct sum

F(H):= @ HO™.
m>0

The following result, known as the Wiener-Itd6 isometry, establishes a
canonical identification of H®™ and H (™).

Theorem 1.19. The mapping
1
b, — Z ha(l) ®”~®h0(m) — Im(¢h1 e '¢hm)'
v m! gESH,
extends to a isometry from H®™ onto H™). Consequently, the mapping

¢ = é@m:ﬁ(H) — L?(p)

m=0

18 an isometric isomorphism.
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Proof. See [84, Theorem 4.1]. O

The Wiener-Itd isometry gives a natural way to lift contractions in £L(H)
to L(L*(n)):

Definition 1.20. Let T € L(H).
(1) The operator %, (T) € L(H®™) is defined by Fo(T)1 := 1, and form > 1
and hy,...,h,, € H by
ym(T) Z ha(l) Q- ha(m) = Z Th’o’(l) Q- Tho'(m)
oESm 0ESm
(2) The operator I, (T) € L(H™)) is defined by
(T := &,y 0 Fp(T) 0 D1
It is easy to see that || I (T)| z(gomy = HT||ZL(H). Consequently, the following
definition makes sense.
Definition 1.21. Let T' € L(H) be contractive, i.e., ||T| sy < 1. The oper-
ators F(T) € L(F(H)) and I'(T) € L(L*(u)) are defined by
F(T) = P Fn(T), I'(T):=EP (D).
m>0 m>0
The operator I'(T) is called the second quantisation of T'.

It is immediate from Theorem 1.19 that second quantised operators are
contractions on L?(j1). The next result shows that much more is true:

Theorem 1.22. Let 1 <p < oo and let T,T1,T» € L(H) be contractive.

(1) I'(T) extends to a positive operator on LP () satisfying || (T)| z(v(u)) =
1 and

[rsan= [ fan 1e . (1.9)
E E
(2) As operators on LP(u) the following identities hold:
r()=1, I(hl)=IT)I(Tz), (7)) =I1(T").  (1.10)
(8) For all h,hy,...,hy € H we have
(I (bn, - bn,,) = Im(drhy - - - b1 ), (1.11)
I(T)E, = Ery,. (1.12)

(4) Mehler’s formula holds: if f = @(nys-..,0n,) with ¢ € Cp(R™) and
hi,...,hy, € H, then for pu-almost all x € E we have

[(T)f(z) = ﬂE NG ym—

e OTh,, (2) + b e, () du(y).
Proof. See [84, Example 4.8, Theorem 4.12] and [155]. O

(1.13)
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Complex second quantisation

By complexification, the Wiener-It6 decomposition extends to an isometry be-
tween the complex symmetric Fock space I'(Hc) := @D, HE™ and LZ(u).
By mimicking the real definitions, for a contraction T' € L(Hg) it is possible
to define the complex second quantisation I'(T) as a contraction on L2 (u).
However, in general I'(T) does not extend to a bounded operator on L (1)
for p # 2. In this thesis there are only very few places where we deal with
complex second quantisation.

The following lemmas will be useful in the sequel. The imaginary unit 4
appearing below should not be confused with the embedding from H into E.

Lemma 1.23. For 1 < p < oo and h,g € H consider the complex Gaussian
exponential Ep iy € L (1) defined by

1 .
Eh+ig = €xp (¢h+ig - §(||h||2 + 22[}7’79] + HgHQ))
The following identity holds:
p—1 1
|Bnsiglly = exp (B 1012 + 5 l1912)-

Proof. See [84, Corollary 3.38]. O

Lemma 1.24. Let 1 < p < oo, and let P € L(L{(p)) be such that P| ) =
I (T) for some T € L(Hc). Then ||| z(pey < 1. )

Proof. Suppose that ”P”L(Lﬁ(u)) = ¥ for some k € R. As a consequence of
the complexified version of (1.7), it follows that PE}, = Epy, for each h € He.
Therefore, Lemma 1.23 implies that
-1 1 —1 1
anRe ThI? + 5|t Th < + anRe A2+ Slm B2 (114)

2
a2

Replacing h by ah for a > 0, multiplying (1.14) by and passing to the

limit o — oo, we arrive at

(p = 1)|[Re Th|* + |[Im Th|* < (p — 1)[|Re 2||* + |[Im A|]*.
Applying this estimate to ih we obtain

(p = DIm TAI* + [Re Thl* < (p — 1)||Im A|* + |[Re h|*.

Adding the latter inequalities, we conclude that || T'||zq.) < 1. O
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Second quantisation of semigroups

We return to the real setting and turn our attention to second quantisation
of semigroups of operators.

Proposition 1.25. Let (T'(t))i>0 be a Co-semigroup of contractions on H,
and set P(t) == I['(T(t)) for t > 0. For 1 < p < oo the operators (P(t))i>0
form a Cy-semigroup of positive contractions on LP(u). Moreover, we have
||P(t)||£(L°°(;L)) S 1 and

[ pwsdu= [ san rer.
E E

Proof. Everything follows from Theorem 1.22 except for the strong continuity.
Note that for each m > 0, the mapping h — H,,(¢p) is continuous from H
to LP(u). Therefore, for each h € H with ||h|| = 1, we obtain from (1.5) and
(1.11),

P(t)Hp(én) = [IS)RI™ Hin(ds@ynss@nl) — Hm(dn), ast | 0.

Since these elements are dense in LP () by Theorems 1.14 and 1.18, the strong
continuity follows. O

Our next aim is to study analyticity of second quantised semigroups. We
emphasise that analytic contraction Cy-semigroups are required to be con-
tractive on a sector in the complex plane (see also Definition 5.44) and not
only on the positive real axis. We will prove the following result from [68]:

Theorem 1.26. Let (T'(t))i>0 be a Co-semigroup of contractions on H, and
set P(t) := I['(T(t)) fort > 0. For 1 < p < oo the following assertions are
equivalent:

(1) P extends to an analytic Cy-semigroup on LP(u);
(2) P extends to an analytic contraction Cy-semigroup on LP(p);
(8) T extends to an analytic contraction Cy-semigroup on H.

If these equivalent conditions are fulfilled, we have P(z) = I'(T(2)) for any z
in the sector of analyticity of P.

The proof of this result makes use of the following sectorial version of the
Stein Interpolation Theorem [156].

Lemma 1.27. Let 1 < pg,p1 < 00 and 0 < wy < wy < 7. Set E:jmwl =

T \ gy, and for 0 <t <1,

1 11—t t
— +

Dt ) Po 271

, wt = (1 — t)wo + tws.

Consider a collection of operators
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N(z) : L () OV LP* () — L () + L7 (), 2 € By 0,

and suppose that for each f € LPo(u) N LP*(u), the mapping = — N(2)f is

continuous on X, ., and analytic on Xh oy If, fori=0,1,
N (zri () < Ci |arg 2| = wi,
then, for each 0 <t <1,
IN()leezre gy < Co~'Cl, |argz| = wy.
Proof. See [94, Lemma 5.8]. O

Proof (of Theorem 1.26). (2) = (1) is trivial.

(1) = (3): Let (P(z)).cx+ be an analytic extension of P for some w €
(0,3m). For f € H(I(:m) and g € H(I(:n) we have [, fP(t)gdu =0 for any m #n
and ¢ > 0. By the uniqueness of the analytic extension we have fE fP(z)gdu =
0 for any z € X1, It follows that P(z) maps H((Cm) into itself for any m > 0.
In particular, for m = 1 we conclude that there exists an analytic extension
(T'(2)) e+ of T. Using the fact that P(t) = I'(T(¢)) and the uniqueness of
the analytic extension once more, we find that P(z)|,m) = I')n(T) for every

m > 0. Lemma 1.24 implies that ||T'(2)| z(me) < 1, which completes the proof.
(3) = (2): Let w € (0, 37) be such that T(te*™) is contractive on Hc for
all t > 0. It follows that || P(te™*)| £ (12()) < 1.
Suppose that p > 2 and take p’ > p, (resp. suppose that p < 2 and take
1 < p’ < p). Since |[P()| g (uyy < 1 for t > 0, Lemma 1.27 implies that
P(z) is contractive on LP(p) for every z € X}. This proves (2).

The final assertion has been proved in the course of the proof of (1) = (3).
(]

1.5 Differentiation in Wiener spaces

e We continue with the notation from section 1.3.

An abstract Wiener space comes with a nice differential structure. There
is a natural gradient, the Malliavin derivative, which differentiates functions
defined on F in the direction of the reproducing kernel Hilbert space H.
However, in applications to stochastic differential equations one is naturally
led to consider gradients in the direction of different Hilbertian subspaces
H — E. The study of such gradients is the topic of this section. The first step
is to define a gradient on a suitable core of functions.
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Cylindrical functions

When working with functions on an infinite dimensional space, its is often
useful to approximate them by functions which only depend on finitely many
“coordinates”. These functions are called cylindrical.

When Hy is a linear subspace of H and k € NU {co}, we let FCF(E; Hp)
denote the vector space of all (u-almost everywhere defined) functions f :
E — R of the form

f(@) = @(dn, (), - -, bn, (2)) (1.15)

with n > 1, ¢ € CF(R"), and hy,...,h, € Hy. Here CF(R™) is the space
consisting of all bounded continuous functions having bounded continuous
derivatives up to order k. In the case that Hy = H, we simply write FCF(E).

The space FZ(E; Hy) is defined by replacing Cff(R™) in the definition of
FCF(E; Hp) by the collection of all polynomials.

Lemma 1.28. Let Hy C H be a dense subspace. For 1 < p < oo the spaces
FP(E;Hy) and FC°(E; Hy) are dense in LP(u).

Proof. Theorem 1.18 and the density of Hy in H imply that FZ(E; Hyp) is
dense in LP(p). The density of FC°(E; Hy) follows from a straightforward
approximation argument. ([l

Directional gradients

Now we are in a position to study gradients of functions defined on F.

e In the remainder of this section we consider a real separable Hilbert space
H and a densely defined operator V : D(V) C H — H.

Definition 1.29. For f € FCL(E;D(V)) of the form (1.15), the gradient “in
the direction of V7 is the function Dy f : E — H defined by

n

Dy f(x) =Y 0j0(¢n, (@), ... dn, () @ Vhy,

=1
for p-a.e. x in E.

Remark 1.30. The classical Malliavin derivative corresponds to the special
case H=H and V = 1.

In order to define Sobolev spaces associated with the gradient Dy, we have
to show that the operator

Dy : FOLE; D(V)) € LP () — LP (u; H)

is closable.
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First we recall the definition of this concept. Let X,Y be Banach spaces.
An operator A : D(A) € X — Y is said to be closable if there exists a
closed operator A : D(A) C X — Y satisfying A C A. The following useful
characterisation of closability can be found in many textbooks on functional
analysis.

Lemma 1.31. For a densely defined operator A: D(A) C X — Y the follow-
ing assertions are equivalent:

(1) A is closable;
(2) D(A*) is weak*-dense in Y*;
(3) If (xn)n>1 C X and y € Y satisfy x,, — 0 and Az, — vy, then y = 0.

In order to prove that Dy, is closable, we will use the following lemma.

Lemma 1.32. Let 1 < p < co. For all f € FCL(E;D(V)) and u € D(V*) we
have f ® w € Dy (D7) and

Dy (f @ u) = foywy — [Dv f,ul,

where D}, denotes the adjoint of the operator Dy : FCL(E;D(V)) C LP(u) —
LP(p; H).

Proof. Let g € FCL(E;D(V)). Using the Gram-Schmidt algorithm we can
find an orthonormal basis (h;);>1 of H consisting of elements from D(V),
such that f and g can be written as

f:@(¢h1a--~7¢hn>7 9:1/’(%17---’%")7

for suitable n > 1 and ¢, € CL(R™). Let v, be the standard Gaussian
measure on R™. Using integration by parts we obtain

/E[f ®w, Dyg] du = ;/E(“” 050) s 1ot V] dp

M=

Vsl [ o0 drnle)

1

<.
I

M=

Vruhs) [ (60l€) = 039(€)0le) da(6)

1

<.
Il

I

(V*u, hy] /E ((bh_,-@((bhlv s Ony)

<
I
—

- j¢(¢h1’ .. '?¢hn,))w(¢h13 .. '7¢hn)d/u’7

and therefore
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/[f@u,Dvg “u, hyl / On, f— 0;0(Phys - On,)) g dp
E

LV *u,h )by f- [vaaU]H)ng

(¢wuf — [Dv f,uln) g dp.

Il
m\\ HM:

In the final step we used the fact that for & > n,

/%,fgdu:/ e (Ere e En)(Ers o E) de(E) =
E RFE

This proves the desired result. (I

The following result characterises LP-closability of Dy in terms of the
operator V.

Theorem 1.33. Let 1 < p < co. The operator Dy defined on FCL(E,D(V))
is closable as an operator from LP(u) into LP(u; H) if and only if V is closable.

Proof. Suppose that V' is closable. Then D(V*) is weak*-dense, hence weakly
in H. Since weak and strong closures of convex sets coincide, D(V*) is norm
dense in H, and therefore FCJ(E;D(V)) ® D(V*) is dense in LP (u; H). Con-
sequently, Lemma 1.32 implies that D,/ (D5,) is dense in I (5 H), hence Dy
is closable as an operator from L?(u) into LP(u; H) by Lemma 1.31.
Conversely, let (hy,)n>1 € D(V) and v € H be such that h,, — 0 in H and
Vh, — uin H. We have to show that u = 0. Proposition 1.12 and Theorem
1.18 imply that ¢p, — 0 in LP(u). Moreover, Dy ¢p, =1® Vh, - 1@ u in
LP(u; H). Since Dy is closable, it follows from Lemma 1.31 that u =0. O

If V is closable, we will denote the closure of Dy by Dy again. We will
sometimes write
1,
WP (1) = D,(Dy).

For later use we will state two simple lemmas.

Lemma 1.34. Let 1 < p < oo and suppose that V is closable. For h € D(V)
we have Ej, € D,(Dy) and

DvE, = E, ® Vh. (1.16)

Proof. This follows from the representation Ej,(z) := exp(¢y(z) — 3 [|h]|?) and
a routine approximation argument using the closedness of Dy . [l

Lemma 1.35. Let 1 < p < oo and suppose that V' is closable. Then the space
FP(E;D(V)) is a core for Dy(Dy).
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Proof. An easy approximation argument shows that FP(E; D(V)) C D,(Dy).
Thus it suffices to approximate elements of FC{(E;D(V)) in the graph norm
of D,(Dy) with elements of FP(E;D(V)). Let f € FCL(E;D(V)) be of the
form f = o(¢n,...,¢Pn,) with h; € D(V) for j = 1,...,n and ¢ € CL(R™).
By a Gram-Schmidt argument we may assume that the elements hq,..., hy,
are orthonormal in H. Taking Borel versions of the functions x +— ¢y, (), the
image measure of y under the transformation x — (¢p, (), ... .¢n, (z)) is the
standard Gaussian measure 7, on R".

This reduces the problem to finding polynomials p; in n variables such
that pr — ¢ in LP(y,) and Vpr — Ve in LP(y,;R™). It is a classical fact
that such polynomials exist. O

Higher order derivatives

The closability of the gradient Dy allows to define higher order Sobolev spaces
recursively. For notational simplicity we restrict ourselves to derivatives of
second order. Assuming that V' is closed, we will first differentiate H-valued
functions. We consider the operator Dy ® I, initially defined on the algebraic
tensor product D, (Dy)® H, which we regard as a dense subspace of LP(u; H).

Proposition 1.36. Let 1 < p < oo and suppose that V is closed. The operator
Dy &1 is closable as an operator from LP(u; H) to LP(u; H®?).

Proof. Take (Fj,)p>1 € Dy(Dy) ® H and G € Lp(u;ﬂ(m) such that
F,—0in LP(u; H), (Dy @ I)F, — G in LP(u; H®?).

For all w € H we have [F,,,ulg — 0 in LP(u) and Dy [F,,ulg — [G,uln.
Since Dy is closed, it follows that [G,u|g = 0 for all w € H, hence G =0. O

We will denote the closure of Dy ® I by
DY D, (D) € LP (i H) — LP (s H®?).
Sometimes we will write
W (s H) := D,(DYY).

Now we are in a position to introduce higher order derivatives. We define
the operator D3, : D,(D%) C WP (1) — LP(u; H2?) by

D,(D}) = {f € WP (u) : Dvf € WP (u: H)}, D} =Dy} o Dy.

Proposition 1.37. Let 1 < p < oo and suppose that V 1is closed. Then the
operator D% is closed as an operator from Wi (u) to LP(u; H®?).
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Proof. Let f, € Dy(D3%) be such that
fo = Fin WiP(n), DY f, — G in LP (1 H®?)

for some f € D,(Dy) and G € LP(u; H®?). In particular, Dy f, — Dy f in
LP(u; H). Since D\ is closed, it follows that Dy f € D(D{V) and DIV f = @,
hence f € D(D%) and D% f = G. O

We will use the notation

WP () := Dy(D3).

1.6 Notes

The standard reference on Gaussian measures on infinite dimensional spaces
is the monograph by Bogachev [14]. Pioneering work on Gaussian measures in
infinite dimensions is due to Segal [149]). Gross [72] introduced the notion of an
abstract Wiener space. In his approach the starting point is the Hilbert space
H. Abstract Wiener spaces are modeled after the classical Wiener space, where
E = ([0, 00) is the Banach space of all continuous functions z on [0, c0) with
2(0) = 0, and H = W, *(0, 00) consists of all absolutely continuous functions
h on [0,00) satisfying [;* |h/(t)|?dt < oo, endowed with the inner product
l9.hlm = [y g'(t)l'(t) dt. The associated Gaussian measure on Cy[0,00) is
the law of a Brownian motion.

With minor changes the theory presented in this chapter carries over to a
slightly more general setting without any reference to a Banach space. Here,
the starting point is a Hilbert space H and a probability space ({2, F,P)
which are related by means of an isonormal Gaussian process, i.e., an isometry
W € L(H, L?*(P)). The abstract Wiener space framework is obtained by taking
(£2,P) = (E, u), H is the RKHS of p, and W = ¢.

The chaos decomposition of L?(p) is due to Wiener [171]. If H is an L2-
space, then the isomorphisms @,,, are multiple stochastic integrals in the sense
of Ttd [83].

Non-commutative analogues of abstract Wiener spaces arise in fermionic
analysis, see, e.g., [73, 23], and free probability theory e.g., [167]. The corre-
sponding LP-spaces are non-commutative. There is also a theory of complex
abstract Wiener spaces [151, 159].

Second quantised operators appear in quantum field theory. See the mono-
graph by Simon [155]. More on the mathematical aspects can be found in the
book by Janson [84].

The closability of the Malliavin derivative Dy is a basic result in the Malli-
avin calculus. Directional gradients in the direction of arbitrary Hilbertian
subspaces have been considered by Goldys, Gozzi, and van Neerven [69]. The
result presented here is an easy generalisation of their result. A slightly more
subtle argument shows that Theorem 1.33 remains valid for p = 1, but we will
not use this fact in this work.
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Ornstein-Uhlenbeck Operators

This chapter is devoted to the study of Ornstein-Uhlenbeck operators on
LP (1), where p denotes a suitable Gaussian measure on a Banach space E.
These operators arise naturally as generators of transition semigroups associ-
ated with linear stochastic differential equations in E with additive noise.

We present the basic properties of the semigroups and investigate condi-
tions for analyticity and symmetry. The LP-theory for the generators will be
studied in a more general setting in Chapter 4.

2.1 Ornstein-Uhlenbeck semigroups
Let H be a real separable Hilbert space and let E be a real separable Banach
space. We consider the following operators:

o —A is the generator of a Cy-semigroup (S(t))i>0 on E.
e 1 is a bounded operator from H into F.

It is immediate that the operator @ := ii* € L(E*, E) is positive and sym-
metric, i.e.

<Q.’E*,l‘*> 207 <Q$*7y*> = <Q*y*7$*>7 vx*ay* EE*
Throughout Chapter 2 we assume that
e for ¢t > 0, the operator Q; € L(E*, E) defined by

Qix* ::/0 S(s)QS*(s)x* ds (2.1)

is the covariance of a Gaussian measure u; on E.

Although the integrand in the definition of @, fails to be strongly continuous
in general, the definition is justified by the following result:
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Lemma 2.1. For ¢t > 0, the integral in (2.1) exists as a Bochner integral.

Proof. For y* € E* and an orthonormal basis (u;);>1 of H we have
(8()QS™(s)z",y") = [i"8(s)a™,i" 8" (s)y"]
[i*S*(s)x™, u;] [y, " S™(s)y™].

~
I
-

_P“ﬂg

(S(s)iug, z%) (S(s)iug, y™),

-
Il
—

0

thus (S()QS*(-)z*, y*) can be written as a countable sum of continuous func-
tions. This proves weak measurability of the integrand. Since FE is separable,
strong measurability follows from the Pettis measurability theorem [53, Chap-
ter 1. O

For future use, we record that the definition of @); implies the algebraic
identity

Qs+t := Qs + S(5)Q:S*(s), s,t > 0. (2.2)
The Ornstein-Uhlenbeck semigroup (P(t));>0 associated with (A7) is de-
fined on the space By (FE) of bounded Borel functions on E, by

/f Dr+y)duly),  t>0, feBy(E), z € E.

Some basic properties of P are collected in the following result. In the proof
we let p*xv € H(F) denote the convolution, defined for u,v € Z(E) by
pxv = Su(p®v), where S: E x E — E is given by S(z,y) :=x +v.

Proposition 2.2. For all s,t >0 and f € B, (E) we have
(1) P(s)P(t)f == P(s+t)f;
(2) P(t)f > 0 whenever f > 0;
(3) P(t)f € Cv(E) whenever f € Cy(E).
(

Proof. (1) Taking Fourier transforms we see that that (2.2) implies

frstt = pr % (S(E)5h0s)-

Using this identity we obtain
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()f = / )& + ) dpe(y)
-/,

/f ()2 +9) + 2) dpe(2) dias ()
://f(S(s+t)x+w+z)dut(z)d(8(t)#us)(w)

//f (s + )z +y)dusie(y)
= P(s+1)f(z).

(2) Trivial.
(3) Suppose that x,, — z in E. Since f is bounded and § is strongly
continuous, we may apply the dominated convergence theorem to obtain

0 () = / F(SE)n + 1) dp(y)
—>/f Do+ 1) duly) = P(6)f(x).

This proves continuity of P(t)f. The boundedness is immediate. O

Remark 2.8. The semigroup (P(t));>0 is not strongly continuous on Cy(E)
whenever A # 0 (see, e.g., [93]).

Remark 2.4. Let us briefly discuss the relationship between the operators con-
sidered in this section and the linear stochastic abstract Cauchy problem in
E.
Let Wy be an H-cylindrical Wiener process (see Section 12.1), and con-
sider for x € E the linear stochastic Cauchy problem
dX(t) = —AX(t)dt +idWg(t), t>0, (2.3)
X(0) = z. ’
It has been shown in [135] that (2.3) admits a unique solution if and only if
for any ¢ > 0 the operator Q; defined in (2.1) is the covariance of a Gaussian
measure on E. In this case the solution is given by

X, (t) = Stz + /Ot S(t—s)idWg(s), t>0,

where the integral is the Banach space valued stochastic integral defined in
[19, 135]. It readily follows that for any C},(E),

Pt)f(z) =Ef(Xa(t), we€E, t>0,

which means that P is the transition semigroup associated with (2.3).
We refer to Section 12.1 for an outline of the construction of the vector-
valued stochastic integral.
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Ornstein-Uhlenbeck semigroups with an invariant measure

In the remainder of Chapter 2 we impose the following additional assumption:

o (oo = limy_ o @ exists in the weak operator topology, and () is the
covariance of a Gaussian measure jio, on E.

This assumption allows us to study the semigroup P in an LP-setting.
Passing to the weak operator limit ¢ — oo in (2.2) we obtain

A Borel probability measure p € Z(E) is said to be invariant for the
semigroup P if

[ rwsdi= [ s res®). =0
E E

Theorem 2.5. The measure o, @s invariant for P. Moreover, P extends to
a Cy-semigroup of contractions on LP(l,) for all 1 < p < oo.

Proof. The identity (2.4) implies that ptoo = ¢ *S(£) 4 teo for t > 0. Therefore,
for f € By,(E) we obtain

/EP< ) F(2) dptoo (2 //f B + ) dpn(y) dtoo ()
- [E F(2) d(pe * S(8) 1100) (2)

- /E £(2) dpto ()

which shows that p is invariant for P.
For f € Cy,(E) and = € E we obtain by Jensen’s inequality

E
= P@)LfI" ().

Integrating this inequality and using the invariance of po,, we obtain

1PO vy < [ PO e = [ 1P dpoe = 11
To prove strong continuity we take f € FCL(E) of the form

f(z) = <p(<x,a:f>, R <xa$2>)
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where z7,..., 2} € E* and ¢ € C}(R"). For z € E we obtain

POS@) = 1@ = | [ oS0+ p.a1).... (S0 + p.27)
e((@, i) (@, 2n) dpay)|

Z jsouoo/y B — 2+ 1, 27)] din(y)

i fosele 112 a1+ ( [ 2 i) ™

Since S(t)z — x and

/<y7 232 dyug(y) = (Qual,3) — 0,

it follows that P(t)f(z) — f(x) as t | 0. By the dominated convergence
theorem, it follows that ||P(t)f — fl|zr(u.) — 0. Combined with the density
of FCL(E) in LP(iieo), the result follows. O

In order to obtain a useful description of P in Theorem 2.8 below, we
will study the reproducing kernel Hilbert space H,, associated with Q. Let
ino ¢ Hoo — E denote the canonical embedding, and let ¢ : Hoo — L?(fi0o)
be the Paley-Wiener map. The next result shows that & behaves remarkably
nice when restricted to H

Proposition 2.6. For t > 0 the semigroup S maps i Hy into itself and
restricts to a Cy-semigroup of contractions Soo on Heso

The proof relies on the following general lemma.

Lemma 2.7. Let j be a continuous embedding from a Hilbert space H into a
Banach space E, and let T € L(E). Then T restricts to a bounded operator of
norm < M on H if and only if

T | < Mllj*a*]l, o € B

Proof. First we observe that, as j is injective 7* has dense range in H. The
estimate implies that the mapping j*z* +— j*T*z* is well-defined on j*(E*)
and extends to a bounded operator R € L(H) of norm < M. For h € H and
x* € E* we have

(JR*h, ") = [h, Rj*a"] = [h, j"T" "] = (T jh, z7),

hence T'jh = jR*h, which proves one implication.
Conversely, if T'j = jS for some S € L(H) with |[S]|z) < M, then
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[h, 7" T*x*] = (Tjh,z*) = (jSh,x*) = [Sh, j z"].
Taking the supremum over all & in the unit ball of H, we obtain

137" || = suplh, §*T"a") = suplSh, j*a*] < M]lj"a"|.

O

Proof (of Proposition 2.6). Invariance and contractivity follows from Lemma
2.7 combined with the estimate

[i5S™ ()2 [|* = (QueS* ()2, S* (t)z*)
- /0 (QS* (s + t)z*, 8" (s + t)a™) ds
= /:O(QS*(s)x*,S*(s)x*}ds

o0
S/ (QS*(s)x*,S*(s)x™) ds
0
= (Qoox™, ")
- * (12
= [lisez™[I"
By Proposition 1.12, strong continuity of S is equivalent to continuity of
t = dse (yn I L (poo). Since 75 E* is dense in He, it suffices to prove this

for any element of the form h := ¢ 2* with z* € E*. Using the dominated
convergence theorem we obtain

sz on = onl = [ [, 570" =2} dpe
:/ (ST — 2,272 djtes — 0.
E

This shows that S% (hence Sy ) is strongly continuous. O

Now we are in a position to prove that Ornstein-Uhlenbeck semigroups
can be obtained by second quantisation of S3 . We refer to Section 1.4 for
more information on second quantisation.

Theorem 2.8. Fort > 0 and f € LP(us) we have P(t) = I'(SX(1)).

Proof. In view of Proposition 1.16, Theorem 1.22, and Theorem 2.5, it suffices
to prove that both semigroups agree on all elements of the form Ej for h €
H,. Since % E* is dense in H,, we may take h = i’ 2" for some z* € E*.
By (1.12) we have
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F(S;o(t))Elxr(x) = ES;C(t)i;ox*(x)
= Ejix_s+(t)a* (@)

= exp((2, 5" (02") = 5 28" (0" ). &)

= exp((S(H)7,2%) — = (@S (D™, S* (D).

1

2

On the other hand, using that (z*)xp, is centered Gaussian with covari-
ance (Q.x*,z*) we obtain

P(t)Ey(x) = /E En(S(t)e + ) du(y)

= [ e (15002 + 9.0%) = 5(Quet” 5")) (o)

1
= oxp ((S(0)2,2) — 5(Quet”,47)):
! &
Vi Lo g
1 1
= €xp (<S(t)$7$*> - §<Qoo$*,$*>) exp <§<Qt$*,x*>)
Using (2.4) we see that the last expression coincides with (2.5). O

The Lyapunov equation

The following result concerning the generator — A% of 8% will be used fre-
quently.

Lemma 2.9. For z* € D(A*) we have il x* € D(AL) and AL il z* =
ix A*x*. Moreover, the space i’ (D(A*)) is a core for D(A%,).

Proof. For h € H,, we have
[h, (8% (t) — Digex™] = [h, 15, (87 (t) — )a™] = (icch, (87(t) — I)z7),
which implies that
lim{h, (82 () — D)itea”] = lnioch, 5(8°(1) — D))
= —(icoh, A"z") = —[h,i5 A% x"].

By a standard result in semigroup theory [57], the weak generator of a Cy-
semigroup equals the strong generator. Therefore we obtain that i} z* €
D(A%L) and Afjicox™ =il A*x™.

To prove the second claim, according to another well-known result from
semigroup theory [57], it suffices to show that i (D(A*)) is dense in H, and
invariant under SZ.
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Since D(A*) is weak*-dense in E* and i is weak*-to-weakly continuous,
%, (D(A*)) is weakly dense, hence dense in H.
For t > 0 and z* € D(A*) we have &% (t)if a* = i’ S*(t)x*. Since S*(t)

maps D(A*) into itself, it follows that i’ (D(A*)) is invariant under S, which
completes the proof. O

The next result is an algebraic identity which be crucial in the investigation
of analyticity of the semigroups Sy, and P.

Proposition 2.10 (Lyapunov equation). For any z* € D(A*) we have
Qoo™ € D(A) and

Qr" = Qoo A'x™ + AQ oo™,
Proof. For y* € D(A*), (2.4) implies that
(Qoo™, y*)y = (Qex™, y™) + (QocS™ ()™, S*(t)y™), t>0.

Note that ¢ — S*(t)z* is weak*-continuous. Being a symmetric operator,
Q is weak*-to-weakly continuous. Since S is a Cy-semigroup, t — S(t)z is
weakly continuous. Putting these observations together, we obtain that ¢ —
(S)QS*(t)x*,y*) is continuous. Therefore, by the fundamental theorem of
calculus, t — (Q¢x*, y*) is differentiable at 0, and

t
Ol @i ) = 0y [ (SEQS (s)a" ") ds = (@)
0
On the other hand, we have

(QuoS™(1)2", S™(1)y") — (Roo™,y")
= (Qoo(S™(1) = 12", 87 (1)y") + (Qoot™, (S™(t) = D)y7)
= (8% () = Dyicea™, S ()i y™] + (Qoo™, (87(1) — 1)y”)-

Dividing by ¢ and passing to the limit ¢ | 0 we obtain in view of Proposition
2.6 and Lemma 2.9,

O, (QueS™ (t)a", S™(t)y") = —[ALiser™ 5y — (Quo™, A™y")
= —(QocA™2", y") = (Qooz™, A™y").
Putting these identities together we find
(QueA™2",y") + (Quoz™, A"y") = (Qz", y7).

Since A is closed and densely defined, it follows from the Hahn-Banach theo-
rem that Qz* € D(A) and Qz* = Qoo A*z™ + AQ o™ O

The following simple lemma allows the construction of a useful operator.
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Lemma 2.11. We have N(i%,) C N(i*).

Proof. Suppose that i%,z* = 0, hence [ [|i*S*(t)z*||?dt = 0. This implies
that i*S*(¢t)z* = 0 for a.e. t > 0. In particular, we can find a sequence tj
converging to 0, with i*S*(tx)x* = 0 for all k¥ > 1. The weak*-continuity of
t — S*(t)x* implies that for all u € H,

[u,i*x*] = (iu, ™) = klim (tu, ™ (tx)x™) = klim (u,i*S*(tg)x™) =0,

hence i*2* = 0. ]
Thanks to Lemma 2.11 it makes sense to define the following operator:

V:iii,(E") C How — H, V(s a*) =iz (2.6)

o0

Using this operator we can formulate the following useful consequence of
the Lyapunov equation.

Corollary 2.12. For all g, h € i*_(D(A*)) we have
[A%9, h] + 19, ASh] = [Vig, V.

Proof. In view of Lemma 2.9 and Proposition 2.10 we obtain, for z*,y* €

D(A"),

*

= [il A", i, y"]

= (Qoc A 2™, y")
(AQooz™, y") + (Q2™, y")
[ine @™, ing A"y "] + [i*2, i y"]
[i%

ino®™, Al lisoy"] + [Vicea™, Vit y™]-

[Aline™ isey”]

2.2 Analyticity

The following result provides a well-known criterion for analyticity of con-
traction semigroups on Hilbert spaces, which is sometimes called the strong
sector condition. We refer to Definition 5.44 for the definition of an analytic
contraction Cyp-semigroup.

Proposition 2.13. Let —G be the generator of a Cy-semigroup T of contrac-
tions on a real Hilbert space H. The following assertions are equivalent:

(i) T extends to an analytic contraction Cy-semigroup;
(ii) [|Gg. h)| < [Gg. 91"/ *|Gh, h]'/* for all g.h € D(G).
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Proof. The result follows from [141, Theorems 1.53 and 1.58] combined with
[103, Proposition 2.17]. O

From now on we shall make the additional assumption that ¢ is injective.
Note that there is no loss of generality, since we may replace 7 by the canonical
embedding Hg — FE, where Hg denotes the RKHS associated with @ = 4i*,
without affecting the semigroups P and Su.

The next theorem is taken from [68, 70] and provides various characteri-
sations of analyticity for Ornstein-Uhlenbeck semigroups. In view of (vi) we
recall that Qo maps D(.A*) into D(A) by Proposition 2.10.

Theorem 2.14. For 1 < p < oo the following assertions are equivalent:

(i) P extends to an analytic Cy-semigroup on LP(u);

(i) P extends to an analytic contraction Cy-semigroup on LP(u);
(i1i) Soo extends to an analytic contraction Cy-semigroup on Huo;
(iv) For g, h € D(A%,) we have

A%, Bl S [Aseg 9] P[AS R, H]V2.
(v) There exists a bounded operator B € L(H) satisfying
iBi" 2z = Qoo A" z” x* € D(A");
(vi) There exists a bounded operator C € L(H) satisfying
10"z = AQooz™ " € D(AY).
In this case we have
B*=C, B+B*=C+C"=1 (2.7

If the equivalent conditions of the theorem are fulfilled, we will simply say
that P is analytic.

Proof. (i) < (i) < (ii4) follows from Theorems 1.26 and 2.8.
(731) < (iv) follows from Proposition 2.13.
(tv) = (v): For z*,y* € D(A*) we have by Lemma 2.9,

[ASize®” isey™] = lisgA™a" i y™] = (Qee A™2", y7), (2.8)
and by Proposition 2.10,
AL it e, 1207 = (QuoA's™, %) = (Qu*,a7) = o li*a" 2. (29)
Therefore, (iv) implies that, for some k > 0,

(QooA™a™,y") < Klia™| [[i*y™|-
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Since * is weak*-to-weakly continuous, i*(D(A*)) is dense in H (here we use
the injectivity of 7). Therefore the Riesz Representation Theorem guarantees
for each z* € E* the existence of hy~ € H satistying ||h%|| < k|ji*z*| and

(Qoo A", y") = [ho=, i"y"] = (ihe=,y").
Since this holds for all y* in the weak*-dense subspace D(A*) C E*, we infer
that Qoo A*x* = ihy+. The result follows with Bi*x* := hy»«.
(v) = (i) : For z*,y* € D(A*) we obtain in view of (2.8) and (2.9),
(AL 5,15y = (QooA"a™, y") = (iBi"z", y")
= [Bi*z®, "y < || B [l [[*y"||
= 1Bl [A% 52", it a™ ]2 [Ality™ ity ]2,
Since i (D(A*)) is a core for D(A%,) by Lemma 2.9, the result follows.
(tv) < (vi) : This is proved in the same way as (iv) < (v).
The final identities follow from the fact that for all 2*, y* € D(A*),
and, in view of Proposition 2.10,
= —[Ci"z*, "y + [iFx", "y

A consequence of analyticity is the following result.

Proposition 2.15. If P is analytic, then the operator V defined in (2.6) is
closable from Hy, into H.

Proof. According to Lemma 1.31, it suffices to show that Bi*(D(A*)) is a
dense subspace of H, which is contained in D(V*).
For all * € D(A*) and y* € E* we have

[Bi*x™, Vil y*] = (Qoo A", y*) = [i5 A% a™,i5 y*] = [AL i5 x™, i y™].
Consequently, Bi*z* € D(V*) and
V*Bi*z* = Al a*.

To prove the density of Bi*(D(A*)) in H, we note (as in the proof of
Theorem 2.14) that i*D(A*) is dense in H, since D(.A*) is weak*-dense in E*
and ¢* is weak*-to-weakly continuous. Moreover, B is an isomorphism on H,
since (2.7) implies that

lull* = [(B + B*)u,u] = 2[Bu,u] < 2[|Bul |lull, e H,

hence |lu|| < 2||Bul|. We infer that Bi*(D(A*)) is dense in H, hence V is
closable. 0
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As a consequence we obtain the following result which motivates the study
of elliptic operators on Wiener spaces in Chapter 4.

Theorem 2.16. Suppose that P is analytic. Then we have the factorisation
AL =V*BV.

Proof. 7C”: Take h € D(A%,). Using Lemma 2.9 we find (x}),, C D(A*) such

that iz} — h and A% il x;, = il A"z — A5 h. The desired inclusion

follows from the following two claims:
e heD(V)and Vh =lim,_, o i*2.
Indeed, by Corollary 2.12,

Vil (@, — )l = 2[A% i (2, — 27,), 8%, (27, — 23,)] = 0.
Since V is closed, the claim follows.
e BVheD(V*)and V*BVh = A% h.

For y* € E* we have

lite A2y, 05y ] = (Qoo A2, y™)
= (iBi*z;,y*) = [Bi*x),i"y"] = [Bi*x), Vil y"].

n

[Asicc®ns isy”]

Since A% ii x) — AX h and i*z), — Vh, we infer that
[AShs isey™] = [BVR, Vigy™].

Since i’ (E*) is a core for D(V), it follows that BVh € D(V*) and V*BVh =
Al h.

”?2”: Since V is closed and [Bu,u] = §||u|* for u € H, it follows that the
(complexification of the) bilinear form

a:D(V) xD(V) C Hoo x Hyo — R, alg,h) :=[BVg,Vh],

is closed, densely defined and sectorial (see Section 5.5 for the definitions of
these notions). Hence, by the theory of sesquilinear forms (see [141, Chapter
1]), the operator —G defined by

D(G) :={heD(V):3f € HYgeD(V) a(h,g9) =1f,9]}, Gh = f,

generates a Cp-semigroup on H. By definition, G = V*BV. Since — A% C
—V*BV and both operators generate a Cy-semigroup, it follows that the
operators are equal. O

For selfadjoint Ornstein-Uhlenbeck semigroups P it has been shown in
[33, 70] that that H is invariant under the dirft semigroup S. The following
theorem extends this result to analytic P.
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Theorem 2.17. If P is analytic, then S restricts to a bounded analytic Cy-
semigroup Sy on H. The generators of Sy and Sj; are the operators —B*VV*
and —V'V*B respectively.

Proof. We will use the fact, proved in Section 3.4 below, that the operator
—G := —VV*B generates a bounded analytic Cyp-semigroup (T'(t));>0 on H.
To prove the first claim, it suffices to show that iT*(t) = S(t): for all ¢ > 0.

Take y* € D(A*). By Lemma 2.9 and Theorem 2.16 we have BVl y* €
D(V*) and V*BVi! y* = i A*y*. This implies that V*BViX y* € D(V),
hence Vil y* € D(G) and

QVity® = Vit Ay,

For A > 0 it follows that (I + AG)Vii y* = Vil (I + AA*)y*. Applying this
to y* = (I + AMA*)"tz* for z* € E*, we obtain

V(I + ML) it e = Vi (I + M) 2" = (I + 2G) " 'WVika™.
Taking A\ = % and repeating this argument n times we obtain
V(I+ LAL) Misa® = (I + LG) "Vila™
Passing to the limit n — oo and using the closedness of V', it follows that
S (t)it,x* € D(V) and
VS ()il x® =T()Vis z*.

oo o0

In view of the identities

VS ()it x® =Vii S*(t)z* = i*S*(t)a™, T)Vii x* =T(t)i*z",
we infer that T'(t)i* = i*S*(¢), thus by duality iT*(t) = S(t)i.

To complete the proof, it remains to show that (VV*B)* = B*VV*. This
follows by combining Proposition 3.4 below with the fact that V'V* is selfad-
joint. O

2.3 Symmetry

After the investigation of analyticity of Ornstein-Uhlenbeck semigroups in the
previous section, we now turn to the stronger property of symmetry.

The following result gives a characterisation of selfadjointness of the
Ornstein-Uhlenbeck semigroup in terms of the noise () and the drift semi-
group S. The result has been proved in [33, Theorem 2.4] a Hilbert space
setting and extended to Banach spaces in [70, Theorem 4.5]. Here we present
a partly different proof which employs Theorem 2.17. As before we assume
that the operator i : H — E is injective.
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Proposition 2.18 (Characterisation of symmetry). The following asser-
tions are equivalent:

(1) For any «* € E* and t > 0 we have QS*(t) = S(t)Q;

(2) The semigroup S maps i(H) into itself and the restricted semigroup Sy is
selfadjoint on H ;

(3) For any z* € E* and t > 0 we have QooS*(t) = S(t)Qoo;

(4) The semigroup Ss is selfadjoint on Hso;

(5) The semigroup P is selfadjoint on L*(pio)-

Proof. (1) = (3): For t > 0 and z*,y* € E* we obtain
QS "y} = [ QS (s )57, 8 (s)y) ds
0

= / (QS* ()™, S* (s + t)y™) ds
0
= (Quoz™, S™(t)y")
= (S(t) Qoo™ y"),
from which we infer that QuoS*(t) = S(t)Qwo-
(3) = (4): For t > 0 and z*,y* € E* we have
(S5 (B)ize™ isoy"] = (QooS™ (H)2",y") = (S(1)Qucr™, ¥") = (Quoz™, ™ (H)y")
= [i%2", SL (W)isey™] = [Seo (D)iea™, 15y
Since %, (E*) is dense in Ho,, the result follows.
(4) = (2): Since S is selfadjoint and therefore analytic, the invariance of

H under S follows from Theorem 2.17. Moreover, for z*, y* € D(A*), Lemma
2.9 implies that

2Bia*,i*y] = A AL in " iSey’]

(AL ise@™, isey™] + lisa™, A% ity”]
= [ViZ,a*, Vil y']
[ *

e

iat, ity

The argument in the proof of Lemma 2.9 shows that i*(D(A*)) is dense in
H. Consequently, the computation above implies that B = %I , hence Ay =
= %VV* by Theorem 2.17, and therefore Sy is selfadjoint.
(2) = (1): For «*,y* € E* we have

Q8™ ()", y") =[S (H)a",i"y"] = [Sp(t)i"z", i"y"]
= [Su®)ity", "] = (QS" (t)y", ")
=(Qz", 8% (t)y") = (S(H)Qz",y"),

which gives the desired result.

(4) & (5): This follows immediately from the identification of P as the
second quantisation of S, in Theorem 2.8. O
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2.4 Notes

A MathSciNet search on “Ornstein-Uhlenbeck” gives 1647 hits (on 11th March
2009), which makes a complete overview of the literature impossible. We
present a subjective and incomplete selection.

Finite dimensional Ornstein-Uhlenbeck processes have been introduced by
the physicists Ornstein and Uhlenbeck [162] in their study of the kinetic theory
of gases.

In infinite dimensions, the Ornstein-Uhlenbeck semigroup (I'(e™'I));>o
seems to have first appeared in the PhD-thesis of Piech [143]. It plays an
important role in the mathematical physics literature, such as [67, 137, 155]
and many other works where the generator is known as the number operator.

With the advent of Malliavin calculus [111], the Ornstein-Uhlenbeck semi-
group became one of the central objects in stochastic analysis (see also Stroock
[157], P.A. Meyer [126, 127] and many other papers).

Later Ornstein-Uhlenbeck semigroups appeared in a wide range of applica-
tions: in the work of Holley and Stroock [80]) on interacting particle systerms;
Walsh used them as a model for neuronal activity in [168]; they also appear
in Kolmogorov’s kinematic approach to turbulence (see Carmona [24] and
Avellaneda and Majda [11]).

Non-symmetric Ornstein-Uhlenbeck semigroups have been studied exten-
sively during the last 15 years, in particular by the Polish and Italian schools.
We refer to the books by Da Prato and Zabczyk [45, 46, 47], the sequence of
papers by Chojnowska-Michalik and Goldys [29, 30, 31, 32, 33|, and among
many possible references we quote [15, 16, 44, 65, 70, 102, 124, 125, 132, 133].

The identification of non-symmetric Ornstein-Uhlenbeck semigroups as
second quantised operators has been proved in [29] (see also [15]).

There exists examples of Ornstein-Uhlenbeck semigroups which fail to be
analytic, although S, is an analytic semigroup satisfying ||Seo (¢)|| £y <1
for all t > 0. Of course, Theorem 2.14 implies that in this situation Sy
fails to be contractive on any sector of strictly positive angle. An example
of this phenomenon in £ = R? has been constructed in [64]. It follows from
Theorem 2.14 that Ornstein-Uhlenbeck semigroups are analytic if F is finite
dimensional and the noise is non-degenerate, in the sense N(Q) = {0}.

All results that we presented in this chapter are known, with the excep-
tion of the H-invariance of analytic Ornstein-Uhlenbeck semigroups (Theorem
2.17). This generalises a result from [70]. A different proof of Proposition 2.15
can be found in the same paper.






3

Perturbed Hodge-Dirac Operators on Hilbert
Spaces

In this chapter we discuss an operator theoretic framework which underlies
many results in harmonic analysis. It has been developed and used by Axels-
son, Keith, and MIntosh [12] as a new approach to the famous Kato square
root problem. The basic philosophy is as follows.

Suppose that one is interested in the boundedness of a (singular integral)
operator, say, the Riesz transform R = VL~'/2 associated with a second
order differential operator L on L?(R"™). We would like to apply the theory
of H*°-calculus to this problem, but unfortunately R does not belong to the
functional calculi of V and L. To circumvent this difficulty, we consider the
Hodge-Dirac operator associated with V and L. This is a bisectorial operator
T with the property that R belongs to its functional calculus: R = ¢(T') for
some bounded analytic function v defined on a bisector. In many examples
is the sgn-function. By the theory of H°°-calculus, to prove the boundedness
of R, it therefore suffices to prove square function estimates for T.

At this point, one usually needs harmonic analysis to prove the square
function estimates in each particular case, but the abstract idea works in a
very general setting.

In Chapter 4 we will apply the Hilbert space theory from this chapter to
the first Wiener-It6 chaos in the study of LP-estimates for elliptic operators
on Wiener spaces.

3.1 Hodge-Dirac operators on Hilbert spaces

In this section we will present some operator theoretic aspects of a class of ab-
stract Hodge-Dirac operators on Hilbert spaces following [12]. Before turning
to the general setup, we collect some elementary facts on coercive operators
and compositions of closed operators.
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Coercive operators

Let U be a subspace of a Hilbert space H.

Definition 3.1. A bounded operator B € L(H) is said to be coercive on U, if
there exists kK > 0 such that

Re [Bu,u] > &||ul|?, u€U. (3.1)
An operator which is coercive on H is simply called coercive.
We define the angle of coercivity of B by

we(B) := sup arg[Bu, u]. (3.2)
ueU

Note that we(B) < 37.

Remark 3.2. It follows directly from the definition that an operator B which
is coercive on U has the following properties:

(i) B is coercive on U.
(ii) B* is coercive on U. -
(iii) ||Bull = ||u|| = ||B*ul|| for u € Y. This follows from the fact that
lull* € Re [Bu,u] < ||Bul [[ull,  wel,

hence ||lu|| < ||Bul|. The estimate ||u|| < ||B*ul| is obtained similarly.

Compositions of closed operators

Let X,Y,Z be Banach spaces. Compositions of operators are defined in the
following “naive” way. For operators A : D(A) CY — Z and B : D(B) C
X — Y we define

D(AB) := {z € D(B) : Bx € D(A)},
(AB)z := A(Bz), =z € D(AB).

The following result can be found in many textbooks.

Lemma 3.3. Let X and Y be reflexive Banach spaces and let A : D(A) C
X =Y be closed and densely defined. Then A* is closed and densely defined,
and A** = A.

Proposition 3.4. Let X and Y be reflexive Banach spaces, let A : D(A) C
X —Y be closed and densely defined, and let S € L(X) and T € L(Y) satisfy

157 = [la*]l,  «* € R(A"), [Tyl = lyl, v eR(A).

Then TAS is closed and densely defined, and (T AS)* = S*A*T*.
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Proof. We will first prove the following claim: let C' : D(C') € X — Y be closed
and densely defined, and let R € L(Y) satisfy | Ry| = ||y|| for y € R(C). Then

RC is closed and densely defined, and (RC)* = C*R*. (3.3)

First note that D(RC) = D(C) is dense in X. To prove that RC is closed,
suppose that and z,, — = and RCx,, — y. Since ||Cz,, — Czp| < ||RCxy —
RCxz,,||, it follows that Cz, converges to some § € Y. Since C is closed,
it follows that © € D(C) and Cx = ¢, hence x € D(RC) and RCx =
lim,,_,o RCx, =y, which shows that RC is closed.

It remains to show that (RC)* = C*R*. Take y* € D(RC)* and put z* :=
(RC)*y*. For all x € D(RC) = D(C) we have (Cx, R*y*) = (RCzx,y*) =
(x,2*), hence R*y* € D(C*) and C*R*y* = z*.

Conversely, take y* € D(C*R*) and put «* := C*R*y*. For allz € D(C) =
D(RC) we have (RCx,y*) = (Cx, R*y*) = (x,z*), hence y* € D((RC)*) and
(RC)*y* = «*. This completes the proof of the claim.

Applying (3.3) to R = S* and C = A*, we obtain that S*A* is closed
and densely defined, and (S*A*)* = AS. By Lemma 3.3 it follows that AS is
closed and densely defined and (AS)* = S*A*.

By another application of (3.3), this time to C = AS and R = T, we obtain
that T'AS is closed and densely defined, and TAS = (AS)*T* = S*A*T*. O

The general setup

We will now present the setup in which we will work throughout this chap-
ter. Let H and H be separable Hilbert spaces. We are given the following
operators:

e V:D(V)C H — H is closed and densely defined,
e By € L(H) is coercive on R(V*),
o B, e L(H) is coercive on R(V).

In our application we have B; = Iy, but the duality argument in the proof

of Proposition 3.9 forces us to consider the general case.
These operators can be naturally extended to the direct sum ¢ := H® H

by defining
5 |00 = B0 5 100
v._[vo}, Bl._[oo], BQ._[OBJ.

The operator V defined on its natural domain D(V) @ H is a closed operator
on . The operators By and B, are bounded on J, and coercive on R(‘A/*)

~

and R(V) respectively. Moreover, we(B1) = w.(Bi) and w.(By) = we(By).
We will consider the perturbed operators

* * T D*Tr Dk 0 0
Vi = ByVB:,  Vp:=BiVB; = {BQVB;‘ o} .
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Proposition 3.4 implies that their adjoints are given by

0 Bﬂ/*Bg}

Vg = B1V*327 AE = Bl‘/}*§2 = |:0 O

The perturbed Hodge-Dirac operators associated with the triple (V, By, Ba)
are defined by

0 B1V* By

ﬁf9+@—h.o

[T A e P

B;VB; 0

3.2 The Hodge decomposition

In this section we will be concerned with decompositions of the Hilbert spaces
H and H induced by perturbed Hodge-Dirac operators.

First we recall some general facts on decompositions. Let & and V be
closed linear subspaces of a Banach space X. Recall that X = U/ & V means
that for every x € X there exist unique elements v € U and v € V such
that © = u + v. An equivalent way to state this is that 4 +V = X and
UNYVY = . It is well known that this algebraic property is equivalent to the
following topological one: there exists a bounded projection P on X such that
R(P) =U and N(P) =R(I — P) = V.

If X is a Hilbert space and U and V are orthogonal subspaces satisfying
X=UaV, wewrite X =U &+ V.

The following result follows from elementary Hilbert space theory.

Proposition 3.5. Let 54 and 5 be Hilbert spaces, and let C : 564 — 5 be
closed and densely defined. Then

J4 =N(C) & R(C*), s =N(C*) & R(C).

Proof. The second decomposition is trivial. Since C** = C, the first one fol-
lows immediately. O

Now we return to the setting of this chapter and prove a useful decomposi-
tion of the Hilbert spaces H and H. In the unperturbed case where By and Bs
are the identity operators on H and H, the result follows immediately from
Proposition 3.5, and the decompositions are orthogonal. It is remarkable that
the result remains valid for general B; and By. However, in this perturbed
case the decompositions are not orthogonal in general.

Proposition 3.6 (Hodge decomposition). The following decompositions
hold:

(3.4)

{H =N(V) @ R(V})
H=N(V;) e R(V).

As a consequence,

A =N(Tg) & R(V) @ R(VE). (3.5)
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The proof relies on the following lemma. For a subset U of a Banach space
X we let U+ C X* denote the annihilator of U, defined by

Ut = {z* € X*: (u,z*) = 0 Yu € U}.

Lemma 3.7. Let U and V be closed subspaces of a Banach space X. Then
X =UDV if the following two estimates hold:

[ull S llu+ ol uelU, vev, (3.6)
|l < flu™ + 07, u* eUt, vt e Vi :
Proof. Observe that (3.6) immediately implies that
ol + o] S+, weu vev, o
[ + [[o*]] S [lw” + o], ut eUt, vt eVt ‘

The first inequality in (3.7) implies that for x € YNV we have ||z||+ | —z| < 0,
hence ||z| = 0. This shows that & NV = {0}.

By the same argument, the second inequality in (3.7) implies that ¢+ N
V+ = {0}. Since (U+V)* = U+ NVL, the Hahn-Banach theorem implies that
U+ YV is dense in X.

It remains to show U + V is closed. Take u,, € U and v,, € V such that
(un, + vp)n is a Cauchy sequence in X. The first inequality in (3.7) implies
that (un)n and (vy), are Cauchy sequences as well. Since U and V are closed,
it follows that lim,, oo %, + v, € U +V, hence U + V is closed. [l

Proof (of Proposition 3.6). It is clear that (3.4) implies (3.5).
To prove the first decomposition in (3.4), we apply Lemma 3.7. In view of
Proposition 3.5 it suffices to show that

{ s < v ol ueD(Vy. veNwV), o

(V*ul| S ||IVFu+ ], uw e D(V*), veNVp).
For v € D(V}) and v € N(V') we obtain, using the coercivity of By on R(V*),
IVul® < [V*Baul* < Re [B1V*Bau, V*Baul
= Re [Viu + v, V*Bau] < |[Viu + 0| [|[VEu.

On the other hand, since N(Vp) = N(VBY) by Remark 3.2, for v € D(V*)
and v € N(Vp) we obtain

[V*ul|? < Re [B1V*u, V*u] = Re [B1V*u, Viu +v] < ||Vl [|[VFu + vl

This proves the first decomposition in (3.4).
We argue similarly to prove the second decomposition in (3.4). It suffices
to show that

{ Vul < |[Vu+ v, u e D(V),v e N(VE),

Visull < [Vau -+ o], weD(Vp).veNys). B9
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For u € D(V) and v € N(V}) = N(V*B;) we obtain
[Vu|?> < Re [B3Vu, Vu] = Re [BVu, Vu +v] < ||Vl |[Vu + v,
whereas, for u € D(Vp) and v € N(V*),
IViull? < |V Bull? S Re [B3VBiu, VB
= Re [Vpu + v, VBiu] < ||[Veu + | [|Veu|.

This proves (3.9), hence the proof is complete. O

3.3 Bisectoriality of Hodge-Dirac operators

Our next aim is to show that T is bisectorial on 7. For this purpose we
need the following lemma.

Lemma 3.8. For every h € R(‘A/B?) there exists a unique g € R(V*gg) satis-
fying h = Bag.

Proof. Take u,, € D(\7*§2) such that B, ‘A/*Egun converges to h. Then
IV* Ba (tn, — um)||> < Re [ByV*Ba (g, — ), V* By (tn — )]
< BV Ba(tn — wmn)|| |V Ba(un = )|,
hence ||V* Byt — tp)|| < |B1V* By (tn, — i )||. We infer that V*Byu,, con-

verges to some g € S, and h = By g.

To show uniqueness, suppose that g,g¢" € R(‘/}*Eg) are such that Elg =
B1g'. Then

lg =gl SRe[Bi(g—¢),9—9¢'1=0,
hence g = ¢'. O
Now we can state the main result of this section.

Proposition 3.9. The operator T is bisectorial on 5. Moreover, w(Tg) <
%(wc(Bl) + wc(BZ)>'

Proof. Let w € (& (we(B1) +we(B2)), 37), let u € D(Tg), let z ¢ X, and put
f = (I + 2Tp)u. We use Proposition 3.6 to write

u = ug + uj + uz, f=fo+fi+fe € N(Tg) ®R(VE) @ R(V).

Since f = ug + u1 + us + z‘7u1 + z‘7§u27 it follows that
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fo = uo, fi=u + ZVEUQ, fo=us 4+ zVu.

Using Lemma 3.8 we may write u; = Eﬂll and f; = Elfl for certain 1, fl S

R(‘A/*Eg) Consequently, since B, is coercive on R(‘A/*),
fi = @iy + 2V*Byus.
It follows from these identities that
A= —Z[liy, Byiiy] 4 2[Boug, ug] = —2[f1, Briig] + 2[Baus, f2]  (3.10)
On the other hand, writing
0, := arg[ﬂl,ﬁlﬂl], 0y := arg[ézuzwz], pi=arg z,
we obtain
|A] > Im (e 3(01102) 1)
(e 501401 (0= [i1y, Byig]| + P20 | [ Byua, “2]0)
= |z[Im (f ¢l (30502 “M)|[dy, Byt + 302 92+ﬂ>|[32u2,u2]\)

= |2 sin(~ 301 + 362 + o) (I, Briia]| + |[Bauz, sl ).
(3.11)
Assuming that Im z > 0 (the case Im z < 0 can be treated in the same way),
we use the fact that [26; — $65| < w to obtain

|z| sin(—4601 + 302 + ) > |z]sin(p — w) = dist(z, X,). (3.12)
Combining (3.10), (3.11), and (3.12), we arrive at

| = 2lf1, Buin] + 2[Bauz, o)l = dist(z, ) (|[in, Buin]| + [[Baua, ua]] )

Since @y € R(V*) and uy € R(V), this implies that
i |]* + lfuz|* < [, Brda]| + |[Baua, s

S gy (Ml + sl 1£20):

Setting us = 0 we obtain

2| ||

ua ]| = ([l S m“fl” ~ WHM

and similarly, putting u; = 0,
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Jugl] < 121

Since the set
|2

{&e

is bounded for each ' € (w
allows us to obtain:

[ull = lluoll + [luall + l[uzll S W[ foll + 1A+ I f2ll = [I£1]-

This estimate shows that I 4+ 2T is injective and has closed range. Since
(I + 2Tp)* = (I + zT}) and Tj is of the same form as T (which can be
seen by reversing the roles of H and H and replacing V' by V*), we find that
I + ZT is injective as well, hence I + 215 has dense range. Combining this
with the resolvent estimate ||u| < ||f]|, we obtain that T is bisectorial of
angle w. O

:z%Zw/}

,%7‘(), the decomposition from Proposition 3.6

3.4 Second order operators

We continue with the setup of the previous section, but specialise to the case
By := Iy and we rename By =: B. In the previous section we have shown
that Hodge-Dirac operator

0V*B
TB:: |:V 0 :|,

is bisectorial with w(7T5) < w.(B). Combining this with Proposition 5.29 we
obtain that the operator

. _ VBV 0
B*= | 0 VvV*B|’

is sectorial with w(T%) < w.(B). By restriction we obtain that the operators

A:=V*BV :D(A)CH—H, A=VV*B:D(A) CH— H,

are sectorial on H and H respectively of angle w(A4) = w(A4) = w.(B) < i.
Consequently, the operators —A and —A generate bounded analytic semi-
groups on X for all § € (0,w.(B)). Concerning A even more can be said:

Proposition 3.10. The operator —A generates an analytic Cy-semigroup on
H which is contractive on X7
2

T—we(B)"
Proof. See [141, Theorem 1.53]. O
Proposition 3.11. The operator A has a bounded H°-calculus and
1

+ — ot -
Wiree(4) = W (4) < 57

Proof. This follows from Theorem 5.50. t
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3.5 Kato’s square root problem and functional calculus

Associated with the perturbed Hodge-Dirac operators considered in this chap-
ter is the following square root problem: do we have equality of domains
D(v/A) = D(V) and equivalence of norms ||v/Ah| = ||[V'h||? In this section we
will show that this property can be characterised by means of the H*°-calculus
for the operator A.

Although the operator A does not necessarily have a bounded functional
calculus, we always have the following square function estimate.

Proposition 3.12. For 1 € HS° (X)) with € (w.(B), 7) we have
o0 dt\1/2
Wan = ([ lweavip )", neo.

Proof. Take ¢ € H(X5,) and define ¢ € H(Xy) by ¢(z) == p(2%). We
obtain

|VAR|? = / ||<5(tA)\/Zh||2% (Proposition 3.11)
0
e (R] | 2dt
— 2 2 -
SN ECHNG O} 4
o 2dt
~ o(tTp)y\/T? } (Proposition 5.32)
JECANEAN
= / || sen(tTs)p(tT5)Ts m HQ% (Proposition 5.30)
0
> dt
:/ Hgo(tTB)TB {g ||2 (Corollary 5.39)
2dt
= [ Ntz |5, 1P
_ th s
:/O |le(tT3) {Vh} "= (Proposition 5.32)
_ [T~ o dt
~ [ Igeawapd.
0
The extension to arbitrary ¢ € HZ°(X,) follows from Corollary 5.39. O

The next result is a variation of [9, Theorem 10.1]. We write 4, := VV*B*
and we let S, denote the semigroup generated by —A,.

Theorem 3.13. The following assertions are equivalent:

(1) D(VA) € D(V) with |V AR| 2 |[Vh], h € D(VA);

(2) A satisfies a square function estimate on R(V'):

([ maseur$)” 2
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(3) D(VA*) 2 D(V) with |VA*h|l < |VhI|, heD(V);

(4) A, satisfies a square function estimate on R(V):

e dt\1/2
([ was.oupF)" <l
0

As a consequence, the following assertions are equivalent:

(1) D(V/A) = D(V) with equivalence of norms ||[v/Ah|| = ||V h||;
(2") A admits a bounded H -functional calculus on R(V');

(3") D(VA*) = D(V) with equivalence of norms ||V A*h| = ||[Vh||;
(4') A

") A, admits a bounded H> -functional calculus on R(V).

Proof. The equivalences (1) < (2) and (3) < (4) follow from Proposition 3.12
with 1(z) = ze™*, taking into account that D(A) is a core for both D(v/A)
and D(V).

We will now show that (1) implies (3). Taking Proposition 5.20 into ac-
count, and using and the fact that D(A) is a core for D(v/A), we infer that
the collection of all fe H of the form f: ]?0 + VAf with ﬁ) € N(v/A) and
f1 € D(A) is dense in H. Using that fo € N(vA) and |[VAf| < |If]l, we
obtain for any g € D(A4*),

VA%l = sup  [(VATg, fo+ VAS)

1o+ VAFlI<1

< sup  |[(VATg,VAF)| S sup [(A%g, f)]
IVAfl<1 v ll<i

= sup [(B*Vg, V)| < sup |B| [[VglllIV ]
IV rll<t Vi<t

= ||B[[[|[Vgll-

Since D(A*) is a core for D(v/A*) and D(V'), we obtain (3).

The reverse implication (3) = (1) is obtained by reversing the roles of A
and A*.

The equivalences (1)< (2') and (3') < (4') follow from Proposition 3.12
and Theorem 5.40, and the equivalence of (1’) and (3') is obtained by applying
(1) & (3) to both A and A*. O

It is possible to give additional equivalent conditions in terms of the oper-
ator A.

Proposition 3.14. The assertions (1)—(4) of Theorem 3.13 are equivalent to

(5) D(v4) 2 D(V*B) with ||[v/Au| V" Bul|, w € D(V*B);
(6) D(\/A,) 2 D(V*B*) with ||\/A,u| < |V*B*ul|, u € D(V*B*).

Similarly, the conditions (1')—(4") of Theorem 3.13 are equivalent to
(5) D(yA) = D(V*B) with ||yAul| = |[V*Bull, u € D(V*B).
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(6') D(y/A,) = D(V*B) with ||\/A,ul = [|[V*B*ul|, w € D(V*B*).
Proof. To see that (1) implies (5), note that for h € D(A) we have
I(V*B)Vh|| = || AR 2 |VVAR| = |[\/AVA].

Since V(D(A)) is a core for both D(V*B) and D(y/A), (5) follows. The converse
implication that (5) implies (1) is proved similarly.

Replacing B by B*, we obtain the equivalence of (3) and (6). The equiv-
alence of the primed statements follows from the same argument. O

Remark 3.15. One might ask whether the equivalent conditions in the theorem
above are always fulfilled. This is not the case. A counterexample has been
constructed by M¢Intosh [121] by gluing together finite dimensional examples
in a clever way.

One might wonder if the assertions are always fulfilled when we rule out
such “artificial” counterexamples and restrict ourselves to a class of more
natural and physically meaningful operators such as in the following example.

Ezample 3.16 (Kato’s square root problem).

Consider the following situation: let H = L?(R"), let H = L*(R"*;R"), let
V=V :WH(R") C H — H be the gradient, and let b € L>(R"; M, (C))
be a matrix-valued function satisfying [b(z)E, &] > k[€|? for some k > 0 and all
r € R" and ¢ € R™. Consider the multiplication operator B € £(L?(R";R"))
defined by (Bu)(x) := b(z)u(x) for z € R™.

In this case A := V*BV = —V - BV is a second order elliptic differential
operator with L°°-coefficients. The question whether

D(v'4) =D(V)

is the famous Kato square root problem, which remained unsolved for several
decades. In [8] it has been solved positively by Auscher, Hofmann, Lacey,
M¢Intosh, and Tchamitchian.

3.6 Notes

As mentioned before, the operator theoretic framework described in this chap-
ter has been developed by Axelsson, Keith, and M¢Intosh [12]. Some of the
ideas can be traced back to earlier papers such as [9, 10]. It is shown in [12]
that this framework provides a unified view on many results in harmonic anal-
ysis, including the Cauchy integral on Lipschitz curves and surfaces and the
Kato square root problem. Of course, the actual proofs of these results involve
deep harmonic analysis.

We have chosen to present a slightly less general framework compared to
[12], in order to make the application to elliptic operators in Wiener spaces
more streamlined.



64 3 Perturbed Hodge-Dirac Operators on Hilbert Spaces

The proof of Proposition 3.9 is taken from [12]. Theorem 3.13 is a variation
of a result in [9]. The proof that we present here, based on Proposition 3.12,
has been demonstrated to us by M¢Intosh.
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LP-Theory for Elliptic Operators on Wiener
Spaces

In this chapter we consider a class of elliptic operators on Wiener spaces, which
contains the Ornstein-Uhlenbeck operators considered in Chapter 2. These
operators will be studied in an LP-setting. Our first main result (Theorem
4.37) provides necessary and sufficient conditions for the boundedness of the
Riesz transforms associated with these operators. Our second main result
(Theorem 4.42) gives a characterisation of their LP-domains.

4.1 Elliptic operators on Wiener spaces

We begin by introducing a class of elliptic operators on Wiener spaces.

The setup

Let us present the setup in which we will work throughout this chapter. This
setup is an extension of the framework considered in Chapter 3. Our data are
the following:

(E, H, ) is an abstract Wiener space.

H is a real separable Hilbert space.

V is a closed and densely defined linear operator from H into H.

B is a bounded operator on H which is coercive on R(V'), i.e., there exists
K > 0 such that

[Bu,u] > &||ul|?, u € R(V). (4.1)

We have seen in Chapter 3 that it is natural to introduce the first order
operator

Tp = [3‘/03} on .7 :=H®H,
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and the second order operators
A:=V*BV on H, A=VV*Bon H.

The operators —A and —A are the generators of bounded analytic Cp-
semigroups

(S(t)t=0 € L(H), (S(t))t=0 € LIH).

Having the extra structure of an abstract Wiener space and a gradient
Dy, it is natural to introduce additional operators. Fix 1 < p < co. We have
seen in Theorem 1.33 that the gradient

Dy : Dy(Dy) € LP(p) — LP(u; H)
is a closed and densely defined operator. We let Dy, denote the adjoint of the

operator Dy : Dy (Dy) C LP (u) — L¥ (u; H), where >+ o =1, thus

Dy : Dy(Dy) € LP (s H) — L (p).
We consider the first order operator

[0 DiB
p = [DV 0 ]

on the space
L8 () := LP () & LP (p; H),
and the second order operators
L := Di,BDy on LP(u), L :=DyDj,Bon LP(u; H).

For p = 2, this construction is a special case of the construction in Chapter 3.
The results presented there imply that the operator I1p is bisectorial and the
operators L and L are sectorial. For 1 < p < oo, p # 2, the situation is more
delicate. A detailed analysis of this situation is the topic of the next section,
where LP-(bi)sectoriality results will be proved. For the moment we have the
following result for the first order operator I1g.

Lemma 4.1. Let 1 < p < oo. The operators D{, B : D(D},B) C LP(u; H) —
LP(p) and B*Dy : D(B*Dy) C L¥ (u) — LP (u; H) are closed and densely
defined operators satisfying

(Di,B)* = B*Dy,  DiB=(B*Dy)".

As a consequence, the operator I : D(IIg) C LP(u) — LP(u) is closed and
densely defined. Its adjoint is the closed and densely defined operator on LP ()
given by

. _[ o Dy
HB{B*DV 0}
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Proof. Since (D3,)* = Dy and ||B*Dy f|, ~ ||Dv f|l, for f € D,(Dy), the
result is a consequence of Proposition 3.4. O

In the remainder of this section we give a rigourous LP-definition of the
second order operators L and L.

The operator L in LP(u)

In L?(), it follows from the theory presented in Section 3.4 that the operator
L := D}{,BDy is sectorial of angle w" (L) = w.(B). In the present section
we will rigorously define L as a closed and densely defined operator acting in
LP(u), for 1 < p < 0.

Lemma 4.2. Identifying H with its image ¢p(H) in L?*(u), A is the part of L
m H.

Proof. Let h € D(A). Then h € D(V) and BVh € D(V*). It follows that
¢rn € D(Dy) and BDy ¢y, = 1 ® BV h. Lemma 1.32 implies that BDy ¢, €
D(D},) and D}, BDy ¢y, = 1® Ah. Denoting the part of L in H by L for the
moment, this argument shows that A C L.

On the other hand, if ¢;, € D(L¥), then ¢, € D(L) and Loy = ¢p for
some h’ € H. Hence for all g € D(V) we obtain

[BVh,Vg] = [BDy¢p, Dydg] = [Lon, dg] = [dnr, dg) = I, g].

It follows that h € D(A) and [Ah, g] = [h/, g]. This shows that Ah = b/, and
we have proved the opposite inclusion A D L¥. (I

The next result identifies P as the second quantisation of S.
Theorem 4.3. For all t > 0 we have P(t) = I'(S(t)).

Proof. We recall from Lemma 4.2 that P(t)¢, = S(¢)h for all h € H.

First we check that for all h € D(A), the functions Ej, € L?*(u) are in
the domains of L and L, where —L is the generator of I'(S), and that both
generators agree on those functions. Using (1.16) and Lemma 1.32 we obtain

LE, = D}, BDy E,,
— D{(E, © BVh)
= En¢v-pvi — [BVh, Vh|E),
= (¢an — [Ah, h])Ep,

while on the other hand, using (1.6) and (1.12) combined with a simple ap-
proximation argument, we have
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LE), = hm +(Esyn — En)

d 1
—E 7‘ — |IS(6)h]?
w22, (@son = 3IS@RIP)
= (¢an — [Ah, h))E},.
The set lin{E}, : h € D(A)} is dense in L?(;1) and invariant under the semi-
group I'(S). As a consequence, this set is a core for D(L L). Tt follows that

D(L) C D(L). Since both —L and —L are generators this implies D(L) = D(L)
and therefore L = L. O

So far we have considered P as a Cy-semigroup in L?(u). Having identified
P as a second quantised semigroup on L?(u1), we are in a position to prove
that P extends to the spaces LP(u).

Theorem 4.4. For 1 < p < oo, the semigroup P extends to a Cy-semigroup
of positive contractions on LP (p1) satisfying ||P(t) flloo < ||fllco for f € L (1).
The measure p is an invariant measure for P, i.e.,

[ Pwsan= [ ran ser. izo
E E

For 1 < p < oo, P is an analytic Cy-contraction semigroup on LP(u).
Proof. This follows immediately from Proposition 1.25 and Theorem 1.26. [J

Remark 4.5. The precise angle of sectoriality w* (L) in LP(u) has been ob-
tained in the case of Ornstein-Uhlenbeck semigroups in [28, 108]. The argu-
ment also works in the more general setting considered here.

Definition 4.6. On LP(u) we define the operator L as the negative generator
of the semigroup P.

We finish this section with some algebraic properties of the operator L.

Lemma 4.7. For all 1 < p < oo, FCP(E;D(A)) is a P-invariant core for
D,(L). Moreover, for f € FC°(E;D(A)) of the form f = o(ony,-.., Pn,),

we have the explicit expression

Z [BVhj, Vhi]0;0k0(bnys- - - bn)

7,k=1
+ Zﬁjw(aﬁhl, ooy Bny,) - an-
j=1
Furthermore, for f,g € FC°(E;D(A)) and ¢ € C°(R) we have
(1) (Product rule) fg € FC°(E;D(A)) and

L(fg) = fLg+gLf —[(B+ B*)Dvf, Dvgl;

(4.2)
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(2) (Chain rule) ¢ o f € FC°(E;D(A)) and

Lo f) =@ o f)Lf— ()" o f)[BDyf, Dy f].

Proof. First we show that FCP°(E;D(A)) is contained in D,(L); we thank
Vladimir Bogachev for pointing out an argument which simplifies our orinig-
inal proof. Pick a function f € FCy°(E;D(A)) and notice that f € D(L) N
L?(u). The space LP(u) being reflexive, by a standard result from semigroup
theory (cf. [22]) it suffices to show that

—1
lim = || P — .
i [ P(8) f = fl| < o0
Using that L = D, BDy in L?(u), an explicit calculation using Lemma 1.32

shows that Lf € L?(u) N LP(u). Moreover, in L?(p) we have the identity

1

LPOf =)= 7 [ Po)Ls s

Since Lf € L?(u), the right-hand side can be interpreted as a Bochner integral
in LP(p), which for 0 < ¢t <1 can be estimated in L”(u) by

|3 [ Perrsas| < e

This gives the desired bound for the limes superior.
To show that FC°(E;D(A)) is invariant under P, we take f of the form

f:(p((bhl?"‘Vd)hn)?
with ¢ € C2°(R™) and hy,...,h, € D(A). Let R(t) := /I — S*(t)S(t). By

Mehler’s formula, for p-almost all x € E we have

P(t)f(z) = /E o (Bsom (@) + Srioym @) -

s DSt hy (T) + PR#YR, () dp(y)
= Vi(Dds@)n, (), -+ Ps(t)h (T)),

(4.3)

where

Ye(€1yee 5 €n) = /E ©(&1 + PRt (Y)s -+ &n + OR1)R, (V) dpn(y)-

Since ¢y € C°(R™) and S(t)h; € D(A) for j = 1,...,n, it follows that the
subspace FCP°(E;D(A)) is invariant under P. Since it is dense in LP(u) and
contained in D, (L), it is a core for D,(L).

The expression (4.2) and the identities (1) and (2) follow by direct com-
putation, using the identity L = Dj, BDy and Lemma 1.32. O

Remark 4.8. The same proof shows that FCg°(FE; D(A*)) is a P-invariant core
for D, (L) for every k > 1.
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The operator L in LP(u; H)

Having defined L as an operator acting on LP(u), we will now turn to the
operator L. The following result follows from the theory presented in Section
3.4.

Proposition 4.9. The operator L is sectorial on L*(u; H) of angle w¥ (L) <
we(B).

As a consequence, —L generates a bounded analytic Cp-semigroup on
L?(p; H). In what follows we denote this semigroup by P. Our next aim is to
give a meaning to the operator L on the spaces R,(Dy), 1 < p < oo, where
the closure is taken in LP(u; H). For this purpose, we need some a couple of
lemmas.

Lemma 4.10. For all u € D(A) we have 1 @ u € D(L) and
L1l®u)=1® Au.
Proof. We have

L(1®u)=DyDy(1® Bu) =Dy(¢py«py) =10 VV*Bu=1® Au.

Lemma 4.11. For all h € D(V) and t > 0 we have S(t)h € D(V) and
VS(t)h = S(t)Vh.

Proof. We may assume that ¢ > 0.

First let g € D(A?). Since Ag € D(A) C D(V) we find that Vg € D(A) and
AV g =V Ag. For A > 0 it follows that (I + AA)Vg =V (I + AA)g. Applying
this to g = (I + MA)~'h with h € D(A) we obtain

V(I +MA)"th= T+ A)"'Vh.
Taking A = % and repeating this argument n times we obtain, for all h € D(A),
V(I +LA)™h =T+ LA)"Vh.

Taking limits n — oo and using the closedness of V', we obtain S(t)h € D(V)

and
VS(t)h = S(t)Vh.

We are still assuming that h € D(A). However, this assumption may now be
removed by recalling the fact that D(A) is a core for D(V). O

Lemma 4.12. For allt > 0 we have S(t)R(V) C R(V'). Moreover, the part of
A in R(V) is injective.
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Proof. The first assertion follows from Lemma 4.11. Suppose that Au =
VV*Bu = 0 for some u belonging to the domain of the part of A in R(V'). Then
|V*Bu|> = 0, so Bu € N(V*). Thus [Bu,Vh] = 0 for all h € D(V). Since
u € R(V) it follows that [Bu,u] = 0, and therefore u = 0 by the coercivity of
B on R(V). O

Next we show that the semigroups P and P ® S agree on R(Dy ). We will
use the following lemma.

Lemma 4.13. For 1 < p < oo, FC°(E;D(A)) is a core for Dp(Dy ).

Proof. First let f = @(¢n,,...,bn,) with ¢ € CL(R™) and hq, ..., h, € D(V).
Choose sequences (hj)r>1 in D(A) with hj, — h; in D(V) as k — oco. Then
fr — fin LP(u) and Dy fi, — Dy f in LP(u; H), where fr, = @(dny,s- - -Ohoy)-
Since FCL(E;D(V)) is a core for D,(Dy ), this proves that FCL(E;D(A)) is
a core for D,(Dy). Now a standard mollifier argument, convolving ¢ with a
smooth function of compact support, shows that FC°(E;D(A)) is a core for
D,(Dy).

The next result is well known in the context of Ornstein-Uhlenbeck semi-
groups; see, e.g., [32, Lemma 2.7], [110, Proposition 3.5].

Theorem 4.14. For all 1 < p < oo, the semigroup P ® S restricts to a
bounded analytic Cy-semigroup on R,(Dy). For f € D,(Dy) and t > 0 we
have P(t)f € Dp(Dy) and

DyP(t)f = (P(t) ® S(1)) Dy f.

Proof. First we show that for all f € D,(Dy) we have P(t)f € D,(Dy)
and Dy P(t)f = (P(t) ® S(t))Dy f. Since Dy is closed and FCg°(E;D(A))
is a core for D,(Dy) by Lemma 4.13, it suffices to check this for functions
f € FCg=(E:D(A)).

We use the notations of Lemma 4.7. By (4.3) and Lemma 4.11, for func-
tions f = @(dn,, ..., Pn, ) we have, for p-almost all z € E,

Dy P(t)f(x) = Zaj¢t(¢5(t)h1(x)7 s Os(tyh, (7)) @ VS(t)hy

Jj=1

= ;/Eajw(%‘@)hl (%) + drtyn, (¥), - -

< DS, (T) + PR)R, () du(y) @ S(E)V h;
= (P(t)® S(t)) Dy f(x).

This identity shows that P(¢)®.S maps R,(Dy ) into itself, and therefore P® S
restricts to a bounded Cp-semigroup on R,(Dy ). The invariance of R,(Dy)
under the operators P(z) ® S(z), where z € C is in the sector of bounded
analyticity of P, follows by uniqueness of analytic continuation (consider the

quotient mapping from LP(u; H) to LP(u; H)/R,(Dv)). O
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In the next result we return to the L?-setting and show that the semigroups
P® S and P on L*(u; H) agree on R(Dy).

Theorem 4.15. Both P and P®S restrict to bounded analytic Cy-semigroups
on R(Dv), and their restrictions coincide:

P(t)F = P(t)® S(t)F, F € R(Dy).
Proof. The invariance of R(Dy ) under P ® S follows from the previous theo-
rem. Let us write —V for the generator of P®S on R(Dy ). From V(D(A4%)) C
D(A) (cf. the proof of Lemma 4.11) and FC°(E; D(A?)) @ D(A) € D(L) ®
D(A) we see that the subspace U := {Dy f : f € FC(E;D(A?%))} is con-
tained in D(IV). This subspace is dense in R(Dy) since FC°(E;D(A?)) is a
core for D(L) (by Lemma 4.7 and the remark following it) and D(L) is a core
for D(Dy ). Since (P ® S)U C U by Theorem 4.14, it follows that U is a core
for D(N).
For functions f € FCg°(E; D(A?)) we obtain

NDy f=DyLf=LDyf.

The first identity follows from Theorem 4.14 and the second from a direct
computation. Thus N = L on the core U of D(N). It follows that D(N) C D(L)
and N = L on D(N). Let A > 0. Multiplying the identity A+ N = A+ L
from the right with (A + N)~! and from the left with (A + L)™', we obtain
(A+N)"t =(\+L)"! on R(Dy). In particular, (A + L)~* maps R(Dy ) into
itself. As in Lemma 4.11 it follows that P leaves R(Dy) invariant and that
the restriction of P to R(Dy ) equals the semigroup generated by —N, which

Definition 4.16. Let 1 < p < co. On Ry(Dy) we define P := P ®§‘W‘
The negative generator of P is denoted by L.

By Theorem 4.15, for p = 2 this definition is consistent with the one given
after Proposition 4.9.

We close this section with some consequences of the theory presented in
Chapter 5.

Proposition 4.17. Let 1 < p < co. The operator L is vy-sectorial and admits

a bounded H> -calculus on LP(p) of angle wi (L) = wi(L) < im. Moreover,

(1) The family {P(t) : t > 0} is y-bounded in L(LP(u));
(2) The family {P(t) : t > 0} is y-bounded in L(R,(Dv)).

Proof. Since —L generates an analytic Cp-semigroup of positive contractions
on LP(u), the first part follows from Theorem 5.53. Assertion (1) follows from
Lemma 5.46, and assertion (2) follows by combining (1) with the identity
P =P ® S and Proposition 5.6. [l
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4.2 Randomised gradient bounds and LPS inequalities

In this section we will prove randomised gradient bounds and Littlewood-
Paley-Stein inequalities for the semigroup P. These results form the core of
the proof of Theorem 4.37, which is an extended version of Theorem 0.1
presented in the introduction.

For functions f € FC°(E;D(A)) we consider the Littlewood-Paley-Stein
square functions

#i@ = ([ Wivrorr §)", ser.

0

e dtN\1/2
@)= ([ Ipvees@P )" aer
where @ denotes the analytic Cy-semigroup generated by —v/L.

The functions t — Dy P(t)f are analytic in a sector containing R, and
therefore a well-known result of Stein [156] allows us to select a pointwise
version (t,z) — Dy P(t)f(z) which is analytic in ¢ for every fixed x. Using
such a version, we see that S f is well defined almost everywhere (but possibly
infinite). The square function G f is well defined by similar reasoning.

The main results of this section are the following two theorems, which to-
gether imply parts (2) and (3) of Theorem 0.3 announced in the introduction.
Part (1) of Theorem 0.3 is contained in Theorem 4.25.

Theorem 4.18 (Randomised gradient bounds). Let 1 < p < co. Then
D,(L) is a core for D,(Dy) and the families

{VtDyP(@t): t >0} and {tDy(I+’L)"': t>0}

are y-bounded in L(LP(u), LP(u; H)).

Theorem 4.19 (Littlewood-Paley-Stein inequality). Let 1 < p < oo.
The following estimate holds for all f € FC°(E;D(A)):

12 Fllp S 1 fllp-

By Theorem 4.18 the square functions 7 f and ¢ f are actually well-
defined for arbitrary f € LP(u), and by approximation the estimate of Theo-
rem 4.19 extends to all of LP(u). Since we do not need these observations we
leave the details to the reader.

For the proofs of both theorems we distinguish between the cases 1 <
p<2and 2 < p < oo. For 1 < p < 2 we show by a direct argument that
€ is LP-bounded and deduce from this that D,(L) is a core for D,(Dy).
Theorem 4.18 is then a consequence of Theorem 5.47. For 2 < p < oo we first
derive Theorem 4.18 from a pointwise gradient bound and a duality argument
involving maximal functions. Since L has a bounded H*°-calculus of angle
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< %7‘(‘ by Proposition 4.17, Theorem 4.19 then follows by an application of
Theorem 5.47.

Both square functions are related by the following inequality. The argu-
ment is taken from [39].

Lemma 4.20. For f € FC(E;D(A)) we have G f < A f p-a.e.

Proof. Using the representation

—u 2

= [ SeP(g)

and the closedness of Dy,

¢ - [ v s &

L ey

Since fo du = /7 we may apply Jensen’s inequality to obtain
v 2L el L )
My

7/ / |V/3Dy P(s) HQ@)fe—udu
= A% (x

IN

The case 1 < p < 2

We begin with some preliminary observations.

Lemma 4.21. For h € D(V) we have

/ ISV A2 dt < (26) 1B
0

Proof. Let t > 0. Using Lemma 4.11 and the fact that S(¢)h € D(A) by
analyticity, we obtain
IS@VR|? = [VS(®A|* < &~ [BVS()h, VS(t)h]
=k AS(t)h, S(t)h]

. d
= —(20) " IS@R*.
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Hence

[eS) T
| Is@vnipa < o En [ - Liston? e
0 T—oo Jo dt
= @) (12 = tim | S(T)A]1)
T—o0
< (2r) 7[RI,
(]
Lemma 4.22. Let f € FC(E;D(A)) and F' € FCP(E;D(A)) ® D(A) be
such that Dy f = (I ® V)F. Then for all 1 < p < co we have JCf € LP(u)
and [ fllp S I1Flp-

Proof. By Proposition 5.6 and Lemma 5.46, the set {P(t) ® I : t > 0} is
~v-bounded in L(LP(u; H)). Hence, by Propositions 5.16, 5.15, and Lemma

4.21,
s, =) ([ 1 va”th) ",
_ (/ ®I)(I®S(t ))(I®V)F\|2dt)l/2Hp
<[ wesoovna)”)
< (2k) 72| F|,.

O

The following proof is based on a classical argument which goes back to
Stein [156]. The same idea has been applied in the related works [32, 39, 110,
152].

Proof (of Theorem 4.19, 1 < p < 2). First we show that it suffices to prove
the estimate for functions f € FC°(E; D(A)) satisfying f > ¢ for some € > 0.

Fix f = @(fny,---:0n,) € FC(E;D(A)) of the usual form. Pick func-
tions m,, € Cp°(R¥) satisying m,, > 0, supp(m,) C [, L]% and ||m,[|; =1,
and put

1
Up + 1= (Sai + E) * My,
In,+ ‘= wn,i(¢h17 ) ¢hk)7
In,+,5 = 831/% i(¢h17 .. 7¢hk)'
Clearly g, + € FC(E;D(A)) satisfy 2 < g, + < ||¢]loo + 1, and

n —

1
175+ 1) = gusll, 0
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by dominated convergence. From Lemma 4.22 it follows that

1A = A (gn+ = gn)lp < II%”( = (Gn+ = 9n.))llp

N H Z (In,+.5 = Gjn,—5)) ® hyj

P
where f; = 0j¢(én,,- .., dn,). Since the functions

Gnti = (050(Phys s Oni) Lt (bn, oo, )>0}) * s

belong to L*° uniformly in n, we conclude by dominated convergence that
1/5 = (9n, 4.5 = 9n.—j)llp — 0. Therefore #(gn 1 — gn,—) — A'f in LP(n) as
n — oo. Hence if ||5€gn +|lp < ||gn,+|lp With constants not depending on n,

then )
||f%ﬂf||p = nh_{go ”f%ﬁ(gn,Jr - gnﬁ)”p
H@O(H%Qnﬁ-np + ”L%ﬂgn,—Hp)

IN

A

T (lan Iy + e, 1)
1+l + 111l
< 2[flp-

Thus it suffices to prove the result for f € FC°(E;D(A)) satisfying f > ¢
for some € > 0. Set

u(t,z) :== P(t) f(z), xeE, t>0,

and notice that by Mehler’s formula (1.13) we have u(t,z) > ¢ for all x € E
and ¢t > 0. By Lemma 4.7 we have u(t,-) € FC°(E;D(A)) C D,(L) for all
t > 0. Arguing as in [32, 39, 152], for 1 < p < 2 we use Lemma 4.7 and a
truncation argument to obtain that u(t,-)? € D,(L) and

(0r + L)u(t, z)? = pul(t, x)p_l(at + L)u(t, z)
= p(p — Du(t, )" *[BDyu(t, z), Dyu(t, z)]
= —p(p — Du(t,z)"*[BDvu(t, z), Dvu(t,z)]
Hence, using the coercivity Assumption (A3),

| Dy u(t, x)||2 < kfl[BDvu(t,x), Dyu(t,z)]
1

= o) O+ Dut.a)

Now we set

K(z):=— /000(8,5 + L)u(t, z)P dt

and
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Uy () := supu(t, )
t>0

to obtain
Hf(x)? = /OOO | Dyu(t,z)||* dt
< —Cpr /OO u(t, 2)*7P(9; + L)u(t, )P dt
< Cp7ku*(;)2_pK<x)'
Holder’s inequality with exponents ﬁ and % implies

(2—p)p

| #1@r duw) <}, [ m(m)TK(w)g dn(z)
E E

<Ck, (/E ()P du(a /K dp(

Using the invariance of p and the LP-contractivity of P we obtain

/K du(z //at+L (t, )P du(z) dt
/ /atutm)pdu( ) dt
/at/ (t,z)? dp(z) dt (45)

< Jim ([F15 = llu(t, )IIF)

< If15,
where the use of Fubini’s theorem is justified by the non-negativity of the
integrand K, and the interchange of differentiation and integration by the

fact that f € FC°(E; D(A)).
Combining (4.4), (4.5) and Proposition 5.54 we conclude that

N\'d

12112 < sl 2 11 S 1A

O

Proof (Proof of Theorem 4.18, 1 < p < 2). First we show that D,(L) is
contained in D,(Dy). Once we know this, Lemmas 4.7 and 4.13 imply that
D,(L) is a even core for D,(Dy ).

Fix a function f € FCg°(E;D(A)). From Theorem 4.14 it follows that
s— e *DyP(s)f = e *P(s)Dy f is Bochner integrable in LP(u; H) and

/00 e *DyP(s)fds= (I+ L) 'Dyf.
0
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Since s — e *P(s)f is Bochner integrable in LP(u), the closedness of Dy
implies that (I + L)' f = [ e *P(s)fds € Dp(Dy) and

Dy(I+L)™'f=Dy /000 e °P(s)fds= /000 e "Dy P(s)f ds.

Moreover, by the Cauchy-Schwarz inequality,

IDv+ D7, < | [ eIy as

P

< S [T ipvreneas) |
_ %H%ﬂfnp S 1F1l-

It follows that Dy (I + L)' extends to a bounded operator from LP(u) to
LP(u; H). In view of the closedness of Dy and Lemma 4.7, the desired inclusion
follows from this. This concludes the proof that D,(L) is a core for D,(Dy ).
The y-boundedness assertions follow from Theorem 5.47 and Remark 5.48.

O

The case 2 < p < oo

In case that P is symmetric it is possible to use a variant of a duality argument
of Stein [156] to prove the boundedness of 7. This approach has been taken
n [32], but the proof breaks down if L is non-symmetric and we have to
proceed in a different way.

First we derive an explicit formula for the semigroup P which allows us
to prove suitable gradient bounds. Having obtained those gradient bounds we
give a general argument involving a maximal inequality for P* to prove the
y-boundedness of the collection {/tDy P(t) : t > 0}. Since L has a bounded
H*°-calculus, we obtain the boundedness of 7 by an appeal to Theorem 5.47.

We begin with some preliminary observations. For 0 < t < oo we define
the operators Q; € L(E*, E) by
Qix™ =i —iS*(t)S(t)i*x”",

where 7 : H <— FE is the inclusion operator. The operators (J; are positive and
symmetric, i.e., for all z*,y* € E* we have (Qiz*,z*) > 0 and (Q:z*,y*) =
(Quy*, z*). Let H; be the reproducing kernel Hilbert space associated with @
and let 4; : Hy — FE be the inclusion mapping. Then,

iy = Q.
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Since (Qix*, z*) < (Qz*, x*) for all z* € E*, the operators @Q); are covariances
of Gaussian measures p; on E by Proposition 1.5. This estimate also implies
that we have a continuous inclusion H; — H and that the mapping

Vivita™ — ik, x* e B,

is well defined and extends to a contraction from H into H;. It is easy to check
that the adjoint operator V;* is the inclusion from H; into H.
Let us also note that for s < ¢ and z* € E* we have

(Qsa™,2%) = ||i"||* — S (s)i"a™||* < i*z|* — [[S()i"a"||* = (Quz™, 2%)

by the contractivity of S.

In the next proposition we fix t > 0 and h € H; and denote by ¢)* : E — R
the (us-essentially unique; see Remark 1.13) uz;-measurable linear extension
of the function ¢*(irg) := [g, h]m,

Proposition 4.23. For all f = ©(¢py,...,¢n,) € FCL(E) the following
identity holds for p-almost all x € E:

P(t)f(x) = /ESO(aﬁs(t)hl( )+ Wi, (Y), - Dsn, (@) + B4l () di(y).
Proof. Defining ¢ : E x R™ — R by

Y(,8) = o(dst)h, (T) + &1, Ps()hn () +En),

we have

/ (G500 () + 6 (0)s-- - Doy () + B0 (1)) dpie(y)
/w B (), B (1)) diae(y)

w(xa g) d’)’t (g)v
Rn

where ~; is the centred Gaussian measure on R™ whose covariance matrix
equals ([Vch,Vth ])” L

On the other hand, writing R(t) = /I — S*(¢ ), by Mehler’s formula
(1.13) we have

P(t)f(z) = /EW(%(t)hl (@) + Or)h ¥)s - - PS(t)h () + PR, (V) dia(y)
= /E V(@ (DR V), - > PR, (¥))) di(y)
Y(€) dy(8),
Rn
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where “; is the centred Gaussian measure on R™ whose covariance matrix
n
equals ([R(t)hi, R(t)hj})m:l.
The result follows from the observation that

[Vihi, Vihj] = [hi, hy] — [S(0)hi, S(t)hy] = [R(t)hi, R(t)h;].
O

Lemma 4.24. For allu € H andt > 0 we have S*(t)u € D(V*), V*S*(t)u €
H,, and

* Q¥ 1
IV=S*(t)ulla, S EIIUII-

Proof. First we observe that S(s) maps H into D(A) C D(V) for s > 0. For
t > 0 we claim that

Jy : Vih = VS()h
1

Nory
Indeed, by the coercivity of B and the definition of H;, we obtain for

he H,

extends to a bounded operator from H; into L?(0,t; H) of norm <

t 2 1 t S S S
/O [VS(s)h|* ds < k/o [BVS(s)h,VS(s)h]d

1 [td 9
T A 75 IS (s)hll" ds
= o5 (IRI7 = IS ®)RI1%)
= 5 llVehld, -

Recall that V;* is the inclusion mapping H; < H. Noting that S*(¢) maps
H into D(A") C D(V*) and using Lemma 4.11, the adjoint mapping J; :
L?(0,t; H) — H; is given by

veris= | VSt s f(s)ds, e L0, H).

The resulting identity V*S*(t)u = $V;*J; (S*(t — -)u) shows that V*S*(t)u
can be identified with the element +.J;(S*(¢t — -)u) of H; and we obtain

* * 1 * *
IV=S*(@)ullm, = 1175 (87 = )u) o,

1
< ——|IS8"(t - )u .
< t\/%”*( Jullz2(0,6m)

1
< sup ||.S* (s ul|.
< om p I1S™ ()l 2y el

kt s>0
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The following pointwise gradient bound is included for reasons of com-
pleteness. We shall only need the special case corresponding to r = 2, for
which a simpler proof can be given; see Remark 4.26.

Theorem 4.25 (Pointwise gradient bounds). Let 1l < r < co. For f €
FCWL(E) and t > 0 we have, for u-almost all x € E,

V| Dy P(t) f ()l S (P@)f1" ()"

Proof. For notational simplicity we take f of the form f = ¢(¢p,) with ¢ €
Cy(R) and h € H. Tt is immediate to check that the argument carries over to
general cylindrical functions in FCy,(E).

By Lemma 4.24 we have S*(t)V*u € H; for u € D(V*) and therefore, for
all h € H,

Gsyn (V7 u) = [S(E)h, V7u] = [h, S*()V7u] = ¢y, (iS™(H)V ).
By Proposition 4.23 (with 7 = R) we find that for all g € H,

POSe+iV0) = [ p(osnta+ iV +003,0)) din(y)
= [ elosonta) + ohiuu-+ 15" OV 0) dus(o).
Recalling that D denotes the Malliavin derivative we have, for all u € D(V*),
Dy P(t)f(2),u] = [DP(8)f(x), V"4l
~fim X (PS4 2iV*u) — P()f(x))

= lim = : P(Ds@yn(x) + oy (y +€iS™ (1) V™))
— P(Pstyn(@) + v, (Y) dpe(y).

Using Lemma 4.24 and the Cameron-Martin Theorem 1.17 we obtain

1 . ‘
[DvP(t)f(x), u) = lim = : (Bl yveu®) = 1) @(ds(yn () + &521 (1)) dpe (y),
where Ef*(y) = exp (¢} (y) — 5[|hl|%;,). It is easy to see that for each h € H;
the family (1(E%; —1)),___, is uniformly bounded in L*(y;), and therefore
uniformly integrable in L'(u;). Passage to the limit ¢ | 0 now gives

[Dy P(t)f(x),u] = /E Vs iyveu WP(Dsyn () + Syi1, (y) dpie ().

By Holder’s inequality with % + % = 1, using the Gaussianity of d)gt*(t)v*u
on (p¢) and the Kahane-Khintchine inequality, Proposition 4.23, and Lemma
4.24 we find that
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[[Dy P(t) f (), ull

1/r
/ 0 s i) ([ 106500 + 0 DI due)

1
T

/I S v-u @1 dpe(y ))1 (P)|f]"(x))"
—||5* OV ull i, (P()| ] ()"
NX[IIUII( A" (@)

The desired estimate is obtained by taking the supremum over all u € D(V*)
with [|ul| < 1. O

Remark 4.26. There is a different argument which we learned from [101,
p-328]) which can be used to prove Theorem 4.25 for r = 2. Using the prod-
uct rule from Lemma 4.7, the fact that |Bu|| > k|ju|| for v € R(V'), and the
positivity of P(s), we obtain

P(t)2 - (P(t)f)? = / 0,(P(s)(1P(t — 5)f12)) ds
= —/0 P(s)(L(P(t—s)f)* —2P(t —s)f - LP(t — s)f) ds
- 2/ P(s)(|BDvP(t — s)f||?) ds
0
> 2k [ P10y P - 9)f|) ds
0

Next we estimate, for py-almost all z € E,
M2P(r)(| Dy fII*)(x) = P(r)(IS(r) Dy f||*)(x)
2 (P @ D(S)Dy I @)

= |2(r)Dy f()|*
= [ Dv P(r) f ()],

where M := sup;~q [|S(t)|| and () follows from Proposition 4.23 (with /# =
H) and Jensen’s inequality. The case r = 2 of Theorem 4.25 follows from these
two estimates.

The next result is in some sense the dual version of a maximal inequality.
It could be compared with the dual version of the non-commutative Doob
inequality of [86].

Proposition 4.27. Let (T(t))i>0 be a family of positive operators operators
on LP := LP(M, 1), where (M, 1) is a o-finite measure space and 1 < p < 0.
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Suppose that the mazimal function T} f := sup,~q |T*(t)f| is measurable and
Li-bounded, where %Jr% = 1. Then, for all fy,..., fn € LP and allty,..., t, >
0,

|- renis], < 1],
k=1 k=1

Proof. Taking the supremum over all g = (gx)7_; € L2(€5°) of norm one we
obtain

[ iﬂwmup = (Tt o)l oger)
k=1

= sgp[EZT(tk)lfk\ “gr dp

k=1
—sup [ Ufel- T () d
g E k=1

< (1 fy D lw ey sup [T (t))9)) pagese)-
g
Using the positivity of T* on L? to obtain

sup T |gr] <T7( sup |gkl),
1<k<n 1<k<n

we estimate
1T )9 | ooy = | Sup T (t)gu i
< Tr
< | su Tlonl ..
*

< ||T*(1§1;2nlgkl) [
<
S s lelll
= l[(gr)ll Laceze)-

This completes the proof. (I

The previous two results are now combined to prove:

Proof (of Theorem 4.18, 2 < p < o0). Let %—i—% = 1. Proposition 5.54 implies
that the maximal function

P f = sup |P*(t)f]
t>0

is bounded on LY. Using Theorem 4.25 (for » = 2) and Proposition 4.27 we
obtain, for all fi,..., f, € FCu(E),



84 4 LP-Theory for Elliptic Operators on Wiener Spaces

(

7

3

A

(]

(35| < (5 rens)

1

Pl
k k /2

[
(= ¢

=~
Il

1
1/2

p/2

£l

N
M=

152

1/2H

[
Vi
= -

p

b

=1

By an approximation argument this estimate extends to arbitrary fi,..., fn €
LP(u). Now Proposition 5.5 implies the v-boundedness of {v/tDy P(t) : t >
0}.

Taking Laplace transforms and using Proposition 5.3, it follows that
D,(L) € D,(Dy) and that the collection {tDy (I +t*L)~! : ¢ > 0} is -
bounded from LP(u) into LP(u; H). As in the case 1 < p < 2, Lemmas 4.7
and 4.13 imply that D, (L) is even a core for D,(Dy ). O

Proof (Proof of Theorem 4.19, 2 < p < oc). Since L has a bounded H°°-
calculus of angle < %7‘(‘ by Proposition 4.17, the result follows from Theorem
5.47. 0

~-Bisectoriality of the operator IT

Our next aim is to show that the estimates obtained in Section 4.2 imply
randomised bisectoriality of the operator I1.

We need a couple of technical results which are necessary for a rigorous
LP-analysis. Readers who are primarily interested in the main ideas are rec-
ommended to jump to Theorem 4.32

For the next result we recall that C := FC°(E;D(A)) is a P-invariant
core for D,(L). We set C* := FC°(E; D(A*)); this is a P*-invariant core for
D, (L*).

Proposition 4.28. In L? we have L = (D3, B)Dy,. More precisely, f € Dp(L)
if and only if f € D,(Dv) and Dy f € D,(D{ B), in which case we have
Lf = (DyB)Dyf.

Proof. First note that for all f,g € C we have (Lf, g) = (Dy f, B*Dyg). Since
C is a core for D,,(L), and D, (L) is core for D,,(Dy ) by the first part of Theorem
4.18, this identity extends to all f € D,,(L) and g € D,(Dy). This implies that
Dy f € D,((B*Dy)*) and (B*Dy)*Dy f = Lf. Since (B*Dy)* = DB, we
find that L C (D}, B)Dy.

To prove the other inclusion we take f € D,(Dy) such that Dy f €
D, (D}, B). We have (f,L*g) = (Dy f,B*Dyg) = (D% B)Dy f,g) for all g €
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C*, where the second identity follows from Dy f € D, (D}, B) = D,((B*Dy)*).
Since C* is a core for D,,(L*) this implies that f € D(L) and Lf = (D}, B)Dy f.
O

We shall be interested in the restriction DQ}B|W of D}, B to Ry(Dv).
P
As its domain we take

Dp(DV Bl pyy) = {f € Rp(Dv) : Bf € Dy(Dy)} = Dp(Dy B) N R, (Dy).

In the middle expression, as before we consider Dj, as a densely defined op-
erator from LP(u; H) to LP ().

Corollary 4.29. The restriction D5 B|R is closed and densely defined.

Proof. Let f € D,(Dy). By the first part of Theorem 4.18 there exist functions
fn € Dp(L) such that f, — f in D,(Dy). Proposition 4.28 implies that
Dy f,, € Dp(D{}B|m). This shows that Diﬁ/B'W is densely defined on

R, (Dy ). Closedness is clear. O
Proposition 4.30. The domain D,(L) is a core for D (D{‘,B\m). More-

over, for allt > 0 the operators (I +t>L)~*D} v Blezmyy and P(t) Dy, Ble—5ry
(initially defined on D,(D5 B‘W)) extend umquely to bounded operators

from R,(Dy) to LP(u1), and for all F € R,(Dy) we have
(I +t°L)"'D}BF = D}, B(I +t*L)"'F

and
P(t)Dy,BF = Dy, BP(t)F.

Proof. We split the proof into four steps.
Step 1 - By Proposition 4.28, for all f € D,(L) we have f € D,(Dy) and
Dy f € D, (D5 B|R ) and for all ¢ > 0 we have

P(t)(DyB)Dyv f = P(t)Lf = LP(t)f = (DyB)Dy P(t)f = Dy BE(t) Dy f.

By taking Laplace transforms and using the closedness of Dj, B, this gives
(I +t2L)"'Dyf € Dp(Di"/B|W) and

(I +t°L)"Y(D},B)Dy f = Dy, B(I +t>L) "' Dy f. (4.6)

Step 2 - By Theorem 4.18, for all ¢ > 0 the operator T'(t) := B*Dy (I +

t2L*)~! is bounded from LP (i) into LP (u; H), % + i = 1. For all F €
Dp(D;B|m) and g € LY(u) we have

(F,T(t)g) = (F,B*Dy (I +t°L*)"'g) = (I + t?°L)"'D}, BF,g).  (4.7)
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Now let F' € R,(Dy) be arbitrary and let (F,),>1 C D,(D}, B|R ) be a

sequence converging to F' in R (DV) By Proposition 4.28 and the fact that
D,(L) is a core for D,(Dy) we may take the F,, of the form Dy f, with
fn € Dp(L). Then (I + tQL)_an — (I +t2L)™'F, and from (4.6) we obtain

Dy B(I +t°L)"'F, = (I + t*L)"'D}{,BF,, = T*(t)F,, — T*(t)F.

The closedness of D}, B implies that (I + t*°L)'F € D, (D} Blg—5yy)- This
proves the domain inclusion D,(L) C D,(D{, B |R ), along w1th the iden-

tity
Dy B(I +t*L)"'F =T*(t)F,  F € R,(Dy).

Note that for F' € D,,(Dj, B), from (4.7) we also obtain
Dy B(I +t*L) 'F =T*(t)F = (I +t*L) ' D}, BF. (4.8)

Step 3 - By Step 2 the operator Di; B(I +t>L)~" is bounded from R,(Dy)
to LP(u). Therefore, by (4.6), the operator (I + t*L)~'D} B (1n1t1ally de-
fined on the dense domain D, (D}, B \W)) uniquely extends to a bounded

operator from R (DV) to LP(u), and for this extension we obtain the identity
(I +t*L)"'D}yB = D}y B(I +t*L)~!

On Dp(D‘*/B|m), the identity D, BP(t) = P(t)D} B follows from (4.8)
by real Laplace inversion (cf. the proof of Lemma 4.11). The existence of a
unique bounded extension of P(t)D}, B is proved in the same way as before.

Step 4 — It remains to prove that D,(L) is a core for Dp(D‘*/B|W).
Take F' € D,,(D{}B|m). Then lim;—o(I +t*L)"'F = F in R,(Dy) and,
by (4.8) limy_o D5 B(I + t2L)'F = limy_o(I + t2L)"' D}, BF = D;,BF in
LP?(u). This gives the result. O

Proposition 4.31. For all F € D,(L) we have F € D,(D{ B), D{,BF €
D,(Dv), and Dy (D% B)F = LF.

Proof. Since D,(L) is a core for D,(Dy), the set & = {Dy(I + L) 'g
g € Dp(Dy)} is a P-invariant dense subspace of R,(Dy ). To see that & is
contained in D, (L), note that if g € D,(Dy), then f := (I + L)~'g € D,(L)
and Dy f = Dy (1+L) g = (1+L)~ 1Dvg € D, (L) as claimed. It follows that
& is a core for D,(L), and hence a core for D (D B |RPTV) by Proposition
4.30. Moreover, (1 4+ L)Dy f = Dyg = Dy(I + L)f, and therefore LDy f =
Dy Lf.

For F € &, say F = Dy f with f = (I + L)~ g for some g € D,(Dy), we
then have

LF = LDy f=DyLf = Dy((DyB)Dv)f
= (Dv(Dy,B))Dy f = Dy(Dy,B)F.
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To see that this above identity extends to arbitrary F' € D,(L), let F,, — F
in D, (L) with all F,, in P. It follows from Proposition 4.30 that F,, — F' in
D, (D3, B). In particular, Dy, BF,, — D{, BF in LP(u). Since Dy (D3, B)F,, =
LF, — LF in R,(Dy), the closedness of Dy then implies that D}, BF €
D,(Dy) and Dy (D B)F = LF. 0

In the remainder of this section we consider D, B as a closed and densely
defined operator from R,(Dy) to LP(u) and write D{, B instead of using the

more precise notation D{‘,B\W.
P

Theorem 4.32. Let 1 < p < co. The operator II is y-bisectorial on LP(u) @
RP(DV)'

Proof. First we check that N(I —4tII) = {0} for ¢ € R\ {0}. For this purpose,
suppose that (I —«tII)(f, F') = 0 for some f € LP(u) and F' € R,(Dy). Then
f—itDy, BF =0 and F — itDy f = 0. Combining these identities we deduce
that f + t2(D{,B)Dy f = 0. Since (D}, B)Dy = L by Proposition 4.28, we
find that f = 0 by the sectoriality of L. It follows that F = 0 as well.

A computation based on the technical lemmata in this section and the

resolvent formula below shows that I — Il is surjective as an operator on
LP(p) @ Ry (Dy). It follows that iR\ {0} C p(II) and

(1+¢2L)~'  it(I+¢*L)"'D}y B

— 9 -1 —
(I —itll) itDy (I +t2L)~Y  (I+#L)* |’

te R\ {0};
the rigorous interpretation of this identity (in particular, the surjectivity of
it — II) is provided by the above propositions. Note that the off-diagonal
entries are well defined and bounded by Theorem 4.18 and Proposition 4.30;
the proof of the latter result also shows that (I +¢>L)~' D} B is the adjoint
of BDy (I +t2L)~1.

It remains to check the ~-boundedness of the entries of the right-hand
side matrix for ¢t € R\ {0}. For the upper left and the lower right entry this
follows from the v-sectoriality of L and L on LP(u) and R,(Dy ) respectively.
Theorem 4.18 ensures the y-boundedness of the lower left entry, and the ~-

boundedness of the upper right entry follows from Proposition 5.4 (applied
with B and L replaced by B* and L*). O

As a consequence of the bisectoriality of IT, the operator II? is sectorial.
Moreover,

1= [(D*V?)DV Dv&)?*VB)] B B 2] |

To justify the latter identity, we appeal to Propositions 4.28 and 4.31 to obtain

the inclusion C IT?. Since both operators are sectorial of angle < %w,

Lo
0L
they are in fact equal.
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Proposition 4.33. On L”(u) and R,(Dy) the following identities hold:

R:D(L) = Rp(D?‘/B)a Np(L) =
Rp(L) = Ry(Dv), Np(L) =

Moreover, LP () = R, (D3}, B) @ Np(Dy ).

We recall that Dj, B is interpreted as a densely defined closed operator from
R, (Dyv) to LP(). In the final section we will show that under the assumptions
of Theorem 4.37(c) we have R,(D{,B) = R,(D7,) and that in this situation
the space R,(Dj,B) does not change if we consider Dy, B as an unbounded

operator from LP(u; H) to LP(u).

Proof. The bisectoriality of IT on LP(u) @ R,(Dy ) implies that

R,(I1%) = R,(I1) ~ and N, (I1%) = N, (IT).

The result follows from this by considering both coordinates separately. The
fact that N, (D5, B) = {0} follows from the bisectorial decomposition L” (1) &
Ry(Dv) = R,(II) & N,(II) and considering the second coordinate. The final
identity follows by inspecting the first coordinate of the same decomposition.

O

4.3 LP-Boundedness of the Riesz transform

In this section we will complete the proof of Theorem 4.37, which is a refined
version of Theorem 0.1. First we will prove square function estimates for the
operator L in a slightly more general setting.

Square function estimates for generators of tensor product
semigroups

In this section we will leave the Wiener space framework and prove a general
result on square function estimates for tensor product semigroups on Hilbert
space-valued LP-spaces.

Let H be a Hilbert space and let (M, u) a o-finite measure space, and
fix 1 < p < oo. We consider ~v-sectorial operators L and A on LP(u) and
H respectively of angle wi(L),w™(4) < gm. It follows that —L and —A
generate y-bounded analytic Cp-semigroups P and S on LP(u) and H. We
denote by —L the generator of the tensor product Cp-semigroup P = P ® S
on LP(u; H). It follows that P is a bounded analytic Cp-semigroup on E;' ,
where § := 27 — max{w};(L),w" (A)}. Lemma 5.46 implies that the operator
L is y-sectorial of angle 6 on LP(u; H).

We consider the following three square function norms:
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> dt\1/2

flla = ([ leaswa§) " wem

0
dt\1/2

ai= ([ wzeose D) e

p

Fls = ([ lezeorr§)”

The main result in this subsection is the following:

Fe LP(u; H).

)

p

Proposition 4.34. Under the above assumptions we have:

(W) If |ulla S Null for all w € H and || fllp.L < |fllp for all f € LP(u), then
[Fllp.L S| Flp for all F € LP(u; H).

(2) If lulla 2 I(1 = Pnay)ull for allw € H and || fllp,c Z I(1 = Pucr)) fllp for
all f € LP(p), then |Fllp.L 2 (I = Paw))Fllp for all F' € LP(p; H).

As a consequence, if A and L have bounded H -functional calculi of angles

less than %w, then L has a bounded H -functional calculus of angle less than

1
§7T.

Proof. Let us first show that (1) implies (2). It is well known that the as-
sumptions of (2) imply the dual estimates ||ula- < ||ull and || fllg,z+ S 11 fllgs
where ]% + % = 1. By (1) we obtain that ||F|| ¢+ < [|F|lq, and by duality we
obtain the conclusion of (2).

The final assertion follows by combining (1) and (2) with Theorem 5.40.

It remains to prove (1). We proceed in three steps.

Step 1: We prove that

1t @ A)(I @ SE)F |y L2, 22), e (i) < 1E lp-

For F' € LP(u; H) we have, for p-almost all x € M,

([ o nuesmr@ps)” st

Integrating this estimate over M yields

dit\1/2
|([ o aaesorps)™| <ie,
Step 2: We prove that
6L @ NP0 © DF L age, 2,200y S 1l

Let (hj);?zl be a finite orthonormal system in H and pick F' := 25:1 [i®
hj € LP(u; H). For f € LP(p) let

(UF)(E) :=tLP(t)f
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and notice that U is a bounded operator from LP(p) into y(L? (R+, L), LP(p))
by the assumption in (1) and Proposition 5.15.

Let (r});>1 and (7});>1 be a Rademacher and a Gaussian sequence respec-
tively on a probability space (£2/,'). Noting the pointwise equality

k

[t(L ® I)(P(t) ® F||* = Z Uf; 0

we have

I([ weenemenrrg) ™| =|(f wgvfj(t)??)wup

B H(/ E Z Uf] 2dt)1/2Hp ~ HjilT;UfjH'y(Lz(RJrxQ’,‘?@]P”),L”(#))
‘UZréfjHv(L?(Q@P’M(LQ(M,%wwm <
(*;*) ( Lp(#)>1/2 _ (E’ zk:%fj zp(p))l/p

S, =I(E8)

= [1F]l,-

k
2
jgl 33l e, o

Jfg!

LIJ

In (%) we used Proposition 5.12, in (*x) we used the boundedness of U from
LP(p) into y(L*(Ry, 2), LP(n)), and in (+x) the definition of the radonifying
norm of finite rank operators.

Step 8: We combine the previous two estimates. By Lemma 5.46 the family
{P(t) : t > 0} is v-bounded on LP(u). Hence by Proposition 5.6 the family
{P(t)®1I: t >0} is y-bounded on L?(u; H). Also, by a simple application
of Fubini’s theorem, {I ® S(t) : t > 0} is v-bounded. Combining these facts
with Proposition 5.16, for F' € LP(u; H) we obtain

I ety

~ L PF 2wy 4), Lo ()
ST @ SEHL @) (P(t) @ DF |y 2R, 9), Lo (um)
+1(P(t) @ DI @ A @ S()Flly L2 (®,, 42y, Lo (1))
S IHL @ D(P(E) @ DF|y 2, 4ty Lo (1)
+ I @ A)I @ S())F |y (L2, 4ty Lr (1))
SAF|lp- O

p
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Remark 4.35. The final assertion in Proposition 4.34 is due to Lancien, Lan-
cien, and Le Merdy [98, Theorem 1.4] who proved it using operator-valued
H*°-functional calculi.

Proof of the main result

We return to the Wiener space setting and present the proof of Theorem 0.1.
We start with an LP-analogue of Proposition 3.12. Observe that the proof
uses the y-bisectoriality of the operator IT which has been proved in Theorem
4.32.

Proposition 4.36. Let 1 < p < co. For ¢ € H§*(X,) where 0 € (2w, (II), )
we have

IVLfl, = V(L) Dv flly(z2 4ty Lp (1)) f€D(L).

Proof. Take ¢ € H(X5,) and define ¢ € H(Xg) by ¢(z) == p(2%). We
obtain

|VLu| = ||z/J(tL)\EuHW(Lz(R%%)}LP(#)) (Proposition 3.11)
~ oo VI |5

H'Y(Lz(R-f—a%)va(/—"))

= ||1/~)(tﬂ)\/ﬁ {8} (Proposition 5.32)

|‘7(L2(R+,%)7LP(N))

= || sen(¢ M) (¢IT)IT m [ (Proposition 5.30)
= H@(tﬂ)ﬂ {g] HV(L2(R+,%),£P(;L)) (Corollary 5.39)
= [[e() {Dgu} hze@. a0),c000)

~ [0 (tIT?) {D?/u] ||7(L2(R+,%)’U(u)) (Proposition 5.32)

~ 1 EL) Dy ully(r2m,  dt), Lo o))
The extension to arbitrary v € HSO(E;’ ) follows from Corollary 5.39. O

Now we are ready to prove our main result, which is a comprehensive
version of Theorem 0.1 involving one-sided estimates for the Riesz transform
associated with L.

Theorem 4.37. Let 1 < p < 0.

(a) The following assertions are equivalent:
(al) Dp(VL) C Dy(Dv) with | Dy fllp S IVLfllp;
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(a2) L satisfies a square function estimate on R,(Dy):

e dt\1/2
171, < | ( [ teze@rr $)™]

(a3) D(V'A) € D(V) with |V | < [IVAR|;

(ad) A satisfies a square function estimate on R(V):

o dt\1/2
< ([ teaseup )™

(b) The same result holds with ‘<’ and ‘C’ replaced by =’ and 2.
(¢c) The following assertions are equivalent:

(c1) Dy(VL) = Dy(Dv) with | Dy fllp = VLS lp:

(c2) L admits a bounded H*-functional calculus on R,(Dv);
EC ; D(VA) = D(V) with |Vh|| = ||[vAhl|;

c4) A admits a bounded H™-functional calculus on R(V).

)

P

Proof. The equivalence of (al) and (a2) follows from Proposition 4.36, and the
equivalence of (a3) and (a4) has been proved in Theorem 3.13. The implication
(al) = (a3) is trivial, given the equivalence of LP-norms on the first Wiener-
It6 chaos (Theorem 1.18) and Theorem 4.3. (The the implication (a2) = (a4)
is trivial as well.) The implication (a4) = (a2) is a consequence of Proposition
4.34.

Part (b) follows by the same arguments, and (c) follows by putting together
the estimates obtained in (a) and (b) and appealing to Proposition 5.40. O

For the sake of completeness we give an alternative proof of the fact that
(a2) implies (al). It follows the more traditional approach based on square
functions and avoids the use of the Hodge-Dirac operator.

Proof (Alternative proof of Theorem 4.37, (a2) = (al)). Fix 1 < p < oo and
let % + % = 1. The proof of is based on a lower bound for the square function

associated with the semigroup @ generated by —/L.

Consider the functions p(z) = ze=* and v(z) = y/ze~ V7. These functions
belong to HZ® (X ) for 6 < 27, and with the substitution ¢ = s? we obtain

() weemre ), = va( [ isvEQume $) ™

Using (a2) and the first part of Theorem 5.40, the identity of Theorem 4.14
(which extends to @)), and Lemma 4.20 and Theorem 4.19, for all f € D,(L)
we obtain

p
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o dt\1/2
ivsty s ||( [ lezewpesiz )
o dsy 1/2
([ 1sviQwovs* )"
0 S P

~[[( [ wspvawviner )|
19Ny < WAWEN], S IVES

2

Since D,(L) is a core for both D,(v/L) and D,(Dy), the desired domain
inclusion follows and the norm estimate holds for all f € D, (v/L). g

We finish this section by pointing out two further equivalences to the ones
of Theorem 4.37.

Proposition 4.38. The conditions (c1)—(c4) of Theorem 4.37 are equivalent
to

(¢5) Dy(v/L) = Dy(Dyy B) with ||VLF|, ~ | Dy BF|, for F € D,(VL);
(c6) D(vA) = D(V*B) with ||\/Aul, = [V*Bul, for u € D(vA).

Proof. To see that (c1) implies (c5), note that for f € D,(L) we have

I(DYB)Dy fllp = [Lfllp ~ |1 DvVLSllp = IVLDv £lp-
Since Dy (D,(L)) is a core for both D, (D, B) and D, (y/L), (c5) follows. The

converse implication that (c¢5) implies (c1) is proved similarly. The equivalence
(c3)<(c6) has already been proved in Proposition 3.14. O

It is clear from the proofs that the one-sided versions of these implications
hold as well.

4.4 The Hodge decomposition

In this section we will apply Theorem 4.37 to prove the following decomposi-
tion theorem.

Theorem 4.39 (Hodge decompositions). Let 1 < p < co. One has the
direct sum decomposition

LP(p) = Rp(Dy, B) @ Np(Dy ),
where D3, B is interpreted a closed densely defined operator from R,(Dy) to
LP(u). If the equivalent conditions of Theorem 0.1 hold, then the above de-
composition remains true when D3, B is interpreted as a closed densely defined
operator from LP(u; H) to LP(u). In that case one has the direct sum decom-
position
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LP(u; H) = Ry(Dv) @ Ny (Dy, B),

where D, B is interpreted as a closed densely defined operator from LP(u; H)
to LP(u).

The first part of this result has already been proved in Proposition 4.33.
We begin with some preparations for the proof of the second part.

In the remainder of this section we interpret Dj,B as a closed densely
defined operator from LP(u; H) to LP ().

Proof (Proof of Theorem 4.39, second part). We shall prove separately that

Rp(Dv) + Ny(Dy, B) = LP(p; H), (4.9)
R,(Dv) NN, (D3, B) = {0}. (4.10)

The proof of (4.9) is more or less standard. The idea behind the proof of (4.10)
is to note that for p = 2 the Hodge decomposition is obtained as a special case
of the Hodge decomposition theorem of Axelsson, Keith, and M¢Intosh [12],
and to use this fact together with the fact that the LP-norm and L?-norm are
equivalent on each summand in the Wiener-Itd6 decomposition.

We begin with the proof of (4.9). By Theorem 0.1(1) the operator R :=
Dy /V/'L is well defined on R,(v/L) and bounded. In view of the decomposition

LP(u) = R,(VL)®N, (VL) we may extend R to LP(u) by putting R|Np(ﬁ) =
0. A similar remark applies to the operator R, := Dv/\/ﬁ.

For F € LP(u; H) we claim that RR*F € R,(Dy), where R := (R,)*.
Indeed, there exists f € N,(v/L) and a sequence f,, € D,(v/L) such that
f++VLf, — R:F in LP(p). Therefore RR*F = lim,, oo Dy fn € R, (Dv).

Now, for functions v € D,(v/L) and ¢ € D,(v/L*),

(Dyvip, B*Dy¢) = (L, ¢) = (V L), VL*§).

Furthermore, approximating a function f € LP(u) by a sequence (fo +
VLf2)n>1 with fo € N,(vVI) and f,, € D,(v/L) we obtain

(Rf,B"Dy@) = lim (Dy fn, B*Dy¢)
= lim (VLf,, VL*0)

=(f — fo,VL*¢)
= (f,VL*9).

Hence for the duality between LP(u) and L?(u) we obtain
(F — RR*BF, B*Dy¢) = (F, B*Dy¢) — (F, B*R.VL*¢) = 0.

This shows that F' — RR!BF € N,(D{,B). This completes the proof of (4.9).
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We continue with the proof of (4.10). Assume that G € D, (D}, B) satisfies
Di;BG = 0. Then for all f € Dy(Dy) we have (B*Dy f,G) = 0, where the
duality is between L?(u; H) and LP(u; H).

Let I, and I, ,, denote the projections in LP(u) and L?(u) onto the
m-th Wiener-It6 chaoses. The ranges of I, ,, and I, ,, are isomorphic by the
equivalence of norms on the Wiener-It6 chaoses Note that I Ig.m- Then
Ipm®I and I ,, ® I are bounded projections in LP(u; H) and Lq(u H). Let
Jp,m denote the induced isomorphism of the range of I, ,,, ® I onto the range
of IQ,m ® I.

For cylindrical polynomials f € FP(FE;D(V))N H™) we have the identity
B*Dy f = (Iym—1®I)B*Dy f and

[jp,mfl(-[p,mfl ®I)G,B*va] <(Ipm 1 ®I)G B* DVf>
= (G, (Igm—1 ® I)B"Dy f)

(G B Dy f) (4.11)

In the first term, the duality is the inner product of L?(u; H).
On the other hand, if f € FP(E;D(V)) N H™ for some n # m, then
Jpm—1 = Jgm—1 implies
lpm—1(Iym—1® I)G, B*Dy f]
= Iy ® )G, B*Dy f)

= ((Lpm-1®I1)G,(I4n—1 @ I)B*Dy f) (4.12)
= [jp,n—l(Ip,n—l ® I)(Ip,m—l & I)G’ B*DVf]

since Dy f is in the (n — 1)-th chaos; in the last step we used the L?(u)-
orthogonality of the chaoses.

Since the cylindrical polynomials form a core for D(Dy) by Lemma
1.35 and B is bounded on H, we conclude from (4.11) and (4.12) that
Jpm—1(Im—1®1I)G annihilates R(B* Dy ) and therefore it belongs to N(D7, B).

Next we claim that if G € R,(Dv), then j, m—1(Ipm—1 ® I)G € R(Dy).
Indeed, from G = limy_,o, Dy g in LP(u; H) it follows that

Jpym-1UIpm—1 @ )G = kh_{go Dv jpm(Ipm @ I)gr € R(Dy).

Combining what we have proved, we see that if G € R,(Dv) NN, (D}, B),
then jp m—1(Ip,m—1®I)G € R(Dy)NN(D}, B). Hence, jp m—1(Ipm—1®@I1)G =0
by the Hodge decomposition of L?(u; H) [12]. It follows that (I, ,,—1®1)G = 0
for all m > 1, and therefore G = 0. This concludes the proof of (4.10). g

The next application is included for reasons of completeness.
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Corollary 4.40. If the equivalent conditions of Theorem 4.37(c) hold, then

R, (D; B) = R,(Dy).

Note that by the second part of Theorem 4.39 it is immaterial whether we view
Dy, B as an unbounded operator from LP(u; H) to LP(u) or from R,(D3 B)
to LP(u).

Proof. By the first part of Theorem 4.39 (first applied to B and then to I)
we have the deompositions

LP(u) = NP(DV) @ Rp(D?/B) = Np(DV) D RP(D;‘/)a

where both Dj,B and Dy, are viewed as closed densely defined operators

from R,,(Dy) to LP(u). The corollary will follow if we check that R,(D}, B) C
Rp(Dy§,). This inclusion is trivial if we may interpret Dj, B and Dy, as un-
bounded operators from LP(u; H) to LP(u). By the preceding remark, we
may indeed do so for Dj, B. The proof will be finished by checking that the
conditions of Theorem 4.37(c) also hold with B replaced by I, since then we
may do the same for Dj,. But this follows from the fact that V'V*, being

selfadjoint on R(V'), admits a bounded H*°-calculus on R(V). O

We already showed in Theorem 4.32 that the operator II is ~y-bisectorial
on the space LP(u) @ R(Dy). The Hodge decomposition from Theorem 4.39
allows us to prove a stronger result:

Theorem 4.41 (+-bisectoriality). Let 1 < p < co. If the equivalent condi-
tions of Theorem 4.37(c) hold, then II is y-bisectorial on LP(u) @ LP(u; H).

Proof (of Theorem 4.41). We use the notation

Xy :=LP(u) ®R,(Dy)  and Xy :=N,(D{B).

Fix t € R\ {0}. First we show that it — IT is injective on L”(p) ® LP(u; H).
Theorem 4.39 implies the decomposition

P (1) @ P (s H) = X, © X, (4.13)

Take z = (M + 2(® € X; @ X,, and suppose that (it — IT)z = 0. Then
(it — IN)x™ = 0 and itz® = 0. Thus (V) = 23 = 0, since M|x, in X, is
bisectorial.

Next we show that it — IT is surjective on LP(u) @ LP(u; H). Let y™) € X,
and y® € X,. The equation (it — IT)(z™) + 2(?) = ) 4 43 is solved by

e = (it — II|x,) "ty and @ = (it) "1y,

This implies that ¢t — II is surjective.
Using (4.13) and the sectoriality of IT on X it follows that
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Jz® + 2@ | < |1t — ) x,) "My @l + ¢y @ |
SO+ 1y @)
Sty +y @),

which is the desired resolvent estimate that shows that I is bisectorial on
X @ Xs.

To show v-bisectoriality of IT on LP(u)®LP (u; H) we take y; = y](l) +yj(»2) €
X1 @ Xs. Let (1;);>1 be a Rademacher sequence. Using the y-bisectoriality of
II|x, we obtain

k k
]EH > rity(ity H)’lyjH < IEH > it ity — H|X1)*1y§,1)H
j=1 p j=1 p
k
- — 2
+EH S rit(ity — x,) 'y )H
i=1 P
N k
1 —1 (2
SB| Sl 48] S|
Jj=1 j=1

k
=
j=1

By an application of the Kahane-Khintchine inequalities we conclude that
{t(it—II)~" :t € R\ {0}} is v-bounded on LP(u)® LP(u; H). This completes
the proof. O

4.5 Domain characterisation

We continue with the proof of the following result, already announced in the
introduction of this thesis.

Theorem 4.42 (Domain of L). Let 1 < p < oo, and let the equivalent
conditions of Theorem 0.1 be satisfied. Then we have equality of domains

DI)(L) = Dp(D%/) N Dp(DA)
with equivalence of norms

1£llp + I Zf o = 1 £1lp + 1Dy Fllp + 107 fllp + [1Daflp-

In the remainder of this section it will be a standing assumption that
the equivalent conditions of Theorem 0.1 are satisfied. As we have already ob-
served in Theorem 3.13, the corresponding equivalences obtained by replacing
B with B* then also hold.
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We will use the bounded analytic Ciy-semigroups
Puy(t)=P(t)® Sk (1),
which are defined on the spaces

)

Ly = LPGu H™), k=12
Note that L{,) = LP(u; H) and P;) coincides with P on the closed subspace
Ry(Dv). The generators of P will be denoted by —L ;). The semigroups
generated by —,/I + L, will be denoted by Q(k).
In Propositions 1.36 and 1.37 we considered the closed operators

DY : D(DYY) © L7 (s H) — LP (s H?),
Dy : D(DY,) € D(Dy) — LP (11 H*?).
In the remainder of this section we will write
Dy = Dgfl)'
We remark that for ¢ > 0 the operators
DyPuy() = (DyP) @ S(t),  DyPh(t) = (Dy P () & 8*(1)
are bounded from Lz()l) to LI()Q) as a consequence of Theorem 4.18.

Proposition 4.43. Let 1 < p < oo.

(i) The collections {\/EQVB(l)(t) :t > 0} and {\/EQVBE‘U(IS) it > 0} are
~v-bounded in E(Ll(’l),yé)).
(ii) The following square function estimates hold for F € Ll()l):

o0 dt 1/2
([ WinyemeFE ) || S 1P,
t
0 p
H(/ IViDy 2y FI2 5) | S IFl.
t
0 p

(ili) The domain inclusions Dp(y/L1)) € Dy(Dy ) and Dy(y/L(1y) € Dp(Dy)
hold with norm estimates

1Dy Fllp S IFllp + [1\/LayFll, - and ||DyFllp S [Fllp + 1/ L Fllp-

Proof. (i): The vy-boundedness is a consequence from (an easy Hilbert space-
valued extension of) Proposition 5.6 combined with Theorem 4.18.
(ii): Since A has a bounded H>-calculus on H of angle < i, the same

holds for A*. Proposition 4.34 implies that L,y and L?l) have bounded H°-

functional calculi on L’()I) of angle < %w. The domain inclusions Dy (L)) €
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Dp(Dy,) and Dy(L{yy) € Dy(Dy,) follow from (i) by taking Laplace transforms.
By combining (i) and Theorem 5.47 we obtain the desired result.
(iii): Combining the fact that /T + L5 has a bounded H*-calculus

of angle < i7 with Theorem 5.40, the commutation relation Dy P(t) =
P5)(t) Dy, the H-valued analogue of Lemma 4.20, and the first estimate of
(i), for all F' € Dp(L(yy) we obtain
oo , dtN1/2
0 P L A Yy - s

o dt\1/2
= tD )T+ Ly FIP S H
(] movey,wyT+zarr$) ",
> dt\1/2
< —t g at H
<| ([ wanvepw@TrLnrE T
oo dt 1/2
< VADy Py 04T+ Loy FI? ) |
(| Winveg @ T+ Larr §)7

ST+ LayF|,
~IElp + [y Ly Fl -

This gives the first estimate. Since D,(L(;)) is a core for Dy(/L(y), the
domain inclusion follows as well.

To prove the second estimate we put T := P* ® S, ® S*, where S, is
the bounded analytic semigroup generated by —VV*B*; this notation is as
in Theorem 3.13. Note that the negative generator C' of T has a bounded
H®-calculus of angle < 7 this follows from the fact that if Theorem 4.37(c)
holds for B, then it also holds for B* (see Theorem 3.13) and therefore the
negative generators of S* and S, both have bounded H°-calculi of angle
< %ﬂ'. Let R be the semigroup generated by —+/I + C'. Using the identity

QvBZFl) (t)F = T(t)Qv F,

and arguing as above, for all F' € Dj(L(;y) we obtain

0 dt\1/2
1oy Pl < ([ v ernD PR E)

> dt\1/2
_ * * 27
S (AN RO

oo dt 1/2
< —t p* * 2 2 H
<| ([ wanvem @ LirE T
< (/ IVtDy Py (t)\ /T + Ly F1? *) H

0 t »

SIVI+LE],
~ Nl + [/ Lin Fl,,
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The second domain inclusion now follows from the fact that D, (L) is a core

for Dy (y/L(1))- O

In the following theorem we give a characterisation of Dy(y/L(y)). Since

VL = /Ly on Ry(Dy), this gives a further equivalence of norms for /L on

R, (Dy), different from the one in Theorem 0.1. In the proof of Theorem 4.42
we use both equivalences to determine the domain of L.
First we need a simple lemma.

Lemma 4.44. Let 1 < p < co. The semigroup @ ., restricts to Cy-semigroups

—=(1)
on the space D,(Dy,) N D, (VI ® A).

Proof. 1t suffices to prove the result with @ ) replaced by Py the latter is

readily seen to restrict to a Cp-semigroup on D,(Dy,) N D,(v/I® A) by the
identities Dy P1)(t) = P2)(t)Dy and VI®@ AP4)(t) = Pq)(O)VI®A. O

Theorem 4.45. Let 1 < p < oco. We have equality of domains

DP( L(l)) = DP(QV) n Dp(\/@)a

with equivalence of norms

1Flp + |\/ Loy F [, = 1Fllp + 1Dy Fllp + VI @ AF |y,

Proof. By a result of Kalton and Weis [89, Theorem 6.3], applied to the sums
Lyy=L®Il+1®Aand L?l) =L*®I+1® A", we have the estimates

1@ A)F[p Sl + 1Ly Fllp,  F € Dp(La))
1T @ A" Fllp S 1Fllp + 1Ley Fll, F € Do(Liyy)-

Since the square root domains equal the complex interpolation spaces at ex-
ponent % for sectorial operators with bounded imaginary powers [78, Theorem
6.6.9], by interpolating the inclusions

DP(L(I)) = D,(I ® 4), Dp(Lfl)) — Dp(I ® A7),

with the identity operator, we obtain the estimates

IVI®AFl, S IFlp+ [\ /Loy Pl F €DplLir)
IVT@AFll, S IFl, + /Lt Fl

Combining these estimates with Proposition 4.43 we obtain

(4.14)

F e Dy(Lgyy)-

p7
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IFllp + 12y Fllp + VI ® AF |l S IFllp + |\ Loy P, F € Dp(Lq))
1F 1, + IRy Fllp + IV @ A Flly SN Fllp + [|\/LinFl,,  F € Dp(Liy))-

Next we prove the reverse estimates. For F' € D,(L) ® D,(4) and G €
Dy(L*) ® Dp(A") (3 + & = 1) we have F € D(Lyy)), G € Dy(L{y)), and

(WJI+LyF,G)=(I+L))F,1/\/L{)+ IG)
= (F,1/\/T+ L{yG) + (L@ I)F,1/,/I + L{;)G)
+{I @ A)F,1/,/1+ L{,G)
= (F,1/\/I1+ L{yG) + (BDy F, Dy /\/I + L{,)G)
+(VI®AF, /T A"\ [T+ L{;)G).

Using the boundedness of the three operators 1/,/I + LZ‘I), Dy /+/ I+ L?l)

(by Proposition 4.43(iii)), and /1 ® A"/, /I + L{;) (by the second estimate
in (4.14)), we find

I/ T+ Ly |, = Sup YT+ L E G
< H;ﬁlpq [ENp111/4/1 + L1y Gllq
+ B[ |1Dy Fllp | Dy / 1/ I + L{1yGllq

+IVT®AF|, IVT® A /\/T+ LGl

S IElp + 12y Fllp + [V @ AF||p.

The estimate

W I+LnF|, SIFlp + 1Dy Fllp + VI ® A F,

is proved similarly and will not be needed.

It remains to prove the equality of domains. Since D, (L) ® D(A) is a core
for Dy(L(yy), it is also a core for D (y/Lyy)). Using this, the domain inclusion
Dy(/L)) € Dyp(Dy) N D,(VT® A) follows, and the equivalence of norms
extends to all F' € Dy(y/L1))-

Again by the equivalence of norms, D,(y/L)) is closed in D,(Dy) N
D,(vVI® A). It remains to prove that the inclusion is dense. This follows
from Lemma 4.44, since for F € D,(Dy) N Dy(vVI®A) and t > 0 we
have Q(l)(t)F € Dp(y/L(1y) and Q(l)(t)F — F in the norm of D,(Dy) N

D,(vVI®A)ast]|O. O
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Recall that D denotes the Malliavin derivative. Since A is a closed op-
erator, it follows from Theorem 1.33 that the operator D4, initially defined
on FCL(E;D(A)), is closable as an operator from LP(u) into LP(u; H) for
1 < p < co. We denote its closure by Dy.

Lemma 4.46. Let 1 < p < co. The semigroup P restricts to a Cy-semigroup
on the space Dp,(D%) N Dy(Dy).

Proof. A straightforward argument shows that P(t)D,(D%) C D,(D%) and

vP(t)f == Py (t)DY f, f € Dy(DY).
Similarly, we have P(¢)D, (D) C D,(Dy4) and
DAP(t)f =e “(P(t)®@ I)DAf, f €Dy(Da).
These identities easily imply the result. O

Proof (Proof of Theorem 4.42). Using the fact that D,(L) C D,(Dy ), Propo-
sition 4.28, the domain equality D,(v/L) = D, (D}, B) (see Proposition 4.38),
Theorem 4.45, the domain equality D(y/A) = D(V*B) on R(V) (see Proposi-
tion 3.14), and the definition of Dy, for f € D,(L) we obtain

Hf“p + ||Lpr ||f”p + ||DVf||p + HLpr
= [lfllp + 1Dv fllp + [[(Dy B)Dv £

~ 1l + 1Dy fllp + I VLDv £l
= fllp + 1Dy fllp + 1D% fllp + IIVADv £l
~ £fllp + 1Dy fllp + 107 fllp + (V> B)Dy £,
= Ifllp + 1Dv £fllp + 107 fllp + 1D af .

This pI‘OVQb the equivalence of norms and the domain inclusion D,(L) C
D,(D?%) N Dy(D4). To obtain equality of domains it remains to show that
this inclusion is both closed and dense. Closedness follows easily from the
norm estimate and density follows from Lemma 4.46 in the same way as in
Theorem 4.45. ([

4.6 Notes

An approach to Kolmogorov equations via sectorial forms can be found in the
lecture notes by Rockner [148].

The main results (Theorem 4.37 and Theorem 4.42) have a long history.
The special case A = [ is a fundamental result in Malliavin calculus due to
P.-A. Meyer [128]. Various analytic [75, 113, 142, 163] and probabilistic [74]
proofs have been given. Perhaps the simplest is the analytic proof by Pisier
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[146] which uses the transference principle of Coifman and Weiss [38]. The
one-dimensional case had already been proved much earlier by Muckenhoupt
[129].

For more general Ornstein-Uhlenbeck operators, the domain characterisa-
tion for p = 2 is due to Lunardi [102] in finite dimensions and Da Prato and
Goldys in infinite dimensions [43]. In the non-symmetric finite dimensional
case the LP-domain has been characterised by Metafune, Priiss, Rhandi, and
Schnaubelt [125]. See also [114] for the boundedness of the Riesz transforms
and a weak-(1,1) type result.

Boundedness of the Riesz transforms in the symmetric infinite dimensional
LP-setting has been proved by Shigekawa [152] (see also [154]). In this setting
Chojnowska-Michalik and Goldys [32] proved two-sided bounds for higher
order Riesz transforms. In particular they characterised the domain of sym-
metric Ornstein-Uhlenbeck operators. The results in the infinite dimensional
non-symmetric setting presented here can be found in a joint paper with van
Neerven [107].

Gradient estimates in LP for Ornstein-Uhlenbeck semigroups have been
proved earlier (see, e.g., [45, Proposition 10.3.1]). However, the randomised
boundedness of these operators (Theorem 4.18) is new.
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Appendix: Tools from Operator Theory

In this chapter we present a collection of results from operator theory in-
volving the notions of randomised boundedness, radonifying operators, and
He°-functional calculus. These results are our main tools in the study of el-
liptic operators on Wiener spaces in Chapter 4.

We work in a general Banach space setting and use the language of
radonifying operators, although for the applications in Chapter 4 it would
be sufficient to consider square functions in Hilbert spaces and LP-spaces.
Apart from having the advantage of covering the Hilbertian and LP-setting at
the same time, we believe that this allows to present the proofs in the most
transparent way. We do not attempt to state all results in the greatest possible
generality, but instead prefer to give formulations which are flexible enough
for applications as in Chapter 4.

Throughout this chapter we will use the following notation:

X,Y and Z are Banach spaces,

¢, H and H,, are Hilbert spaces,

(M, ), (M, p,,) are o-finite measure spaces,

@ = (¢;);>1 is a sequence of i.i.d. random variables, being either R or 7,

where

— R = (r5)j>1 is a sequence of independent Rademacher variables, i.e.,
Prj=1)=P(r; =-1)= % for each j > 1.

— 7 :=(74);>1 1s a sequence of independent standard Gaussian variables,

ie,P(y; <A = %ﬂ f_AOO exp(—%fZ) dg, for each A € R and 7 > 1.

Such sequences will be called Rademacher sequences and Gaussian se-
quences.

5.1 Randomised boundedness

In this chapter we will study various operator theoretic notions involving
moments of Banach space-valued random sums. Second moments in Hilbert
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spaces are easy to compute. Indeed, the orthogonality of ¢ in L?(P) implies
that

k 2 k
B[ it =X Il (5.1)
j=1 j=1

for all hy,...,hy € H. Consequently, if 7 is a uniformly bounded collection
of operators on H, then

k 2\ 1/2 k 2\ 1/2
(B > e ) < sup 1T (B D wsms]| ) (5.2)
j=1 TeT =1

In Banach spaces this randomised boundedness property is no longer auto-
matic. This motivates the following definition.

Definition 5.1. A collection of bounded linear operators T C L(X,Y) is said
to be p-bounded if there exists C > 0 such that for all k = 1,2,... and all
choices of x1,...,x € X and Ty,..., T, € T, we have

k 2 k 2
oS- etf <]
j=1 J=1

The infimum over all C' > 0 for which the estimate holds is denoted by o(T).

Although Rademacher sums and Gaussian sums behave similar in many
respects (see Remark 5.2(vi) below), both classes have their advantages in
particular situations; Rademachers are especially powerful when dealing with
unconditionally convergent series, whereas Gaussians are more natural in the
presence of stochastic integrals, radonifying operators and Malliavin calculus.
In the sequel we exploit the nice features of both.

We collect some basic properties of ¢-boundedness:

Remark 5.2. (i) Every p-bounded set is uniformly bounded.
(ii) Kahane’s contraction principle (see, e.g., [52, Theorem 12.2]) asserts that
for 1 <p < oo, for a; € C with |a;| <1, and z; € X,

k p\ 1/p k p\ 1/p
S l) " <23 )
j=1 j=1

In other words, the collection {alx : |a| < 1} is p-bounded.

(i) If S, 7 C L(X,Y) are g-bounded, then ST := {ST : S € §,T € T}
and S U7 are p-bounded as well. In particular, since singletons are -
bounded, all finite sets of operators are p-bounded.
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(iv) We have already seen in (5.2) that every uniformly bounded subset of
operators on a Hilbert space is ¢-bounded. It follows from a famous result
by Kwapieri [95] that the following converse holds: if every uniformly
bounded collection of operators on X is p-bounded, then X is isomorphic
to a Hilbert space.

(v) The Kahane-Khintchine inequalities (see, e.g., [52, Theorem 11.1]) say
that for any x1,...,2, € X and 1 < p < 0o one has

k 2 1/2 1/p
(EHZI‘»"J%H ) ! (EHZ‘%’J%H ) ! (5.3)

with universal constants depending only on p. Consequently, one may
replace the exponents 2 in the definition of p-boundedness by arbitrary
p € [1,00); at worst this changes the value of the constant C.

(vi) One can always estimate Rademacher sums by Gaussian sums (see, e.g.,
[131, Corollary 3.6]): For 1 < p < oo and z1,...,z € X,

k p\ 1/p k p\ 1/p
(B Xna]) ™ < Vo] X)) ™
j=1 =1

If X has finite cotype (in particular if X is a closed subspace of
LP(u; 7)), then the reverse estimate holds as well (with a different con-
stant depending on X). Consequently, in these spaces the notions of
R-boundedness and y-boundedness coincide.

(vii) If 7 is p-bounded, then the closure with respect to the strong opera-
tor topology of the absolutely convex hull of 7 is ¢-bounded as well.

Moreover, @(TSOT) < 2¢(T). For a proof we refer to [94, Theorem 2.13].
A useful consequence of the last remark is the following result.

Proposition 5.3. Let T C L(X,Y) be p-bounded, and let f : M — L(X,Y)
be a function with values in T such that & — f(&)x is strongly p-measurable
for all z € E. For ¢ € L*(p) define

Ty, s 7/ D) f(&)xdu(§), x e X.

Then the collection {Ty 5 = ||Pllp1(n) < 1} is p-bounded in L(X,Y).
Proof. See [94, Corollary 2.14]. O

We need the following duality result for p-bounded families. According to
a celebrated result in Banach space theory by Pisier [145], X is K-convex (see
also Remark 11.7) if and only if X has nontrivial type. Examples of K-convex
spaces include the spaces LP(u;52) for 1 < p < oo.

Proposition 5.4. If X and Y are K-convexr Banach spaces, then a family
T C L(X,Y) is p-bounded if and only if the adjoint family T* C L(Y™, X™*)
s p-bounded.

Proof. See [87, Proposition 3.5]. O
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Randomised boundedness in LP-spaces

In LP-spaces, randomised boundedness is closely related to square function
estimates in the spirit of harmonic analysis:

Proposition 5.5. Let 1 < p < c0. A family T of operators from LP(u1; Hy) to
L?(us; Ho) is w-bounded if and only if there exists a constant C' > 0 such that
for all k > 1 and all choices of Ty,...,Tx € T and Fi,... Fy € LP(uy; Hy),

b / b /
(S imm) | <o (k)"
j=1 j=1

Le(pz) —
Proof. See [94, Remark 2.9] for the case Hy = Hy = I. The Hilbert space
version is an easy extension. [l

Le(p1)

The next result may be known to specialists, but since we could not find
a reference for it we include a proof.

Proposition 5.6. Let 1 < p < oo. If T C L(LP(u)) is p-bounded and S C
L(H) is bounded, then T @ S C L(LP(u; H)) is p-bounded.

Proof. Since T® S = (T®I)(I®S), and I ® S is p-bounded by Fubini’s
theorem, it suffices to show that 7 ® I is ¢-bounded.

Let (h;)!, be an orthonormal system in H and let Fi, ..., F} be functions
in LP(p; H) of the form Fj := Y | f;j ® h;. Note that functions of this form
are dense in LP(p; H). Let (¢;)i>1 and (@;);>1 be independent ¢-sequences.
Then, putting g; := 2?21 ;75 fi;, and using Fubini’s theorem,

k k n
EHZ%(TJ ®I)Fsz:EHZ%ZTjﬁj®hi Z
j=1 j=1 =1
k n n
:E/ HZ‘P;‘Zijij@)hi pd,UZE/ HZQi@hi
MTi—1 =1 M =1
" P N k n
<& [ By du| du=E5| Y w1y ( 35t
M i=1 j=1 i=1
SO - P b p
e (S0 [~ or]
j=1 i=1 P j=1 P

The last step follows by performing the computation in reverse order. The
result follows from the Kahane-Khintchine inequalities (5.3). d

p
dp

p
p
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5.2 Radonifying operators

In this section we will study a class of operators which play the role of LP-
square functions in a general Banach space setting.

For h € H and x € X we let h ® x denote the rank-1 operator from H to
X defined by

h®@xz:gw— [g,hlz, g€ H.

Definition 5.7. We denote by v(H, X) the completion of the finite rank op-
erators from H to X with respect to the norm

k k 24 1/2
H Z‘—l I ®x] ~(H,X) — R
J= J=

where it is assumed that the vectors hy, ..., hi are orthonormal in H. Opera-
tors in L(H, X) belonging to v(H,X) are called radonifying.

Remark 5.8. (i) It is not difficult to check that |||,z x) does not depend
on the choice of the orthonormal system. Moreover, since ||T'[|zm,x) <
|T||y(r,x) for all finite rank operators T' € L(H,X), it follows that
V(H, X) — L(H, X).

(ii) If H is separable and T' € y(H, X), then

2)1/2’

where (h;);>1 is an arbitrary orthonormal basis of H (see, e.g., [131,
Theorem 5.15]).

(iii) The terminology is explained by the fact that an operator T € L(H, X)
is radonifying if and only if there exists a Gaussian Radon measure on X
whose covariance operator equals TT™* (see, e.g., [131, Theorem 5.16)).

1Tl = (B|| S0 7Ths
j=1

The norm of a radonifying operator is easy to compute if the Banach space
is a Hilbert or LP-space:

Proposition 5.9. (i) We have

1Ty r.00) = Tl 2521,

where || - ||z, (r,) denotes the Hilbert-Schmidt norm.
(i1) Let 1 < p < oo. If H is separable and (h;);>1 is an orthonormal basis of
H, then

00 1/2
T o H Th,||? ‘ :
(VAT (; I JHH) Lo ()

with constants depending only on p.
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Proof. See [131, Theorems 5.19 & 5.20]. O

The following result is a convenient reformulation of the right ideal prop-
erty of v(H, X).

Lemma 5.10. Let T € L(H). Then the operator T® defined by
T® :h@xw— (Th)®x, heHxcX,
uniquely extends to a bounded operator on v(H,X) of norm
T2 £y, x)) < T2y
Proof. See [131, Proposition 5.11]. O

This result admits a useful generalisation to collections of operators if the
Banach space has the following geometric property introduced by Pisier [144].
Let (ry)x>1 and (Fx)g>1 be independent Rademacher sequences. We say that
X has property («) if there exists a constant C' > 0 depending only on X such
that for any ;i € X and a;, € {—1,1},

’2) 1/2

n B 201/2 n B
(EH Z aijrjrkxjk’ ) < C(EH Z TiTRT jk
jk=1 k=1

Proposition 5.11. If T C L(H) is uniformly bounded and X has property
(a), then {T® : T € T} is @-bounded in L(v(H, X)).

Proof. See [76, Theorem 3.18]. O

We continue with an observation about iterated radonifying norms which
follows from the Kahane-Khintchine inequalities and Fubini’s theorem.

Proposition 5.12. Suppose that X has property (o). The mapping
h1 @ (he ® ) — (h1 ® ha) @ x, hy € Hy,hy € Hy,w € X,
extends uniquely to an isomorphism of Banach spaces
v(H1,v(Hz, X)) ~~v(Hy ® Hy, X).
Proof. See [90] or [136, Corollary 3.5]. O
The following trace duality result will be useful.
Proposition 5.13. If T € v(H,X) and S € v(H, X*), then
tr(T"S) < [Ty, 1SNy, x7)-

Proof. See [90, Proposition 5.2]. O
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The case H = L?(o) and representation by functions

e In the remainder of this section we let (S, o) be a o-finite measure space.

In this section we will study the space v(L?(o), X).
Our first goal is to study integral operators in v(L?(o), X), i.e. operators
which are formally given by

Tf ::/Sf(s)F(s)da(sL feL?S,o),

for a suitable function F' : § — X. This intuition is made precise in the
following definition:

Definition 5.14. Let the strongly o-measurable function F : S — X be
scalarly-L?, i.e., for all x* € X* the function s — (F(s),z*) is square in-
tegrable. We say that F represents an operator T € v(L?(0), X) if

(Tf,x* /f ¥ do(s), fe€L?*0), z* e X"

In this case, with a slight abuse of notation, we simply write F € v(L?(0), X).

The next result [20, 134] shows that radonifying norms reduce to square
functions in the special case that X = LP(u; ).

Proposition 5.15. Let 1 < p < oo and let F' : S — LP(u; ) be strongly
measurable and scalarly-L?. Then the function F represents an operator in
Y(L2(0), LP(1i; ) if and only if

(/S |1F(s) |1 da(s))1/2 € LP(u).

In this situation we have an equivalence of norms

1/2
Flhwsionzooen = | ([ 1FGIE aots))
s LP(p)
The concepts of y-boundedness and ~y-radonifying operators are connected
by the following multiplier result from Kalton and Weis [90]. We use the
formulation from [131].

Proposition 5.16. Let (S,0) be a o-finite measure space, and let K : S —
L(X,Y) be a function such that K (-)x is strongly o-measurable for all x € X.
If the set Tix = {K(s): s € S} is y-bounded, then the mapping

Tx:f()@a— f()@K()x, feL*o)z€X,

extends uniquely to a bounded operator Ty from v(L?(c),X) to v(L%(0),Y)
of norm. | Ticll < (Trc).
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Proof. See [90, Proposition 4.11] or [131, Theorem 9.14]. O

We close this section by formulating a result from the previous section in
the L2-setting of the current section.

Proposition 5.17. Suppose that F' : S — X and G : S — X* represent
operators in y(L?(c), X) and v(L?(c), X*) respectively. Then

/S<F(8),G(8)> do(s) < |[Fllyz2(0), ) 1G22 0), x4

Proof. This follows from Proposition 5.13. O

5.3 The H*®°-calculus for bisectorial operators

In this section we consider the functional calculus for bisectorial operators.
The results in this section are all known, but in the literature they are often
formulated for sectorial operators and (for convenience) under an additional
injective assumption. For a detailed presentation of the functional calculus for
sectorial operators we refer to the monograph by Haase [78].

For 6 € (0, ), let

Xf={2eC\{0}:|arg(z)| < 6}

denote the open sector around RT of angle §. We set X, := —E(j , and for
6 € (0, 3m) we let
Ty =X UX,

be the open bisector of angle 6.

Bisectorial operators

Let us now introduce the class of operators that will be studied.

Definition 5.18. An operator A : D(A) C X — X is said to be bisectorial of
anglew € (0, 37) if o(A) is contained in X, and the set {z(z—A)™' : 2 ¢ T}
is uniformly bounded for each w' € (w, 37). The infimum over all such angles
w is denoted byw(A). An operator A is said to be bisectorial if it is bisectorial
for some w € (0, 3m).

The notion of sectoriality is defined similarly, replacing all bisectors Xy by
bisectors E;‘ . In this case the infimum over all possible angles is denoted by
wt(A) € [0,7). Later on we will use the fact that the results in this section
remain valid for sectorial operators with obvious modifications.

A first consequence of the definition is the following useful lemma.
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Lemma 5.19. Let A be a bisectorial operator on X. The following equiva-
lences hold for x € X :

(i) z € D(A) & limy_, o it(it + A) " lo = 2 & limy o A(it + A) "1z = 0.

(ii) x € R(A) & lim;_g A(it + A) "'z = x < limy g it(it + A) "'z = 0.
Proof. (i): For x € D(A) we have = it(it + A)~'x + Lit(it + A)~' Az. This
identity implies that lim; .. it(it + A) 'z = x. By the uniform boundedness
of {it(it+A)~1 : t > 0} the latter identity extends to z € D(A). The remaining
statements are now obvious.

(ii): is proved similarly using the identity x = A(it + A) = o + ity + 2 (it +
A)~ly for y € D(A) and x := Ay. O

Proposition 5.20. A bisectorial operator A on a reflexive Banach space X
is densely defined and induces a direct sum decomposition

X = N(4) @ R(A).

Moreover, the part of A in R(A) is an injective and sectorial operator on R(A).

Proof. First we show that D(A) = X. Since p(A) # o, the operator A is
closed. It is even weakly closed, since weak and strong closures of linear sub-
spaces coincide. Take z € X. Since (in(in + A)~'x),>1 is bounded, it has a
subsequence iny (ing + A)~tx converging weakly to some y € X. This implies
that A(ing + A) "'z — z —y. Since (iny + A) "'z — 0 and A is weakly closed,
it follows that x — y = 0, hence © = y@w =D(A).

Lemma 5.19 implies that N(A) N R(4) = {0}. For € X there exists a
sequence t,, | 0 such that it, (it, + A)~l2 converges weakly to some z € X.
Since it, A(it,+A) "1z — 0 and A is weakly closed, we find that z € N(A). The
weak convergence A(it, + A)~! — z — z implies that z — 2z € mw = R(A),
hence z € N(A) + R(A).

The straightforward proof of the final assertion is left to the reader. [

Holomorphic functional calculus

For § € (0,37) let H§°(Xp) be the Dunford-Riesz class consisting of all
bounded holomorphic functions ¥ : Xy — C which satisfy an estimate

()| < o

< m, z € Xy,

for some a@ > 0 and C' > 0.

Definition 5.21. Let A be a bisectorial operator on X and let 1 be a function
in HE®(Xp) with 0 < w(A) < v < 6 < im. The operator Y(A) € L(X) is
defined by

1

Y(A)x = 5 s, Y(2)(z — A) e dz, z € X,

where 0X., is parametrised counter-clockwise (see the figure).
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Note that in this definition the decay of ¥ guarantees that the integral exists
as a Bochner integral even if 0 € o(A). By Cauchy’s theorem its value does
not depend on the choice of v € (w(A4),0).

Fig. 5.1. The spectrum of a bisectorial operator is contained in X, (A). The contour
0%, is parametrised counter-clockwise.

In the next result we collect some elementary properties of this functional
calculus.

Proposition 5.22. Let A be a bisectorial operator on X, and 0 € (w(A), 7).

(i) The mapping [ € HG(Xy)] — [W(A) € L(X)] is an algebra homomor-
phism.
(ii) The adjoint operator A* is bisectorial on X* and w(A*) = w(A). For
Y € HF*(Xy) we have P(A*) = p(A)*.
(i11) For ¢ € H§®(Xg) and t € R\ {0} we have ¥(tA) = ¢(t-)(A).
(iv) For ¢ € HZ*(Xy) and x € N(A) we have (A)x = 0.
(v) IfD(A) = X (in particular if X is reflexive), then R(A) = R(A(i + A)~2).
(vi) (Calderén’s reproducing formula) For all functions ¢ € HG®(Xy) satisfy-
ing [;Cw(t) 2 =1 and ¢ € HE(Xy) we have

/OO w(tA)x% =z, x € R(p(A4)).
0

Proof. (i): The non-trivial part of the proof consists of showing that () (A4) =
w(A)Yp(A) for ¢, € HF(Xp). This identity follows from a computation based
on the resolvent identity.

(ii): follows from p(A*) = p(A) and R(z, A*) = R(z, A)* for z € p(A).

(iii): This is straightforward.

(iv): Since (z — A)~tx = 271z for z € N(A) and 2 € p(A) \ {0}, we have
Y(A)x = 2%”,(fp7 ¥(2)% )2, which vanishes by Cauchy’s formula.

(v): We will show that R(A) C R(A(i + A)~2), the other inclusion being
trivial. Let x € R(A). Then 2t := it(it + A) "'z € R(A)ND(A) and 2! — z as
t — oo by Lemma 5.19. This shows that R(A) C R(A) N D(A).
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Now take x € R(A) N D(A). For some y € D(A?) we have x = Ay =
A(i+A)72(i+ A)%y, hence z € R(A(i+ A)~2). Combining these observations,
the result follows.

(vi): The dilation invariance of % implies that IS w(t2) 4t = 1 for all
z € R\ {0}, and by the principle of analytic continuation this identity extends
to z € Xy. Let y € X and put x := p(A)y. For v € (w(4),0),

[ vt S = [Tweenan

_ /0 vlt2)p(2)(z - 4) yds &

ox
[0 / ) M) e - )y e

/ (z— A)"lydz
p(A

For 6 € (0, 47) consider the extended Dunford-Riesz class
E(Zp) = HG*(Zp) @ ((i + 2)7") @ (1).
The identity ﬁ = ﬁ — 7+ implies that £(%}p) is an algebra.

For f € £(Xp) of the form f = ¢ + a(i + 2)~! + B1 with a,3 € C, we
define

F(A) = ¢(A) + ali+ A)~! + BI € L(X).
The following result extends Proposition 5.22(i).

Lemma 5.23. Let A be a bisectorial operator on X. For 0 € (w(A), 37) the
mapping ¥ +— P(A) is an algebra homomorphism from E(Xy) into L(X).
Proof. See [78, Theorem 2.3.3]. O

A first consequence of this lemma is the following identity:
Lemma 5.24. Let A be a bisectorial operator on X. Then ((14_7)2 )(A) = A(i+
A)72,

Proof. Since Lemma 5.23 implies that

1
1+z 2~ itz 7.+z Gi+2)2>
(i+2)?

<@+%)2><A>=<i+—z><A> () (A)
(Z+A (l+Z A))
— i+ A) i+ )

= A(i+ A)72
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Extension of the holomorphic functional calculus

In the rest of this chapter we will make the simplifying assumption that
e X is a reflexive Banach space.

We will now consider sectorial operators, but it is easily seen that the results
extend to the bisectorial case with obvious modifications. As we do not assume
that the operators are injective, we consider functions defined on the union
X5 u{0} for some 6 € (0, 7).

For 6 € (0, 7) we consider the following spaces of functions:

e H>(X) consists of all bounded functions f : ¥ U {0} — C which are
holomorphic on E‘j .

e F(X)) is the collection of all functions f : X U {0} — C which are
holomorphic on E; and obey an estimate

IfR < CUA" + 217, z€ Xy, (5:4)

for some C' > 0 and o > 0.

Clearly, H* (X)) C F(X;). We will regard £(X;") as a subspace of H>®(X,")
by defining
JO) =a+p

for functions f € £(X,) of the form
f=v+a(ll+z2)t+p1

with ¢ € H®(X, ), and o, 3 € C.

For our purposes the most important functions f contained in F (Zgr ) are
the fractional powers f(z) := z% for Re o > 0. A very useful function in the
bisectorial case is the function sgn € H*(X)y) defined by

+1, e Xk,
sgn(z) := { 0 L 0.‘9 (5.5)

Let A be a sectorial operator on X. So far we defined ¢(A4) € L(X) for
Y € E(X)) with 8 € (wh(A), 7). (Actually, we gave the definition in the
bisectorial case; the sectorial case is analogous.) Our next aim is to define
f(A) as a closed operator for f € F(X]).

Let Ag be the part of A in R(A). In view of Proposition 5.20, A is an
injective sectorial operator on R(A). For f € F(X;) we define

Reg(f) :={e € H®(Z,) : e(Ao) is injective, ef € H®(X))}.
If e € Reg(f) we say that e is a regulariser for f.

Lemma 5.25. Let A be a sectorial operator on X and let 6 € (w™ (A), ). For
each f € F(X,) we have Rey(f) # @.



5.3 The H*-calculus for bisectorial operators 117

Proof. Take f € F(X;) and o > 0 such that (5.4) holds, and pick an integer
n > «. We will show that the functions v, (z) = (H‘fw
Reg(f). Clearly, ¢, f € H®(X,). Lemma 5.24 and Lemma 5.22(i) imply that
¥ (Ao) = AF(I + Ap)~?"x. To show that 1, (Ap) is injective, suppose that
Ao(I + Ag)~%z = 0 for some = € R(A). Then Ay(I + Ag)~'z = 0 hence
@ = (I + A)~'z. This implies that 2 € D(Ay) and Agz = 0, hence = = 0 since
Ay is injective. The injectivity of 1, (Ao) follows by induction. O

are contained in

Now we are in a position to define f(A). This will be done in two steps.

1. We define f(Ao) for f € F(X;) by a regularisation procedure: Fix e €
Reg(f) and define

f(Ao)z == e(Ao) ™ (ef)(Ao), z € D(f(Ao)), (5.6)

where

D(f(Ao)) := {z € R(A) : (ef)(A)z € R(e(Ao))}- (5.7)

This definition does not depend on the choice of e € Reg(f). Indeed, if
€ is another regulariser for f, we use the fact that e(Ag) " 1é(4g)~! =
é(Ag)~te(Ag)~! to obtain

é(Ao) M (€)(Ao)

|
™
b
(=}
|
—
®
b
(=
N
L
®
—~
b
=]
N
=
™
~
S~—"
—~
o
(=}
S~—"

which proves the claim.
2. We define f(A)z by

f(A)z = f(0)z° + f(Ap)x',  z:=2" 42" € N(4) @ D(f(Ao)).

Proposition 5.26. Let A be a sectorial operator on X, let 6 € (wt(A), ),
and let f € F(X)). Then f(A) is a closed operator on X.

Proof. In view of Proposition 5.20 it suffices to show that f(Ap) is closed on
R(A). Let e be a regulariser for f. Take 2, € D(f(4p)) and z,y € X such that
2, — 2 and f(Ap)z, — y. This implies that e(A4o)f(Ao)x, — e(Ap)y. Since
f(Ag)z, = e(Ao)~ef)(Ao)zy, it follows that e(Ag)y = (ef)(Ao)r, hence
z € D(f(Ao)) and f(Ag)z =y. U

Lemma 5.27. Let A be a sectorial operator on X and let 0 € (wT(A), ). For
fi, f2 € F(Xo) we have fi1(A)f2(A) C (f1f2)(A).
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Proof. 1t suffices to prove the result for Ag.

Let e; and ey be regularisers for f; and fo respectively. Then ejes is a
regulariser for fi fa. Let € D(f1(Ao)f2(Ap)) and set z := fa(Ap)z and w :=
f1(Ao)z. By definition we have (eaf2)(Ao)x = ea(Ap)z and (e1f1)(Ao)z =
e1(Ap)w, and therefore

(ere2f1f2)(Ao)z = (e1f1)(Ao)(e2f2)(Ao)z = (e1f1)(Ao)e2(Ao)z
= ea(Ao)(e1f1)(Ao)z = e2(Ag)e1(Ao)w = (ere2)(Aog)w.

This means that = € D((flfg)(Ao)) and (flfg)(Ao)x = w. O

Squares, square roots, and signs

Proposition 5.28. Let A be a sectorial operator on X, let 0 € (wT(A),n),
and let o € (0, %).
(i) A% := (2%)(A) is sectorial with w™ (A%) = aw™(A).
(i1) R(A*) = R(A) and N(A%) = N(A).
(iii) For f € H§®(X)) we have 1o (A) = (A%), where ¢, € H(‘)X’(E;'/a) is
defined by Vs (z) == P(2%).

Proof. See [78, Propositions 3.1.1, 3.1.2 & 3.1.4] O

The bisectorial counterpart is as follows.

Proposition 5.29. Let A be a bisectorial operator on X and 0 € (w(A), 37).
(i) The operator A? is sectorial with w™(A?) = 2w(A).
(ii) R(A%2) = R(A) and N(A?%) = N(A).
(iii) For f € F(X,) we have f(A) = f(A?), where f € F(Xy) is defined by
f(z) = f(z*).

Proof. (i): It is easily checked that z € p(A) implies that 22 € p(A?) and

(2 =AM = —(z-A) -z AL (5.8)

The resolvent bounded follows from this identity, hence A2 is sectorial.
(ii): For z € R(A) Lemma 5.19 implies that

x = lin%) A(is + A)7le = lim lim A%(it + A)"(is + A) "'z,

s—0t—0

hence R(A) C R(A2). The reverse inclusion is trivial.
For the second statement it suffices to show that Az = 0 whenever A%z =
0. For z € N(A?) we have, again by Lemma 5.19,

Az = }ir%(it + A7t A% =0,
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which completes the proof.
(iii): Since N(A) = N(A?) by (ii), it suffices to prove the result for Ap. By a

direct computation involving (5.8) and the resolvent identity we have )(Ag) =

Y(A2) for any ¢ € HE® (Z;'e) Note that € is a regulariser for f whenever e is
a regulariser for f. Since e(Ao) = e(A2) and (ef)(Ag) = (€f)(Ay), it follows
that D(f(Ao)) = D(f(43)) and f(Ao)z = f(AR)a for z € D(f(47)). D

Applying these results to the sgn-function, we obtain the following result.

Proposition 5.30. Let A be a bisectorial operator on X. For 6 € (w A( ), ™)
define ¢ € H(X4y) by ¥(2) := 2(1+2)7%, and § € Hg*(%) by 1h(2) =
¥(2%). Then R(1(A)) € D(vV/A2) N D(sgn(A)A) and

VAZy = sgn(A) Ay, y € R(Y(A)).

o~

Proof. Take © € X and set y := 9(A)x. Proposition 5.29(iii) implies that
y = A%(i + A?)~2z, hence y € D(A). Moreover, by Lemma 5.27,

o~

(sen(2)ih(2)) (A) Ay = (sgn(2)9(2)) (A) Ad(A)w
= (sgn(2) Z))(A)(le( ))(A)z
= (2 sgn( (z))(A)w
B ><zsgn<z 3(2)) (A,

)
hence, by (5.6) and (5.7) we find that Ay € D(Asgn(A)) and sgn(A)Ay =

(2 58m(2)8(2)) (A)z.
On the other hand, by Proposition 5.29(iii),

(Ve(2)) (A%)y = (V2(2)) (A0 (A%)a = $(A%) (Ve (2)) (A)a,

which implies that y € D(vVA?) and vV A%y = (Vz¢(2))(A?)z. By another
application of Proposition 5.29(iii) we infer that

VA% = (V220(22)) (A)z = (zsen(2)v(2))(A)w,

which completes the proof.

Square functions

Proposition 5.31. Let A be a sectorial operator on X. For 6 € (wT(A),n),
Y € H (X)), and a € (0, %) we have

1WAz 2@y, 20y, x) = VellPatA)z]l, 2@, 2t x), re X,

where o, € HF® (Z;/a) is defined by Vo (2) == P (=z%).
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Proof. By Proposition 5.28(iii) we have ¢(tA%) = 1, (t'/*A). Therefore, for
any orthonormal basis (ey)g>1 of L?(R, %),

lo(EAN |2 @, a) x) = [0t D)) 2@, ) x)

R,
—]EHZ'yk/ aer(s%)a(sA) m—H

= a”/lpOé(SA)IH'Y(LZ(R_'_,%),X)7

. s o 2 d
where we used that (y/aex(s®)) is an orthonormal basis of L*(R, <¥). O
The bisectorial counterpart reads as follows.

Proposition 5.32. Let A be a bisectorial operator on a Banach space X. For

Y € H§e (X)) with § € (w(A), i7), we have

||1/’(tA2)xH7(L2(R+,%),X) \f‘W(tA)x”y(w(nh dty x)s r € X,
where ¥ € HG°(Xy) is defined by {b\(z) = 1h(2?).

Proof. Proposition 5.29(iii) implies that J(A) = 1(A?%). Arguing as in Propo-
sition 5.31 we obtain

||¢(tA2)JU||7(L2(R+,%),X) = ||77[}(\/¥A)1‘”7(L2(]R+,%),X)
= \/§||¢(tA)$\|7(L2(R+,%),x)-

Boundedness of the H°°-calculus

Definition 5.33. Let A be a sectorial operator on X and let 6 € (wT(A), 7).
We say that A has a bounded H* (X, )-functional calculus if there exists a
constant C' > 0 such that for all v € H(X,) and all z € X we have

lo(A)z] < Clb e s ]

The infimum over all possible angles 0 for which this estimate holds is denoted
by wi (A). We say that A has a bounded H>°-functional calculus if it has a
bounded H* (X, )-functional calculus for some 6 € (wF(A), ).

The following convergence lemma is crucial.

Lemma 5.34. (Convergence lemma) Let A be a sectorial operator, let 6 €
(wr(A),7), and suppose that f,, f € H®(X,) satisfy
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e sup,>q |[fullee < o0 and f, — f uniformly on compacta;
o fu(A) € L(X) and sup,,>, [[fn(A)ll2(x) < o0
Then f(A) € L(X), fu(A)z — f(A)x for allx € X, and

If( Azl < sup [ fo(A)llflzll, = € R(A).

Proof. See [2, Theorem D]. O
A first application of the convergence lemma is the following result:

Proposition 5.35. Let A be a sectorial operator with a bounded HOC(EJ)-
caleulus for some 0 € (wF(A), 7). For all f € H*(X]) we have f(A) € L(X)
and [ F(A)lec6) S 1 e

Proof. Set py(2) := =f; and f,(2) := f(2)pn(2). Since A has a bounded
H>(X})-calculus, Lemma 5.34 implies that f(A) € £(X). Moreover, using
Lemma 5.34 and the boundedness of the H> (X )-calculus again, we obtain

for z := 2% + 2! € N(A) ® R(4),

7Yl < 1Al + 17 (A
< 17Ol + sup (A o]

S 10)2°]] +sup || fulloo [l
n>1

S 1 lloo (1111 + 127 )

S I ool

5.4 Quadratic estimates and boundedness of the
H*°-calculus

In this section we will use square functions to characterise the boundedness of
the H*°-functional calculus. In order to obtain such results in Banach spaces,
it is necessary to strengthen the notion of bisectoriality and combine it with
the randomised boundedness from Section 5.1:

Definition 5.36. A bisectorial operator A is said to be ~y-bisectorial if for
some 0 € (w(A), 37) the collection {z(z — A)~ : z ¢ Xy} is y-bounded. The
infimum over such 0 is denoted by w~(A).
The notions of v-sectoriality and R-(bi)sectoriality are defined similarly.
The boundedness of the H*-calculus is closely related to square function
estimates. Of fundamental importance is the following result, proved by Le
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Merdy [99, Theorem 1.1]) in LP-spaces, and generalised to Banach spaces by
Kalton and Weis [90, Proposition 7.7]. See also [87, Proposition 4.6] for a
version with Rademacher sums.

Theorem 5.37. Let A be a vy-bisectorial operator on X, let o, € H5®(Xy),
and let f € H®(Xy) for some 0 € (wy(A), 7). Then

1F (et Azl 2, 2y, x) S [ fllacllP A2 (12, 2ty x)-

In the proof we use the following lemma, which is a variation of [87, Lemma
4.7].

Lemma 5.38. Let £ € LI(R+, ). The operator S defined for u € L2(R+, aty
and x € X by

S(u®z) ( / £(st)u ) 530, (5.9)

extends uniquely to a bounded operator on ’y(LQ(R_H%),X) of norm <
-

Proof. By Lemma 5.10 it suffices to show that u +— fooo Ju(t) % defines
a bounded operator on L2(R+, ) Using Jensen’s inequality and Fubini’s
theorem we obtain for u € L? (R+, L,

L1 ety S < el [ tsoluer 2
= llﬁlli%,ﬁ/o (P <,

which gives the desired result. O

Proof (of Theorem 5.37). In this proof we will write L?(£2;) := L?(Ry, %)
and L%(£2.) := L*(0X,,|%|) for brevity.

For z = 2% + 2! € N(A4) ® R(A) we have f(A)p(tA)z = f(A)p(tA)z and
P(tA)x = 1p(tA)z!. Therefore we may assume that z € R(A).

By an approximation argument based on Lemma 5.34 we may assume
that f € H3°(Xy). We take v € (w,(A),d) and introduce auxiliary functions
&,m € H(Xy) satisfying fooo E(£t)n(£t)y(+t) & = 1. The dilation invariance

of % implies that
> dt
| stmeien § =

for all z € R\ {0}, and by the principle of analytic continuation this identity
extends to z € Xy. We define

/ E(tz) f tA)Y(tA)z Oit, z € Xy,
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and claim that

F(A)p(sA)e = —

=5 5. w(sz)R(z, A)u(z) dz. (5.10)
To show this, we use Fubini’s theorem and Proposition 5.22(i) to write
1

21 4z,

dt
2m/ oz, f(2)€(tz)n(tz)¢(tz)R(z, A) dz—

f(A) = f(2)R(z, A) dz

= / (A >w<tA)
Using Fubini’s theorem once more we obtain
d
o(sA)z = / (A LAY(tA)p (sA)xf
:/0 (271m o5 E(tz)p(sz)R(z, A) dz)f(A)n(tAW(tA)mdt
:% - (s2)R(z, A) (/ E(tz) f )1/J(tA)$it>dz

which proves the claim.
Using (5.10) and Lemma 5.38, Propostition 5.16 and the 7-bisectoriality
of A, and Lemma 5.38 once more, we obtain

1f(A)etA)zy(r2(2,),x) S I2R(2 A)u(2)]ly(22(0.),x)
S w2y z2(0.),x)
S IF(ANEA)(EA) x|y L2(0,),x)-

In view of Proposition 5.16 the only thing that remains to be shown is that
{f(A)n(tA) : t > 0} is y-bounded. To show this we write

1 dz

fF(A)n(tA) = Fz)n(tz)zR(z, A) —

27TZ ax,

The desired y-boundedness follows from an application of Proposition 5.3,
taking into account the estimate

wp [ s [T <1l [ O[T

and the y-boundedness of {zR(z, A) : z € 90X, }. O

< 00,
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Corollary 5.39. Let A be a ~v-bisectorial operator on X and take 0 €
(wy(A), ). For all ¢,y € HG*(Xy) we have equivalence of norms

lo(tA)z|ly L2r, 2y, x) = 1Y EA)T] (2, 20y, x)s reX.
Proof. Just take f =1 in Theorem 5.37. O

Now we can state the second main result of this section. In Hilbert spaces
it is due to McIntosh [122], in LP-spaces it is due to Cowling, Doust, McIntosh
and Yagi [41] and Le Merdy [100]. The general case is due to Kalton and Weis
[90] (see also [87]).

Here we do not state the result under the weakest possible assumptions
on the Banach space (for which we refer the interested reader to [87, 90]), but
the present formulation is sufficiently general for the applications in Chapter
4. The most important equivalence for our purposes is (i)<(v).

Theorem 5.40. Let A be a 7y-sectorial operator on a Banach space X and as-
sume that X has non-trivial type. Fiz 0 € (w¥(A),7) and take 1 € He(Z)).
The following assertions are equivalent.

(i) A has a bounded H> (X, )-calculus.
(i) The collection

ny

{ Z skz/)(ZktA) P—00 < ny <ng < 4oo,t >0, = il}

k=7l1

is uniformly bounded in L(X).
(i4i) Let (vx)kez be a Gaussian sequence. For all x € X and x* € X* we have

400 oo
| 3 weeaz| szl B S weerane| S e,
k=—o0 k=—oc0
(iv) For all x € X and z* € X* we have
[0(EA)zl L2, 2y, x) S ], [ EA")Z" [y L2y 20y, x-) S l27])-

(v) For x € R(A) we have [[(tA)x||(p2r, a) x) = 2]

In the proof we will use the fact that if X is a Banach space with non-trivial
type, then both X and X™* have finite cotype. We will also use the following
result by Hoffmann-Jgrgensen and Kwapien.

Theorem 5.41. Let 1 < p < oo and suppose that the Banach space X does
not contain a closed subspace isomorphic to co. Let (§,)n>1 be a sequence of
independent symmetric X -valued random variables satisfying
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n>1

n
supEH Z@H < 0.
k=1
Then there exists an X -valued random variable S such that
ElS - Y &lr —o.
k=1
Proof. See [164, Theorem V.6.1.]. O

Proof (of Theorem 5.40).
(i) = (ii): For ¢ € HF (X, ), e, = £1, t > 0, and n; < ng, we consider
the function Ve n, ny.t € H®(X,) defined by

na
Vemimat(2) = Y exp(2¥tz),  ze Xf.

k}:’ﬂl

By Proposition 5.35 it suffices to show that

Sup  |{[Ye,ny na, t||Hoo(2+) < 0.

€,ni,n2,t
Using that [1(2)| S \1‘-5-‘ = for some a > 0, we obtain
(2%[2])
SUp  SUP (e ny gt (2)] < sup D p(2k2)| < sup Z T ok,
Evnlvn%tzeﬂgr zEEe kEZ ZEZ' kGZ‘ + |
(2%|2)> (2Ft)
S sup = sup
z€2+/€§e:z 1+2k|2| 2c t>OZ th 2c
2kt
— sup (20)"

5 <X
te(1,2) ke? (1 + 2kt)2a

(ii) = (iii): Let (rx)r>1 be a Rademacher sequence. Since X has finite
cotype we can combine (ii) with Remark 5.2(vi) to obtain

N>1 N>1

sup EH k_i_N 7k¢(2kA)wH < sup EH k_i_N rk¢(2kA)wH

N
< sup sup H Z Ek@[’(?kA)xH S -
N>1ep=x11l, T

The desired estimate follows from Theorem 5.41. The other estimate follows
in the same way, using that X has finite cotype and

al N
H k;N skw(QkA)Hﬁ(X) = H k;N (28 A7)

‘z:(X*)'
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(iii) = (iv): By Corollary 5.39 it suffices to show the result for one partic-

ular ¥. We choose ¥(2) := i:z We observe that
+oo tl/? i
YA = > Lk gy (1) 7 KOP(2"4), >0,

k=—oc0
where

bt
t

+oo
2
K(t):= 3 Lpeoeen)(t) [I + A + tA)—l], t>0.

k=—o00

Since {tA(I +tA)~! : ¢ > 0} is y-bounded and ‘%‘ <1 for t € [2F, 2k 1),
it follows from 5.2(iii) that the collection {K(t) : ¢ > 0} is y-bounded as
well. Combining this fact with Proposition 5.16, and using the fact that the
functions ¢ +— 1[2k72k+1)(t)% form an orthonormal system in L*(Ry, 4) we

obtain, for all z € X,

Hd)(tA)x”fy(LQ(RJr,%)vX)

+o0 t1/2 &
= k;oo Lk oty (857 K ()2 A)IHV(LZ(R%%)’X)

“+o0 t1/2 &

k=—oc0
+oo
= (8] 3 wwean])"
k=—o00
S [l

The other estimate is proved in the same way, taking into account that the
~v-boundedness of adjoint operators is guaranteed by the fact that X has
nontrivial type and Proposition 5.4.

(iv) = (v): Take * € R(A(I + A)72) and ¢ € H{(X,) satisfying
fooo ¥2(t) % = 1. By Calderén’s reproducing formula from Proposition 5.22(vi)
we have [[C¢%(tA)z % = z, hence (z,z*) = [ (Y(tA)z, ¥(tA")z*) & for
x* € X*. Using Proposition 5.17 we obtain

(z,27) < (A2, 2y, x) IVEA)Z L2y, 22), x )
S EA 2w, 20y x) 127 -
Taking the supremum over z* in the unit ball of X*, we obtain the desired
estimate [|z|| < ||1/1(tA)x||W(L2(R+7%)7X), which extends to € R(A) by Propo-

sition 5.22(v).
(v) = (i): Using Theorem 5.37 we obtain, for € R(A) and f € H* (X, ),
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1f(A)z]| = (A (EA) ]|y L2 (m, 2ty x)
S ool A) 2]y (r2 Ry 26y, x) = [ flloo [l ]]-
O

The previous theorem gave a characterisation of the boundedness of the
functional calculus under a randomised boundedness condition on the resol-
vent. The next result from Kalton and Weis [89, Theorem 5.3] shows that in
“reasonable” Banach spaces, this condition is always satisfied if the operator
under consideration has a bounded H *°-calculus.

Let (r%)k>1 and (Tx)r>1 be independent Rademacher sequences. We say
that X has property (A) if there exists a constant C' > 0 depending only on
X such that for any z;, € X,

1/2

n j n n
(B o3 romea) " < (8] 2o S ramaa] )
j=1k=1 j=1k=1

The infimum over all possible C' > 0 will be denoted by 6(X). All UMD spaces
(in particular Hilbert spaces and LP-spaces) have property (A).

Theorem 5.42. Let X be a Banach space with non-trivial type and property
(A). If A is a sectorial operator having a bounded H> (X, )-calculus for some
0 € (Wt (A), ), then A is y-sectorial with wi(A) = Whee (A).

The proof uses the following lemma.

Lemma 5.43. Let 0 < v < 0, and let f : X — L(X) be a bounded holomor-
phic function. Suppose that

sup R({f(a*ter™) : k € Z}) < 0
>0

for some a > 1. Then the collection {f(z) : z € X1} is R-bounded for each
O<w<uw

Proof. See [170, Lemma 3.8]. O

Proof (of Theorem 5.42). Since X is assumed to have finite cotype we may
switch between Rademacher and Gaussian sums by virtue of Remark 5.2(vi).
We proceed in several steps.

Step 1. For i = 1,2, let (Uk)kZh (Vk)kzl C L(X) satisfy

n n
sup sup HZskUkH <M, sup sup HZskaH < M,
k=1 k=1

n>1ep==%1 n>1ep==%1

for some M > 0. We claim that the collection C := {>"}_, UpVj : n > 1} is
R-bounded with R(C) < 6(X)M?2.
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Let (rg)r>1 and (Tx)k>1 be independent Rademacher sequences. For y;, €
X we have

|32 v = [ ()|
<53 5
< (o] 3 o)
Now we take xp, € X and apply this estimate to y, = Vi Z;l:k 7jx; to obtain
n 7 n J
B[S i) < (B Srretian )
j=1k=1 j=1k=1
zn:f: rkaxjH )1/2

n 2\ 1/2
2 (B e )
=1

Since the operators in the definition of R-boundedness may be chosen to be
mutually distinct [36, Lemma 3.3], it follows that C is R-bounded.
Step 2. Fix v € (6, 7). We will prove that

00w (¢

BN

sup R({2"t(2"te™ — A)™' :n € Z}) < 0.
>0

Consider the functlon ® E HO (X)) defined by ¢(z) := 2(z — e™)71(22 —
e™)~1 and set 1(z) := \/¢(2). By the implication (i)=-(ii) in Theorem 5.40
(for which the - sectorlahty assumpuon is not needed!) we have

n2

Z skw(thA)H < 00

P— L(X)

sup
ni,nz,t,e

Therefore, Step 1 applied with Uy = Vj, = ¥(2¥tA) implies that

SupR({ ”ZZ e(27Ft71A) iy < ng}) < 00.

t>0
=nq

Using the resolvent identity we obtain

no

Z p(2 k71 A) = i Ae™ ™ ((2" e — A)71 — (2Fte™ — 4)7T)

k=n1 k=n1

= 2mlpemlge™ — A)TL — 9n2g(2n2ge™ — A)Th
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Lemma 5.19 implies that 2"2¢(2"2te®” — A)~! converges strongly to Pray as
ny — oo. Therefore Remark 5.2(vii) implies that
supR({2"t(2"te™” — A)™' :n € Z}) < .
>0
Step 3. We claim that A is y-sectorial with wl(A) < Whe (A).

This follows immediately by combining Step 2 with Lemma 5.43.

Step 4. It remains to show that w(A) > wi. (A).

Suppose that A has a bounded H> (X, )-calculus for some 0 € (wi(A),m)
and take ¢ € H§®(X, ). The implication (i) = (v) in Theorem 5.40 implies
that ||¢(tA)$H7(L2(R+,%),X) ~ ||z|| for z € R(A). Obviously, the restriction
of 1 belongs to H°(X,) for any ¢ € (wi(A),0]. Applying the opposite

implication (v) = (i), we find that A has a H>°(X},)-calculus, hence wi(A) >

Whe (A). O

5.5 Analytic semigroups

Let A be a sectorial operator on X with w*(A) € [0, 27). For A € EI#*UJJ“(A)
2

the functions ey(z) := e~** are contained in (X, ) whenever

€ (wh(A), %7‘( — |arg A|).

This allows us to define

—AA +

e = ex(A4), /\EE%ﬂinr(A).
These operators form a bounded analytic Cy-semigroup in the sense of the
following definition. For details we refer to [78, Section 3.4].

Definition 5.44. A collection of operators (T(z)).ex,uf0r S L(X) with 0 €
(0, 7] is called a bounded analytic Co-semigroup (of angle 0) if the following
conditions hold:

(1) T(0) =1 and T(z1 + 2z2) = T(21)T(22) for all z1,22 € Xp;
(i) The map z — T(z) is analytic in Xy and strongly continuous in Xg U{0}
for each 0 < ¢ < 0;
(iii) sup{||T(2)|| : z € X'} is bounded for all 0 < 0" < 0.

If the suprema in (iii) are at most 1, then we say that T is an analytic con-
traction semigroup (of angle ).

Remark 5.45. There exists Co-semigroups T'(t);>o which are contractive on
[0, 00) and which can be analytically extend to a sector, without being contrac-
tive on any sector of positive angle [64]. We emphasise that in the definition
above T'(z) is required to be bounded (resp. contractive) on a sector.
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The following characterisation of y-sectoriality in terms of the semigroup
will be useful.
Lemma 5.46. Let A be a sectorial operator on X with wt(A) < %77 and
let S be the bounded analytic Cy-semigroup generated by —A. The following
assertions are equivalent:

(1) The operator A is y-sectorial of angle 6 for some 6 € (wT(A), 37);
(2) The family {S(z) : z € X} is y-bounded for some v € (0, 37).

If these equivalent conditions hold, then
1
sup{v € (0, 3m) : (2) holds} = 3T wi (A).

Proof. See [94, Theorem 2.20]. O

Randomised admissibility

The next proposition has been proved under slightly less general assumptions
by Haak and Kunstmann in [76] (see also the PhD-thesis [77]). It generalises
the LP-result from Le Merdy [100, Theorem 3.5, Remark 3.6]. The first condi-
tion is a randomised analogue of the notion of admissibility in mathematical
systems theory.

Theorem 5.47. Suppose that the Banach space Y has property («). Let A
be ~v-sectorial on X of angle wj‘(A) < %71', and let S be the bounded analytic
Co-semigroup on X generated by —A. Let U : D(A) — Y be a linear opera-
tor, bounded with respect to the graph norm of D(A). Consider the following
statements.

(1) |‘\/£U5(t>mH'y(L2(R+,%),Y) S llzfl, z € Dp(A);
(2) The family {\/tUS(t) : t > 0} is y-bounded in L(X,Y).
Then (1) implies (2). If A satisfies the “square function estimate”

‘|tAS(t)x||~,(L2(R+,#),X) S llfl,
then (2) implies (1).
Proof. See [76, Theorem 4.2]. O

Remark 5.48. In [100] and other works in the mathematical systems theory
literature, condition (2) is replaced by the following equivalent condition:

(2') The family {tU(I +t>L)~*: ¢ > 0} is y-bounded.

That (2) implies (2') follows by taking Laplace transforms and the opposite
direction is observed in [100, (3.12)]. Since the computations in Chapter 4
involve semigroups rather then resolvents we prefer to use (2).
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Analytic contraction semigroups on Hilbert spaces

We will show that generators of Cy-semigroups of contractions on Hilbert
spaces have a bounded functional calculus on some sector E; for some 0 < 7.
This is a consequence of the following well-known Sz.-Nagy dilation theorem.

Theorem 5.49. Let (T(t))i>0 be a Co-contraction semigroup on a Hilbert
space H. Then there exists a Hilbert space K, an isometric embedding J :
H — K and a unitary Cy-group (U(t))ter on K such that

T(t) = JU(t)J, t>0.
Proof. See [48, Chapter 6, Section 4]. O

Theorem 5.50. Let —A be the generator of a Cy-contraction semigroup on
a Hilbert space H. Then A has a bounded H™(X))-calculus for all 6 €
(wF(A),m).

Proof. By Theorem 5.42 it suffices to prove the result for some 6 € (%w, ).

Let (T(t))t>0 be the semigroup generated by —A, and take K, J and
(U(t))ter as in Theorem 5.49. By Stone’s theorem (see, e.g., [57, Theorem
3.24]) the generator of U can be written as —iB for some selfadjoint operator
B on K. We claim that J*R(z,iB)J = R(z,A) for all Re z < 0. Indeed,
taking Laplace transforms we obtain for h € H,

J*R(z,iB)Jh = / e T U (1) Th dt / =T (t)hdt = R(z, A)h.
0 0

It follows that J*¢(iB)J = (A) for all ¢ € HZ®(X, ). Using the functional
calculus for selfadjoint operators we obtain, for h € H,

[o(A)p] o = 1T 9 (iB) Jhl[m
< |[®@@B)Jhl[x < [¥llcoll Tl = [[¥ ool -

A representation formula for generators of analytic contraction
semigroups

Let us now turn to the situation where —A be the generator of an analytic
contraction Cy-semigroup on a complex Hilbert space H. (In case that H is
real we complexify all objects.) It is well known [141, Theorem 1.57, Theorem
1.58] and the remarks following these results that A is associated with a
sesquilinear form

a:D(a) xD(a) CHx H—C,
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which is
— densely defined, i.e., D(a) = H;

— closed, i.e., D(a) endowed with the norm +/||h||%; + a(h, k) is complete;
— sectorial, i.e., there exists a constant C' > 0 such that

Im a(h, h)| < CRe a(h, h), h € D(a).

We will give a representation formula for A which shows that it is always
possible to work in the Hodge-Dirac framework of Chapter 3. The result is
well-known, but we could not find an explicit reference.

Theorem 5.51. There exists a Hilbert space H, a closed operator V : D(V) C
H — H with dense domain D(V) = D(a) and dense range, and a bounded
coercive operator B € L(H) such that

A=V*"BV.
Equivalently, we have a(g, h) = [BVg,Vh] for all g,h € D(V).
Proof. Writing a(h) := a(h, h) by [141, Proposition 1.8] we have
la(g, h)| < (Re a(g))"/*(Re a(h))'/?,  g,h € D(a).

We claim that N := {h € D(a) : Re a(h) = 0} is a closed subspace of
D(a). Indeed, if h,, — h in D(a) and Re a(h,) = 0, then
[Re a(h)| < la(h) — a(hn)| < (Re a(h))!/*(Re a(h — hy))'/?
+ (Re a(h — hy))'/*Re a(hn))'/?,

which becomes arbitrary small as n — oo.
On the quotient D(a)/N we define a sesquilinear form

g}, (W] i= 5a(0, 1) +alhg)), 9.k € D)

This form is well defined, since for n,n’ € N we have
la(g +n,h +n') —a(g, h)| < (Re a(n))"/*(Re a(h))"/*
+ (Re a(9))"*(Re a(n))'/?
+ (Re a(n))?(Re a(n'))'/?

= 0.
Since Re a(h) = 0 implies [h] = [0], the form [-,] is an inner product on
D(a)/N. We put
H :=D(a)/N,

where the completion is taken with respect to the norm induced by [, ].
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Let V' be the canonical mapping h — [h] from D(a) onto D(a)/N. We
interpret V' as a linear operator from H into H with dense domain D(V) =
D(a) and dense range. To show that V' is closed, we take a sequence (hp)n>1
in D(a) such that h,, — h in H and Vh,, — u in H. Since Re a(h, — h;,) =
|V (hy, — h)||? — 0 as m,n — oo, the sequence (hy),>1 is Cauchy in D(a).
The closedness of a implies that (h,,),>1 has a limit in D(a), which is h since
hy, — h in H. Consequently, |V h, — Vh||?> = Re a(h,, — h) — 0. We conclude
that V' is closed.

Now we define a sesquilinear form b on R(V) by

b(Vg,Vh) :=al(g,h).
This is well defined, since Vg = V§ and Vh = Vh imply that
la(g, h) — a(@, h)| < la(g — g, h)| + |a(@. h — 1))]
< (Re a(g — §) Re a(h))'/* + (Re a(g) Re a(h — h))'/?
=[V(g =@ VAl + VGl [V (h = h)| = 0.

Moreover, the associated operator B extends to a bounded operator on H,
since

b(Vg, V)| = la(g, h)|  (Re a(9))"/*(Re a(h))"/? = ||V gl [[Vh].
We conclude that a(g, h) = [BV g, Vh]. By the identity
|VR|*> = Re a(h) = Re [BVh, Vh]
and the boundedness of B we infer that ||u||? = Re [Bu,u] for all u € H, and
the coercivity of B follows. ([

Although the triple (H,V, B) is not unique, the next result implies that
the statements in Theorem 4.37 do not depend on the choice of (H,V, B).

Proposition 5.52. Let —A be the generator of an analytic Cy-contraction
semigroup on H. Let (H,V,B) and (H,V,B) be triples with the properties as
stated in Theorem 5.51. Then:

(i) The coercivity constants k and & of B and B coincide;

(ii) D(V) = D(V) with ||Vh| = HXN/hH

If in addition to the above assumptions (E, H, u) is an abstract Wiener space,
then for 1 < p < oo we have

(iii) Dp(Dv) = Dp(Dyy) with || Dy fllp = [|Dy f1lp-

Proof. (i): This follows from the identity [BVh,Vh] = a(h,h) = [BVh, Vh]

for h € D(a) and the fact that V and V have dense range.
(ii): For h € D(A) we have
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k||Vh||> < Re [BVh,Vh] = Re [Ah,h] = Re [BVh, Vh] < | B| ||[Vh]|?.
Since D(A) is a core for both D(V) and D(V) the result follows.

(iii): Let D denote the Malliavin derivative. For f € FC.L(E;D(V)) we
have, by (ii),

|Dy |12 = [E VDS du = /E \VDF|1” du = | Dy FII.

The claim follows from this since FCL(E;D(V)) is a core for D,(Dy) and
D, (D). O

Analytic contraction semigroups on LP-spaces

In this section we collect some of the good properties that analytic contraction
semigroups on LP-spaces enjoy.

We start with a result by Kalton and Weis which generalises results by
Duong [56] and Hieber and Priiss [79].

Theorem 5.53. Let 1 < p < oo and let (M, u) be a o-finite measure space.
Let —A be the generator of a Cy-semigroup (T'(t))i>0 of positive contractions
on LP(u), and assume that T extends to a bounded analytic semigroup on
a sector X for some 0 € (0,im). Then A has a bounded H>-calculus and
Wi (A) = wi(4) < 3.

Proof. See [89, Corollary 5.2]. O

In the proofs of Theorem 4.18 (for p > 2) and Theorem 4.19 (for 1 < 2)
we use the fact that the maximal function associated with the semigroup P is
LP-bounded. This follows from the following simple extension of a well-known
result of Cowling [40, Theorem 7] (see also [160]). For the convenience of the
reader we include a sketch of the proof.

Proposition 5.54. Let (M, p) be a o-finite measure space and let (T(t))i>0
be a bounded analytic Co-semigroup on L*(u) satisfying

) NTE) fllp < fllp for all f € L*(u)NLP, 1 <p < oo, and t > 0,
(1) T(t)f >0 for all f >0 andt > 0.

For f € LP(u) consider the mazimal function

T.f :=sup|T(t)f|.
t>0

Then, for 1 < p < oo we have

1T fllp S N Fllps felrr.
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Proof. Using Lemma 1.27 it follows that T extends to a bounded analytic
semigroup on LP(u). Let —L denote the generator of T on LP(u) and note
that L has a bounded H°-calculus of angle w < %w by Theorem 5.53. The
key idea of the proof is to write

T(#)f = 1/OtT(s)fds+ (T(t)f—llf/OtT(s)fds>

= % /0 T(s)fds+ m(tL)f,

where m(z) :=e % — fol e ** ds. By the Hopf-Dunford-Schwartz ergodic the-
orem [92, Theorem 6.12] we have

1 [t
[swl; [ ziras| || <171
t>01t Jo P
so that it remains to prove that || sup,sq [m(tL)f| Hp S £l

Let n := moexp and let 1 be its Fourier transform. Using the identities

1

m(z) = o

/ n(u)z™ du, n(u) = (1 — (1 +iu) ") (iu),
R
and the estimate [7i(u)| < Ce~ 274l (see [40]) we obtain
1 n i 1 —inlul|Tiu
sup [m(tL)f| < sup o— [ [a(u)| [(tL)" fldu S o— [ e”2 L™ f| du,
>0 >0 27 Jr 2m Jr

From the H*-calculus of L we infer that | L™ f||, < e“!*!|f||,. Taking LP-
norms we obtain

1 1 .
sup |m(tL < —/6_5”“" L du
suplm@rif, < 5= [ etz g,

1 w—im)|u
S 5 [ eI du 61,

5.6 Notes

The notion of R-boundedness was implicit in the work of Bourgain in the
eighties [17] and has been studied systematically by Berkson and Gillespie
[13], and Clément, de Pagter, Sukochev, and Witvliet [36]. It plays a crucial
role in Weis’s operator valued Mihlin multiplier theorem, which provided a
solution to the long-standing problem of maximal L?-regularity [169, 170] (see
[88] for a complementary result). A nice account of these developments can
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be found in the lecture notes by Denk, Hieber and Priiss [51] and Kunstmann
and Weis [94].

~v-Radonifying operators originate in the work of Gross on abstract Wiener
spaces [72]. Kalton and Weis [90] used them to extend LP-results in harmonic
analysis involving square functions to more general Banach spaces. In the
theory of vector-valued stochastic integration ~-radonifying operators have
been used in [19, 134, 135].

The theory of H°-functional calculus has been introduced by McIntosh
[122] and further developed by McIntosh and Yagi [123] in a Hilbert space set-
ting. Later the main results have been extended to the LP-setting by Cowling,
Doust, McIntosh, and Yagi [41] with important contributions by Le Merdy
[100]. The extension to general Banach spaces presented here is due to Kalton
and Weis [90, 89].

An alternative proof of Theorem 5.50 due to Franks can be found in the
lecture notes [2].
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Wasserstein Spaces

In this preliminary chapter we study a class of Wasserstein metrics for prob-
ability measures on Banach spaces, induced by Hilbertian subspaces. This
setup turns out to be appropriate for applications to certain Fokker-Planck
equations associated with stochastic equations, which will be considered in
Chapter 10.

6.1 Probability measures on metric spaces

In this section we collect some background results on probability measures on
metric spaces.

e Let X,Y be a separable metric spaces.

We denote by Z(X) the collection of Borel probability measures on X. The
weak topology on &(X) is the topology generated by the base consisting of

all sets of the form
/fde—/ fkdu‘<5},
X X

forpe Z(X),6>0,n>1,and fi,..., fn € Cp(X). It turns out that 2(X)
endowed with the weak topology is a separable and metrisable space (see [158,
Theorem 3.1.5]), which is complete whenever X is complete.

The following theorem provides a characterisation of weak compactness.
A subset M C (X)) is called tight if for each € > 0 there exists a compact
set K C X such that pu(K) > 1 — ¢ for every p € M.

B(u; 0, f1,.- -y fn) = {1/ € 2(X): max

1<k<n

Theorem 6.1 (Prokhorov). Suppose that X is complete. A subset M C
P(X) is relatively weakly compact if and only if M is tight.

Proof. See [158, Theorem 3.1.9]. O
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Clearly, a sequence (pn)n>1 € (X)) converges weakly to p € Z(X) if
and only if

[ tdw = [ ran secu,

X X

in which case we use the notation u,, — . The following characterisation will
be useful.

Lemma 6.2. A sequence (fin)n>1 € P(X) converges weakly to p € P (X) if
and only if

/fduﬁ lim [ fdpn
X

n—oo J X

for every lower semicontinuous (Isc) function f : X — R U {oco} which is
bounded from below.

Proof. See [158, Theorem 3.1.5]. O

We introduce some notation which will be used throughout this chapter.
Let Xi,...,X, be separable metric spaces, and let Z(X) be the Borel o-

algebra. We consider the canonical mappings defined for ¢ = 1,...,n by
T Xy x - x X, — X5, (T1,..., ) — x4
Similarly, for ¢, = 1,...,n we define
Xy x e x Xy — Xy x X, (T1,... ) — (T4, 25).

It will also be useful to interpolate these maps, for instance, for t € R we set
TR X S X2 (2, ) — (2, (1= )3 + ).

For p € #(X) and a Borel mapping 7' : X — Y we let Typ € 2(Y)
denote the push-forward measure defined by

Tyn(A) = u(T71(4)), AeRB(Y).

For p € Z(X) and v € Z(Y) we let I'(u1, v) denote the set of all transport
plans, i.e., all ¥ € P (X x Y) satisfying 7,2 = p and 75 % = v. We remark
that I'(u, v) is non-empty, since it contains the product measure p®v. Similar
notation will be used for 3-fold product spaces.

The following result will be used frequently.

Theorem 6.3 (Disintegration). Suppose that X,Y are complete. Take v €
DY), letm:Y — X be a Borel map, and set = wyv € P(X). There exists
a p-a.e. uniquely determined family of probability measures (Vz)zex C P(Y)
such that
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(i) v (Y \ 71 ({z})) = 0 for p-a.e. x € X;
(i) x — v (B) : X — R is Borel measurable for every B € B(Y);
(#i3) For every Borel map f:Y — [0,00] we have

Lswaw=[ ([ swww) i

Proof. See [55, Section 10.2]. O

In the situation described in the theorem we will write

y:/x%du(x).

A useful consequence of this result is the so-called gluing lemma.

Corollary 6.4 (Gluing Lemma). Suppose that X1, X2, X3 are complete.
Let Y15 € ,@(Xl XXQ) and Y13 € ,@(Xl XX3) be such that 7T3#212 = F#Elg.
Then there exists a probability measure = € I'(X; X Xo x X3) satisfying

1,2 — 13 = _
71'#.::212, W#H—Elg.

Proof. See [165, Lemma 7.6]. O

6.2 The setup

In this section we introduce the setup in which we will work throughout this
chapter:

e F is a real separable Banach space,
e H is a real separable Hilbert space,
e i:H — F is a continuous embedding.

We will write
Q :=1ii" € L(E"E).

Frequently we omit the embedding 7 and identify H with its image under 1.
For instance, we set

o [Pl w=ih ncH.
A7 oo, x € E\iH.

A special case of this framework is the Wiener space setting, which has
been studied in [59]. This setting is obtained when the operator @ is the
covariance operator of a Gaussian measure on FE. Here we do not make this
assumption.
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Lemma 6.5. The mapping x — |x|g is lower semicontinuous on E.

Proof. Let (z,)n>1 C E be asequence satisfying |z, —z|g — 0 and |z,|g — «
for some a > 0. We have to show that |z|g < a. Without loss of generality
we may assume that |z, |y < oo for every n > 1, hence z,, = ih,, for some
h, € H. Since H is reflexive there exists a subsequence, again denoted by
(hn)n>1, converging weakly to some h € H. For every z* € E* we have

(x,2*) = lim (zp,2") = Um [hy, i 2" g = [h, "2 g = (ih, z),

n—oo n—oo

which implies that = = ¢h. Since
|h‘?{ = lim [hn,h]H < lim |h,|g |h|H = Oé|h|H,

we infer that |z|g = |h|g < «. O

For 1 < p < oo and p,v € P(E) we consider the p-Wasserstein distance
defined by

W%HWW%=hﬁ{(LMEM—y%dﬂwwoLm:EGIWMW}€W0d

(6.1)
The collection of all X' € I'(u,v) for which the infimum in (6.1) is attained
will be denoted by I',(u, V). Elements of I',(u, v) are called optimal transport
plans. Clearly, I',(u,v) depends on p, but we will suppress this dependence
in the notation, since it will always be clear from the context which value of

p is under consideration. The next proposition shows that I',(u,v) is always
non-empty.

Proposition 6.6. Let 1 < p < co. For all p,v € P(E) we have I'y(p,v) # 2.

Proof. If W, g(u,v) = oo, then trivially p @ v € I(u, v).
If W, m(p,v) < oo, it follows from Lemma 6.5 combined with Lemma 6.2
that the function

& I'(p,v) — [0,00], Y- |z —y|¥, dX
EXE

is Isc with respect to weak convergence in Z(E x E). Since I'(p, v) is weakly
closed and tight, hence weakly compact, ¢ attains its minimum on I'(p, v). O

The following result is a special case of the Kantorovich duality theorem.

Theorem 6.7. Let 1 < p < oo. For p,v € P(E) we have the duality

tﬁﬂmm—m{éwmw@éwmww)
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where the supremum ranges over all pairs (1, ¢) € L' () x L*(v) satisfying

o(y) — () < |z —yly

for all x,y € E. The result remains true if we replace to L'(u) x L*(v) by
Cy(FE) x Cp(E).

Proof. See [166, Theorem 5.10]. O
For p € Z(FE) we set
Pyi1,0(E) i= {v € P(E) : Wy sa(,0) < o).
If p = 2 we simplify the notation and write
Wy = Ws g, Puu(E) = Po.uu(E).

If H = FE is finite dimensional, Wy defines a (finite) metric on the set
of Borel probability measures with finite second moment. In the infinite di-
mensional setting, as has been pointed out in [59], only considering measures
satisfying [ 2|3 du(x) < oo would be severely restrictive. Therefore we will
work on the full space Z(FE) and have to live with the fact that Wy “often”
attains the value infinity.

In the following proposition we show that (Z(E), W, i) is a complete
pseudo-metric space (in the sense that the distance may attain the value co)
for 1 <p < oo.

Proposition 6.8. Let 1 < p < co. The following assertions hold.

(i) If p,v € P(E) satisfy Wy u(p,v) =0, then p=v.
(i) Wa (p', 1) < Wa (', p?) + We (0, 4%) for all i € P(E), j = 1,2,3.
(i11) The space (P (E), W, i) is complete.

Proof. (i): Take ¥ € I'y(p,v). Since [y |z — y|PdX(z,y) = 0, we have
Y({(z,x) : x € A}) = 1, hence pu(4) = Y({(z,x) : € E}) = v(A) for any
Aec BE).

(ii): To avoid trivialities we assume that the right-hand side is finite. By
the gluing lemma (Corollary 6.4) there exists X € I'(u',u?, ) such that
71;;22 € I,(pt, p?) and wi?’E € I'y(u?, 13). Therefore

W (ph,p®) < |Im' = 7% Lo (2:m)
<|lwt = 7 e(sim) + 17 = 7| o ()

= Wa(p', 1?) + Wa(p?, 17),

(iii): We follow [4, Proposition 7.1.5] and suppose that (u™),>1 is a Cauchy
sequence with respect to Wp, ;. We may assume that
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(oo}
> Wk (u", u" ) < oc.
n=1

By the countable version of the gluing lemma [4, Lemma 5.3.4] there exists

X ¢ Z(EV) satisfying ﬂ';’"HE € I,(p™, unt1) for any n > 1. Therefore

oo oo
Z Hﬂ'n - 7TnleHL”(Z';H) = Z W, ,H(:u’nhunJrl) < 00,
n=1 n=1

from which we infer that (7™),,>1 is a Cauchy sequence in LP(X; H) converging
to a limit 7°°. Writing p> := 737 X" we obtain

W, g (p", p>°) < |7 — 7rOOHLP(E;H%

which converges to 0. O

6.3 Topological properties

In the next result we let W, g denote the Wasserstein distance defined by
replacing the norm of H by that of F in (6.1).

Lemma 6.9. Let 1 < p < oo and let (u™)n>1 be a sequence in P(E) which
is Cauchy with respect to Wy, g. Then (u™)n>1 1s tight.

Proof. See [166, Lemma 6.14] for a proof under the additional condition that
all measures have finite p'" moment. A close inspection of the proof shows
that the same argument works without this assumption. (Il

Proposition 6.10. Let 1 < p < co and suppose that p, u™ € P(FE) satisfy

Wy (1", 1) — 0.
Then u™ converges weakly to p.

Proof. We may assume that W, g(p™, 1) < oo for all n > 1. Consider an
arbitrary subsequence of (4™),,>1, which we denote again by (1™),>1. To prove
the result, it suffices to prove that this subsequence contains a subsequence
converging weakly to p.
Since
Wo,e(W", 1) < \lill e, ) Wp,u (1", 1),

Lemma 6.9 implies that there exists a subsequence (1% ),>1 converging weakly
to some i € Z(E). Take X, € I,(1™*, 1). The tightness of (¢™),>1 implies
that (X™),>1 is tight, hence there exists a subsequence X% converging
weakly to some ¥ € Z(E x E). We claim that ¥ € I'(fi, u). Indeed, for

[ e Cy(E),
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/ f@)dS(ey) = lm [ f@)dsm™ (,y)
ExE

l=oo JpxE

i [ f() dum (o) = /E f(@) di(x),

l—o0 EXE

which shows that 7}, 37 = fi. Similarly, 73,2 = . Lemma 6.2 implies that

WP (i t) < / e — yl% d(z,y)

ExE
<lim [ fo—yldEm(ey) = lim WP, (0, ) = 0,
l—oo JEXE l—o0o ’
hence i = p by Proposition 6.8. This completes the proof. O

Before we stating the next proposition, we introduce some notation which
will be used throughout Part II. Since F is separable, there exists a separating
sequence of functionals (y})r>1 C E*. Applying the Gram-Schmidt procedure
in H to the sequence (i*y})r>1 we obtain an orthonormal basis

(1" zp)k>1 (6.2)

of H which we will keep fixed from now on. We let P,, € L(H) denote the
corresponding orthogonal projections given by

Pohi=Y [hi*zj]piz;,  heH
k=1

Each of these operators is the part in H of a bounded operator on F, denoted
by the same symbol, and given by

n

P,z := Z(x,xZ>QzZ, zeE. (6.3)
k=1

The next result is an easy generalisation of a well-known result in the
theory of Wasserstein spaces (see, e.g., [165, Theorem 7.12]), where usually v
is taken to be a Dirac measure.

Proposition 6.11. Let u", p € P(E) satisfy Wg(u"™, p) — 0, and take v €
Puu(E). For every weakly convergent sequence X, € I',(u™,v) we have

lim lim |z1 — 1‘2@1 dX"(x1,x2) = 0.
M—ocon—o0 {lz1—z2|g>M}

Proof. We will denote the weak limit of (X™),>1 by X. To simplify notation,
set d(x1,2) = |v1 — 22|m and dys(w1,22) = |P|asj (21 — 22)|w A M. Since
X0 —= Y and dy € Cb(E X E),
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lim &, (21, 79) A5 = / &, (21, 32) A5, (6.4)
= JEXE ExE

It is clear that X' € I'(u, v). We claim that X' € I,(u, v). Indeed, using Lemma
6.2 we obtain

Wf{(u,u)g/ d*(x1,20)dY < lim d*(xq,29) dX"
ExXE n—oo JEXE
= lim Wg(u",v) = Wi(p,v).
n—oo

It follows that the first inequality above is actually an equality, which proves
the claim. Since Wy (u™, v) — Wy (u,v), we have

lim d*(zy,19) dX" = / d*(x1,12)dX. (6.5)
= JEXE EXE
Combining (6.4) and (6.5) we arrive at
lim d*(x1,20) — iy (21, 22) dE™ = / d*(x1,20) — day(z1,22) dX.
= JEXE EXE
The monotone convergence theorem implies that

lim lim d*(x1,12) — dip(21,29) dX™ = 0.
M — o0 n—00 EXE

Using the fact that for x1,zs € FE with d(xy,29) > 2M,

3
d* (w1, 2) — diyy (w1, w2) > d* (21, 2) — M? > id2($1’$2),
it follows that
lim lim d*(x1,20) dX" = 0,
M—00m=00 J1 (s, 4,)>2M}
which proves the result. O

In some results we will impose the following additional assumption:
(H) The embedding ¢ : H <— FE is compact.

This assumption is automatically fulfilled if ) = i* is the covariance of a
Gaussian measure. It allows us to prove the following compactness result.

Proposition 6.12. Assume (H). For each p € #(E) and R > 0 the set
Ba() = {v € P(E): Wa(p.v) < R}
18 weakly compact. In particular, the set

{ve Z(E): /E x| dv(z) < R*}

1s weakly compact.
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Proof. Let (vp)n>1 € Br(p) and let X, € I'h(p,vy,). Let € > 0 and choose
a compact set K C FE such that u(F \ K) < e. By assumption, the set
B,(0) :={x € E: |x|g <r} is compact for each r > 0. Since the Minkowski
sum of compact sets is again compact, the set K, := K + B,.(0) is compact
as well. We obtain

vn(E\ K,) = / 15\, () (2, y)

ExXE

:/ lK(I)lE\KT(y)dEn(:C’y)
EXE
+/ 1ok (2)1e\x, (y) d2n (@, y)
EXE
g/ lK(I)lE\K1v(y)|x;72y|Hd2"(x’y)+M(E\K)
ExXE

1
< T—QWIQ{(,u, Vp)+e

< 2,
whenever r is large enough. This shows the tightness of Zr(u). It follows that
X, is tight as well.

By passing to a subsequence we may assume Y, converges weakly to some
Y e I'(p,v). In view of Lemma 6.2 we obtain

W2 (u,v) < / & — g% d(z,y)

EXE
< lim @ = ylf dSn(,y) = Lim Wi(u,va) <R,
n—oo J ExXFE n— oo

which shows that v € Br(u). We conclude that B () is weakly compact.
The final assertion follows by observing that the set under consideration
can be written as Br(do). O

6.4 Convergence of the inner product

In this section we prove a technical result concerning the limit behaviour
of expressions of the form f Ex E[xl,xg] g dX, for some weakly convergent
sequence of measures (X}, ), >1. This is not straightforward, since the function
(x1,22) — [x1,x2] g is not lower semicontinuous on E X E.

In this expression, for x1,x2 € E we set [x1, 22|y := co whenever at least
one of the elements x1, s is not contained in H. In most occurrences below
this convention is actually irrelevant, as the inner product appears under an
integral with respect to a measure X € Z(FE x E) satisfying X (H x H) = 1.
First we need a lemma.
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Lemma 6.13. Let (py)n>1 € Z(E), let f,r :[0,00] — [0,00], and suppose
that limy_, oo 7(t) = 0. Then g(t) := r(t) f(t) satisfies

n>1 m—0o0 n>1

C = sup/ flzlg)dun <o = lim sup/ g(|z|g) dpn, = 0.
E {lzlg=m}
In particular, for every 0 < p’ < p,

sup/ |z dpy, < 00 = lim sup/ |x\€{/ dp, =0
E {lzlz=m}

n>1 Mm—0o0 p>1

Proof. Clearly,

[ el < ( sup r<|x|H>) [ el i,
{lz|p>m} |z|>m {|z|p>m}

from which we obtain

Sup/ 9(|z|g) dpn, < C sup r(t).
{lz|gr>m}

n>1 t>m

The first part of the result follows by passing to the limit m — oo.
The second part follows by taking f(¢) := ¢ and r(t) = tP ~P. O

A variant of the next result is proved in the Wiener space setting in [150,
Lemma 3.9]. See also [4, Lemma 5.2.4] for a Hilbert space version.

Proposition 6.14. Let X, X, € Z(E x E) and suppose that X, converges
weakly to X. If

lim l21|% dX, = / |z1]% dX < oo,
EXE EXE (6.6)
lim lim |x1|§-] dzn = Oa
R—o0 n—oo {|x1|H2R}
and
sup/ |z2|%; dX, < oo, (6.7)
n>1JE
then
lim [$1,$2]H ax, = / [.I‘l,JTQ]H d.
n—x JE«E EXE

Proof. We set
o= W#E, V= 7'('72#2, P i= W;%En, Vp 1= ﬂ'iﬂm

and divide the proof into three steps.
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Step 1: We show that the function g(x1,x2) := |z1|g|x2|g satisfies

lim lim gdX, =0. (6.8)

R—o00 n—oo {g>R}

Set C? := sup,,>; [i; |2|3; dvn < 0o by (6.7). For n > 1 we have

1/2
/gdzngc(/ |x|%,d2n> , Ac B(E xE),
A A

thus for R > 0 and m > 0 we obtain

/ gdzn:/ ngn-i-/ ngn
{9=>R} {9>R,|z1|g<m} {9>R,|z1|g>m}

S/ gd2n+/ gdx,
{le1|a<m,|zz|p>£} {92R,|z1|g>m}

1/2
<m |33|Hd1/n+C(/ |x|fqd,un) .
{lzlm=721 {|zr>m}

Taking first the limes superior for n — oo, and then the limit for R — oo, we
obtain using Lemma 6.13 and (6.7),

1/2
lim  Tm gd%, < C Tm (/ |x|§{dun> |
R—o0 n=00 Jig> R} =00 N Mzl a>m}

Passing to the limit m — oo and using (6.6) we obtain (6.8).
Step 2: For fixed m > 1 we define f,, € C(E x E) by fm(z1,22) =
[Pr21, Prmaa]m, and claim that

lim fmdE, = / fm dX.
n— JEXE ExXE

For each integer R > 0, take a continuous function ¢¥g : [0,00) — [0,1]
with ¥r([0, R]) = {1} and ¢¥r([R + 1,00)) = {0}. We define g,, € C(E) by
gm(T1,72) := |Prz1| g |Pmxa|pr and write

fm:fm'(wRogm)"_fm'(l_wRogm)' (69)

and analyse both terms separately.
Note that g is integrable with respect to X, since Lemma 6.2 and the
assumptions on p, and v, imply that

1/2 1/2

/ gdx < (/ |x1|§,dz> (/ |x2|%1d2)
ExE ExE ExE

1/2 1/2
([L1ora) ([ rear) (6.10)

E E
1/2 1/2

lim (/ xﬁ{dun) lim (/ |:E|%Idun> < 0.
n—oo E n—00 E

IN
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Since | f| < g we may use dominated convergence to obtain
lim fm - (VRO gm)dX = fmdX. (6.11)
R—oo JExE EXE
To estimate the second term, we use again that |f,,| < ¢ and find
lim |[fml - (1 =Yg ogm)dX, < lim gdx,.
n—=® JpyE e J{lg1> Ry

Passing to the limit R — oo and using (6.8), we obtain

lim lim |fm| - (1 =Yg ogm)dX, < lim lim gdX, =0.
R—ocon—oo Jp @ R— o0 n—oo {lg|>R}

(6.12)
Since fp, - (Yr 0 gm) € Cp(E x E) and X, — X, we find

lim fmdXy,

n—o0 JEXE

=G ([ peerogm)asit [ fur-vrogn) az, )

/ S (R0 gm)dE+ T [ for-(1— g o gm)dZ,.
ExE

(6.13)
Using (6.11) and (6.12) to pass to the limit R — oo we arrive at

T [ fmdZ. = / fun d.
N JEXE ExE
Similarly, replacing lim by lim in (6.13), we obtain

lim ﬂ%dZLL:(/‘ fm dX,
n—oo JEXE ExXE
which completes the proof of Step 2.

Step 3: We complete the proof.

Using the Cauchy-Schwarz inequality, orthogonality, and (6.7), we have

}»/EXE[(I_ Pm)z1, 22)g dXy,

1/2
< (/ (I =Pyl dZn) (/ EX dEn)
ExXE ExXE

1/2
< 0(/ 21|23 dX, — P13 d2n> .
ExE ExE

1/2

Using (6.6) and the continuity of = +— |P,,z|% combined with Lemma 6.2, we
arrive at
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m ‘/ [(I - Pm)xth]H dz’n
ExXE

1/2
<o [ toBaz= [ panfaz)
ExXE ExXE

Passing to the limit m — oo, and using the dominated convergence theorem,

lim Tm ‘/ (I = Po)1, 2] dS,| = 0.
EXE

m—0o00 N—00

Passing to the limit n — oo and then m — oo in the identity
/ [$1,$2}H dZ = / [PmLChPmI'Q]H dEn + / [(I— Pm)xl,xQ]H dEn,
EXE ExXE ExXE

we obtain using Step 2 and dominated convergence (which can be applied
since |f| < g and g is integrable with respect to X' by (6.10)),

lim [21,22]g d¥, = lim lim [Pmz1, Pmaalm dX,
n—oo ExE m—00 N— 00 EXE
= lim [mel, Pm.’EQ]H dX (614)

m—o0 JEXE

:/ [.Tl,xg]HdE.
EXE

Replacing lim by lim in (6.14) we obtain

lim [x17$2]Hd2n:/ (21, 22]p dX, (6.15)
n—oo JExE ExE

which completes the proof. O






Paths

In this chapter we study paths of probability measures on E which are abso-
lutely continuous with respect to the Wasserstein metric Wy . It will be shown
that a continuity equation can be associated with such paths. Furthermore
we introduce tangent spaces for measures p € Z(E) and velocity fields as-
sociated with smooth paths. These objects will play an important role in the
study of gradient flows in (Z(E), Wg).

7.1 Absolute continuity in metric spaces

We start by recalling some general facts concerning absolute continuity in
metric spaces. More information on this topic can be found in [4].

Let (X,d) be a complete metric space, let J C R be an interval, and let
1 < p < oo. We say that a function w : J — X belongs to ACP(J; X) if there
exists m € LP(J) such that, for any s,t € J with s < t,

d(u(s), u(t)) < / m(r) dr. (7.1)

If p =1 we simply write AC(J; X) and say that u is absolutely continuous.
We say that v : J — X is contained in ACT (J; X) if the restriction of u

loc

to each compact subinterval J' C J is contained in ACP(J; X).

Theorem 7.1. If u € AC(J; X), then the metric derivative
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for any s,t € J with s < t. Moreover, for any m satisfying (7.1) we have
[u'[(t) < m(t) a.e. on J.

Proof. See [4, Theorem 1.1.2]. O

The results summarised above will be applied to the Wasserstein space
(Z(E),Wg). The fact that Wy is a pseudo-distance attaining the value 400
will not cause problems, since we may apply the theory in each component

Puu(E) for pe Z(F).

7.2 Absolutely continuous paths of probability measures

We return to the setting described in Section 6.2:

e F is a real separable Banach space,
e [ is a real separable Hilbert space,
e i:H — FE is a continuous embedding.

Unless indicated otherwise, we will always endow Z(FE) with the pseudo-
metric Wy.

Let C be the vector space consisting of all real-valued functions on E which
can be written in the form

f(l’):<p(<',1'*1(>,...,<',$:,>), rek, (72)

for some n > 1 and ¢ € C2°(R™). Recall that the functionals («})r>1 appear-
ing in this expression have been defined in (6.2). For f € C of the form (7.2)
we define its gradient Vg f : E — H by

Vaflx):= Z@k(b((x,xf},...,<a:,x;';>)i*x};, x € E.
k=1

For o € Z(E) we consider the tangent space
Tf ={Vguf:feC}CL*uH),

where the closure is taken in L?(u; H). An explanation for this terminology
will be given by Theorem 7.4 below.

Let J C R be an interval. For a weakly continuous path (u;);>0 € Z(E)
we let M), denote the Borel measure on the product J x E whose disintegration
is given by

M, ::/utdt.
J

The following result shows that a continuity equation can be associated
with smooth paths of probability measures on E. The proof proceeds along
the lines of [4, Theorem 8.3.1] and [59, Theorem 2.3].



7.2 Absolutely continuous paths of probability measures 155

Theorem 7.2. Let J C R be an interval, and let (u;)ies € AC?(J; P(E)).
Then there exists a unique Z € L*(M,; H) such that Z; € T a.e. and

Opr + V- (Zype) =0
in the following sense: for all « € C°(J) and f € C,

| [ (@05@) + )T @), Ziaa) duay e =o. (73)

Moreover, for a.e. t € J we have

[,L'Zt(x)‘%d“t(x)dtﬁ/]IM’IQ(t)dt

where || denotes the metric derivative.

In this case we say that Z = (Z;)ec is the velocity field along the path
p=(pt)te-

Proof. Let V be the closure in L?(M,,; H) of the space
Vo= {(t,x) =Y i)V filz) i n>1,a; € C(I), fi € c}.
i=1

The idea of the proof is to show that the linear functional

¢ Zazeavaz Z// x) dpuy () dt

is well defined and bounded on V' with respect to the norm of L?(M,,; H). Once
this fact is established, we conclude from the Riesz representation theorem
that there exists a unique Z € V such that for any a € C(J) and f € C,

// 2) dpg() dt = 0(a ® Vi f)

// IV a f(2), Ze(x)] o dpe(2) dt,

which is the desired result. We will derive the boundedness of £ in three steps.
Step 1: For s,t € J, we take X% € I',(1us, i), and observe that for f € C,

| @)= [ @ dunte) = [ 1) = ) asi i)

— [ K@) - sl dZ ),
ExXE
(7.4)
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where
1
K= [ Vaf(1=tatmd.  wyek (7.5)

For any a € C2*(J) and 7 > 0 we obtain, after extending « by 0 outside J,

// t) — a(t —n)) f(z) du(z) dt
/ /f ) dpe(w /f ) dptgn(x ))d

= [ow( [ Kol ds ) ar

Step 2: We will prove that for ¢ € J, for ¢1,...,¢,, € R, and for
fi,---5 fm € C, we have

lim ‘Zc (x,y ’ dEHn(x y) < HZCJvaJ
=0 JExE

)

pe;H)

Jj=1

where K;(z,y) := fol Vufi(l—-tz+ty)dtforz,yc Eand j=1,...,m
Fix t € J and take a sequence n,, — 0 for which

/ )zcj ()|} 4z .y
EXE

converges (possibly to +00). Since (fiy, )n>1 is Wi-convergent, it is tight by
Lemma 6.9. This implies the tightness of (X;7""),>1, hence (up to a subse-

quence) this sequence has a weak limit & € I'(i, pt¢). Using Lemma 6.2 we
obtain

/ @ -yl dE@y) < lm [ o -yl dZHT (2, y)
ExXFE n—oo J ExXE

= lim W7 (e, tiesn,)

n—oo

=0.

It follows that E(D) =1, where D = {(z,z) € E x E : © € E}. Combined
with the fact that £ € I'(u, ) this implies that S = (I x I)gpe. Since
(XY converges weakly and |3 K |2 € Cy(E x E), we find

m

2
lim ‘chKj(x,y)‘ AT (2, y) /

n—oo
ExXE j=1 ExXE

= /E ‘ ;chj(w,x)‘idut(x)

‘ch i(x,y) ‘ df‘(m,y)



7.2 Absolutely continuous paths of probability measures 157

Step 3: We will show that ¢ is well defined, and that for any a; € C°(J)
and f; € C we have

ﬁ(iai ® VHfi) < H|Nl|||L2(J)H iai ®Vufi 7
i=1 i=1

Using the dominated convergence theorem, Step 1, and the Cauchy-
Schwarz inequality we obtain

‘//Z ) fi(x) dus(z dt‘
=l | //Zal — st = ) () da ()

= lim |~ // Ki(z,y),x —ylg dXT (2, y) dt‘
ExXE ;

nl0

1/2
<Ti ’ ; ‘ AX (2 y) dt (7.6)
_nlg)l//EXEZa T,y t(xy)>
1/2
/ / y|H d2t+’7(x,y)dt)
EXE
1/2
<lim ’ it ‘ AX (2, y) dt
_nw//ExEZ z,y t(y))

1/2
><lim // ylH d2t+"(x,y)dt) :
nl0 EXE

Since [, | >0 ai(6)K;(z, y)|% dE?"(m,y) is uniformly bounded for ¢t € J
and 7 > 0, we may apply Fatou’s Lemma and Step 2 to obtain

1/2
F . ’ A5 (2, y) dt
5?8//sza i(z,y ; (xy))

< (/Jlnl?ol/E - Zaz )| dﬂf*”(%y)dt)m
\ y (7.7)
= (/J | ;ai(t)vHﬁ L2 (i) “)

= H;Oq@VHfi v

For m as in (7.1), we have

1 [t
sup — WH(ut,an) < sup / m(s) ds < m*(t), a.e. on J,
n>0 oM Jt
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where m*(t) := sup, g ; ftHn |m(s)| ds denotes the one-sided Hardy-Little-
wood maximal function, which is contained in L?(J) by the maximal theorem
[71, Theorem 2.1.6]. Therefore we can use the dominated convergence theorem
and Theorem 7.1 to obtain

lim// o~ y|H dEH'"(x y) dt = lim ('ut;'uHU) dt
nl0 nl0 n
= [ lim w dt (7.8)
J nlo n?

- / 2 dt.
J

Combining (7.6), (7.7), and (7.8) we find that

‘/]/J‘Eéaé(t)fi(x)dﬂt(m)dt‘ <H§ai®v,,fi _

which implies that ¢ is well defined and

‘E( i o ® VHfi)
i=1

This completes the proof. ([

([ arar)™,
J

< H Z a; ®Vyf;
i—1

VH W| ||L2(J)~

It has been shown in [150, Theorem 2.7] that a converse to Theorem 7.2 can
be deduced from [4, Theorem 8.3.1]. The same argument works in our setting.
Since the proof involves a finite dimensional approximation argument, it is
natural to introduce

Pr(E):={pec PE): (Py)gp— pasn— oo}

We remark that in the situation where 7 is the reproducing kernel Hilbert
space of a Gaussian measure v € Z(F) and  C H as subsets of E, we have
u € Pr(E) for each p € P(E) which is absolutely continuous with respect
to v (see Proposition 10.8 below).

Theorem 7.3. Suppose that p := (i)ieg € Pr(E) is a weakly continuous
path satisfying the continuity equation

Oupie + Vi - (Zype) =0

in the sense of (7.3) for some Z € L*(u; H). Then p € AC?*(J; #(E)) and
| 1(t) <\ Zell 2y by for a.a. t € J.

Proof. See [150, Theorem 2.7]. O
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7.3 Linearisation of paths

In this section it will be shown that the velocity field obtained in Theorem
7.2 can be used to define a kind of linear approximation to a Wx-absolutely
continuous path of probability measures on F.

Loosely speaking, the next theorem asserts that the velocity field along a
smooth path can be obtained by taking a certain difference quotient of optimal
plans, and pass to the limit. The result will be useful in Chapter 9.

A slightly weaker version of this result has been proved in [150, Proposition
2.11], where the authors work in Wiener spaces and show weak convergence.
The Hilbertian version can be found in [4, Proposition 8.4.6].

Theorem 7.4. Assume (H). Let J C R be an interval, and consider a path
(pe)tes € AC?(J; P4(E)) with associated velocity field Z € L*(M,,; H). For
s,t € J, take Xt € [y(ps, pt). For a.a. t € J we have

1
(r! x E(ﬂ'2 - Wl))#2f+h — (Ig X Z¢) g in Wi w g -distance, as h — 0,

and

o1
Lim > W (uen, (I + hZe)gpe) = 0. (7.9)

Proof. We proceed in several steps.
Step 1: There exists a countable set D C C which is dense in C with respect
to the norm

1£11,00 = sup (If (@) + [V f(@)ln),
zck

and a nullset N C J such that

lim W (pee, pe+n)

h—0 7] = 111(t) < N Zell 2 (pugsiry < 00, (7.10)

and

;13%,11( /E f i - /E fdut) - /E Vot Zlmdp,  (711)

for any f € D and any t € J\ N.

In the proof we let h | 0. The argument for A T 0 is similar. Let f € C, a €
Cg°(J), and extend « by 0 outside J. By (7.3) and the dominated convergence
theorem we have
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/ [ a®Vn1(e). 2@l da(z) i

// x) dp(z) dt
~tim | / —h)f(fﬂ)dut(x)dt

~ lim ( [ @) - [ 1@ duinta )dt.

We would like to apply the dominated convergence theorem to the right hand
side. To find an integrable majorant function, we take K as in (7.5), set
Cy:=sup,cp |Vuf(z)|m, take m as in (7.1) and let

(7.12)

t+h
m*(t) := sup — ! / |m(s)|ds

h>0 N

denote the (one-sided) Hardy-Littlewood maximal function. Using (7.4) we
obtain

‘/f ) dyue(o /f ) djiesn(

= ‘/ [K(x7y)7$_y]HdE£+h
h ExXE

1 1/2 1/2
(L wasten) ([ - sbaser)
ExE ExE

W (pe, fee+n)
h

1 t+h
< Cfﬁ /t m(s)ds

< Cpm*(t).

<Cy

Since m*,« € L*(J), we may apply dominated convergence to the right hand
side of 7 (7.12) to obtain

/ / Vi (@), Zo(a)) i dae()
- [%ﬂ% ([ = [ o) o

Since a € C(J) is arbitrary, we find for each f € C a nullset Ny C J such
that (7.11) holds for any t € J \ Ny.

The validity of (7.10) for all ¢ € J ouside of a nullset N’ follows from
Theorem 7.3.
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It remains to construct D and N. Let F,, C C2°(R™) be countable and
dense in the separable Banach space C{(R™), and define D,, to be the set of
all functions f : E — R of the form

f($)=¢(<x,$i>,,<$,$,:>), ¢ € Fn.

Clearly, D := U,>1D,, is dense in C with respect to the || - ||1,00-norm. This
completes the proof of the first step with N := N’ U UfeD Ny.
From now on we keep t € J\ N fixed, and write

1
ny = (m!, E(ﬂz — ﬁl))#Zf"‘h, h > 0.

Step 2: The collection (nn)ne(o,s5) i tight for some § > 0.
First we observe that

1
[ W) =5 [ le-yldste)
ExXE ExXE (713)

1
= ﬁwzr(ﬂtaﬂwh)

Let € > 0 and take a compact set K C E such that u:(K) > 1 —e. Writing
Bgr(0) :={z € E: |z|g < R} and using (7.13) and (7.10), we obtain

mn((K x Br(0))%) < (K x E) 4+ nu(E x Br(0)°)

1
<e+ ﬁ/ lyl3; dn (2, y)
ExXE

1 2 t+h

Wir(ﬂt, Nt+h)

=&+ R2h2

< 2Zg,

whenever R is large enough. Now the claim follows, since we assumed (H).

Step 3: According to the previous step there exists ng € P(E x E) and a
sequence h, | 0 such that nn, converges weakly to no. Using disintegration
we may write ng = fE Moz dpe () with (Noz)ecr C P(FE). We put Yi(z) =
S5 vdnox(y) and claim that

/ Nl Yi— Zlwdm =0, feD.
E

Using (7.11) we find
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;(/Efdut+h/Efdut) =

/ F(y) - Fz) dZH (2, )
ExXE

S= =

/ f(@ + hy) — £ (@) din(z,y)
ExE

[E (T8 (@) i+ 0y (1) A .9,

(7.14)
where |wgy(h)| < $hCylyl? and Cf := sup,ep || D% f(2)| (- Using (7.10)
we obtain
lim Wy y(h)| dnn(z,y) < hm—/ Yl dnn(x,y
T [ el < =5 [yl d (e
— Cy 2 t+h
< lim —- — ax
— C
= I LW (e resn)
=0.
We will show by means of Proposition 6.14 that
iy [ (V@) dma) = [ [Vaf@)lndniey). (710

Indeed, since Vg f € L?(us; H) and w#nh = p; for every h € (0,9), we have
lim Tim IV f (@)% dnp, (. y)
M — 00 n—o00 {IVaf(a)|a>M}

= lim Vi f () |3 dpe(z) = 0
M—=00 J{1V 4 f() | >M}

and

[E V@) dm, = [E V0 ) 2 dpy = /

Ex

Vi f(@)|3 dino.
E
Moreover, using (7.13) we obtain, as in Step 1,

1
SUP/ lylir din,, (2, y) = sup 7z W (e, petn, ) < m*(1)? < oo
n>1JE n>1 Iy

Therefore (7.16) follows from Proposition 6.14.
Passing to the limit in (7.14) and taking (7.11) and (7.15) into account,
we obtain
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[ [9ut(@). 2 () = Ji [ (9 f@), il i
E - ExE
- /E (Vuf (@), sl dm(z.)
- / V£ (), Yilw) i dpn ().
ExE
Step 4: We claim that

no = (I X Zu)#bu-

Using Jensen’s inequality, Lemma 6.2, (7.10) and (7.13), we find

2
Y40y = [ | [ vimetw)
E E H
< /E 1ol e 0) o)
X

dpe(z)

. 717
< lim lyl3; dnn(z, y) (7.17)
h—0JEXE

1
= lim —

lm —WZ (1, fregn)
h—0 h2 A

A

= ||Zt||%2(pt;H)'

Since V(D) is dense in T;ﬁ and Z; € Tlff, Step 3 implies that fE[Zt,Yt —
Zi| g duy = 0. Combined with the previous estimate we conclude that Y; = Z;
Hi-a.e.

In particular, the first inequality in (7.17) is actually an equality, which
implies that for u-a.e. x € E,

‘/Eydn%(y) 1 - (/E [yl 0577096(11))2 = /E 1% dinow (y)-

These identities imply that there exist a unit vector y, € H, and ¢,, o, (y) > 0
such that for no,-a.a. y € E,

Y = (Y)Y and |y|g = cq,

which is absurd unless 7o, = dc,y,. Since Z(z) = Yi(x) = [,y dno.(y) we
conclude that ¢y, = Z;(z) for p-a.a x € E, hence ng = (Ig X Z;)xp. This
completes the proof of Step 4.

Step 5: We claim that

/ Ze@)[3 dpe(x) < lim | [Ze(), gl din (s )
E h—0JEXE
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Since Z; € L*(p; H) and wynn = py = wyno for any h € (0,6), we have
lim  lim |Zu(2)| % din, (2, y)
M — 00 n—00 {1Ze(x)| g > M}

= lim | Ze() |3 dpe () = 0
M=00 J{1Z,(2) | n>M}

and for every n > 1,

/ \Zu() 3y dip, () = / \Z ()2, dyu(a).
ExE E

Moreover, by (7.13),

1 .
swp [yl = sup W ) < (1) < o
he(0,8) JExE Re(0,5)

Therefore Proposition 6.14 implies that

im [ (Z(e),yln don, (2, 9) = / (Zu(2), 9t dno ().
n—=X JExE EXE

Since Step 4 implies that

/E 7). sl dm(e.y) = [E \Zu(2) 3 dse (),

the proof of Step 5 is complete.
Step 6: We have

.1 .
}llli% EWH(Mt+h’ (IE + th)#/Lt) =0 and }ILLII%) WHXH(nh, (IE X Zt)#,ut) =0.

To bound the first distance we estimate

1

ﬁWg(MHh?(IE +hZy) )

1
< ¥ / |z —yl} d(7? x (Ip + hZy) o) p DI (w, y)
ExE

1 2
=/ \E(y—x)—Zt(x)\HdE?h(w,y)
ExE
- / = Zu(@) % din (. ).
ExE

The second distance can be bounded by the same expression:
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Wit (i, (I X Z) pin) < / (21, 22) — (91, 92) o
E2x E?

d(Ipwp x (e x Z) o ') (. y)

165

=/ (1, 29) — (21, Ze(w1)) o gy din(r, )
ExE

— [ a2 Zuoa) iy dun(an, ).
EXE
Therefore both statements are proved once we have shown that

lim ly — Zy(2)[% dnn(z,y) = 0.
h—0 JpxE

Combining (7.10) and (7.13) we arrive at

im [ |yl dm(e,y) < / \Zu() 2 dp ().
h—0 JExE E

Using this and Step 5 we obtain

lim ly = Zi(2) |3 dnn
h=0 JpxE

—Tm [yl -2 / (Zu(2), g di + /IZt(x)I?qdut
E ExXE E

h—0 J g«
<0,

which completes the proof.
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Functionals

In this chapter we study functionals defined on the Wasserstein space. We
study various notions of convexity and introduce subdifferentials for func-
tionals, in the spirit of Hilbert space theory [18]. Following the approach of
[4, 150], we investigate the properties of subdifferentials, which will be useful
in the study of gradient flows in Chapter 9.

First we summarise some results for functionals on metric spaces from [4].

8.1 Functionals on metric spaces

Let (X, d) be a complete metric space. Let ¢ : X — R U {oo} be proper, i.e.,

D(¢) :={zr € X :¢(x) < x} #@.

and lower semicontinuous. For h > 0 and x € D(¢) we consider the function

B(h;): X~ BU{},  ym 6(y) + 5 (u,)

We consider the following additional assumptions:

(A1) (Coercivity) There exist £ € X, r > 0, and m € R such that ¢(x) > m
for every z € X with d(z,z) <.

(A2) (Generalised M-convexity) There exists A € R such that for every
y, 0,21 € D(¢) there exists a map u : [0,1] — X satisfying u(0) = =0,
u(1l) =z, and

D(h,y;u(t)) < (1 —1)@(h,y; x0) + tP(h, y; 71)
1

— 5(1 + ANt(1 = t)d*(zo, 1)

h
for every t € [0,1] and every h € I, := {t > 0: 14+ tA > 0}.
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Under these assumptions, it has been shown in [4, Theorem 4.1.2] that for
h € I, and x € D(¢), the function @(h,x;-) has a unique minimizer denoted
by JhZL’ .

The Moreau-Yosida approximation is defined by

1
on(w) = inf &(h,z;y) = 6(Jnw) + 5@ (nw,7),  weD(9

~

Definition 8.1. The local slope |0¢] : X — [0, 00] is defined by |0¢|(x) =0 if
x 1s isolated in D(¢), and otherwise

o @ -ew)”
99](z) := yﬂl,if?w) d(z,y)

Obviously, we have D(|0¢|) C D(¢). In the next two propositions we collect
some fundamental properties of J,, ¢n, and |0¢|.

Proposition 8.2. Let ¢ : X — R U {oo} be a proper lsc functional satisfying
(A1) and (A2).

(i) For h € I and x € D(¢) we have Jpz € D(|0¢|) and

106](Jnz) < ~d(Jnz, ). (8.1)

S =

(ii) x € D(¢) iff
d(Jpz,z) | 0 as h | 0. (8.2)

(iii) For z € D(¢) we have

¢(Jnz) T o(x)  ash]O. (8.3)
(iv) For x € D(¢) we have

on(x) 1 ¢(z)  ash |0 (8.4)
Proof. See [4, Lemmas 3.1.2 & 3.1.3] or [35, Proposition 4.1]. O

Proposition 8.3. Let ¢ : X — R U {oc} be a proper lsc functional satisfying
(A1) and (A2). For h € I and x € D(|0¢|) we have

8() < on(a) + 2 106P(2) (85)

and

061(2) = Jim [06](Jz) = Jim 28D
o b(@) — (a2 o) — O(Jna)\ 1/2
= lim, (2 h ) ( h ) :

Proof. See [4, Theorem 3.1.6] or [35, Proposition 4.3]. O

(8.6)

= lim
h—0
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8.2 Convexity along generalised geodesics

Optimal transport plans provide a natural way to interpolate between proba-
bility measures. It has been discovered by McCann [118] in a seminal paper
that various interesting functionals enjoy convexity properties along the inter-
polated paths given by optimal transport plans. This observation has many
consequences; in particular to functional inequalities, Ricci curvature lower
bounds, and gradient flows.

In [4] a more general type of interpolation between probability measures
has been considered, which allows for the application of the abstract theory
of gradient flows in metric spaces described in Section 8.1 to functionals on
the Wasserstein space.

The crucial notion is the following:

Definition 8.4. Let ug, p1,v € P(E). A generalised geodesic joining po and
p1 (with base v) is a path (p4)ie01] € P (E) of the form

Ly 1= (7Tt2—)3)#57 t €10,1],

for some = € I'(v, ug, 1) satisfying
7@’25 € I'y(v, po), W;E’SE € I'p(v, p1).
Definition 8.5. Let A € R. A proper functional ¢ : P(E) — RU{oo} is said
to be
(i) A\-convex if for any po,pu1 € D(¢) with Wy (po, 1) < oo, there exists
an optimal transport plan X € I,(uo,p1) such that py = (m}=2)p X
satisfies

Blm) < (L= (o) + t6(ur) = 5101~ OWh(uo,pm), £ € [0,1].

(#) A-convex along generalised geodesics if for any po,p1,v € D(¢) with
W (v, pi) < oo fori=0,1, there exists a generalised geodesic (jit)ieo,1]
joining po and py with base v, such that

A
6 (me) < (1= 6)d(po) + (1) — (1 = OWE (poy ), t€[0,1].
Both convexity notions are related by the following result:

Proposition 8.6. Let A € R and let ¢ : P (E) — RU{oc} be A\-conver along
generalised geodesics. Then ¢ is A-conves.

Proof. Take po, 1 € P(E) with Wy (1o, 1) < oo. Definition 8.5 applied to

v = po yields the existence of £ € I'(ug, po, 1) with 71';’2: € I',(po, o)

and W;f’E € I'y(po, p1). Since Lp(po, o) = {(Ig X Ig)upo}, it follows that

Z = 7;"%% for some ¥ € I,(po,p1). Since (n273) 45 = (1} 72) 4%, the

result follows. O
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The following result expresses a convexity property of the squared Wasser-
stein distance along generalised geodesics. In particular, it implies that func-
tionals which are A-convex along generalised geodesics satisfy (A2).

Proposition 8.7. Let i, po, p1 € P(E) satisfy W (u, pi) < oo, fori=0,1
and let X € P(E3) be such that 7771#’22 € Ly(p, po) and 7T71¢’3E € Lo, p)-
Set py = (m273) 2 2. Then

Wi (s 1) < (L= )W (s, po) + tWip (i 1) — (L = )W (o, 1)
Proof. We have

W2 (1, ) < / & — gl d(rt x 720 48
ExXFE

— [ 10-06-y) +ta - 2 dz

E3

:(1—t)/ |m—y\fqd2+t/ @ — 22, d5
E3 E3

~t1-0) [yl
E3
< (1= )WE (s o) + tWE (p, 1) — t(1 = )WE (po, 1)
0

The following result is proved in Hilbert spaces in [4, Lemma 7.2.1] and
the proof remains valid in our setting. For the convenience of the reader we
provide the details. The result will be useful in the proof of Theorem 8.11.

Lemma 8.8. (i) Let pg, 1 € P(E) with Wy (uo, 1) < oo and take X €

To(po, pi1). Then py := (1 724X satisfies

Wi (s, ) = |t — s|, s,t € [0,1].
(ii) Let (1¢)refo,) © P (E) be such that
W (s, i) = |t — s|Wa (o, 1) < 00

for every s,t € [0,1]. For each t € (0,1) there exists an optimal plan
X € I',(po, p11) and Borel maps s, s} : E — E such that

Lo(po, pe) = {(my 7" 2} = {(s{ x Ip)pp},  and
Lo ) = {(my ") 2} = {Ip x s1) g}
Proof. (i): Note that

W2 (jar ) < / & — g3 d(m} = x ml2) 8

ExXE

— s [ o= afy = = W o).
ExXE
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Since this inequality holds for every s, t € [0, 1], the triangle inequality implies
that the inequality above is in fact an equality, which gives the desired result.
(ii): Fix 0 < t < 1. It is convenient to regard po, u¢, 41 as measures on
distinct copies Ej, Eo, B3 of E. Take X° € I,(uo, pt¢) and X € Ty(pae, p1),
Using disintegration we find 12, € Z(E;) and vy, € P (Fs3) satisfying

30 ::/ o, dpe(22), X1 ::/ vy, dpe(x2).
E2 E2
Consider the probability measure = € Z(E; X E3 X E3) defined by
= ::/ Vo, @ vy, dpy(22).
E>

Since W;QQE € I'p(po, ne) and 71';;35 € Iy(ue, 1) we obtain

Wi (po, 1) < |t = 7°| 22 (=)
<7t =7 lleezmy + I7° = 7|l L2z
= Wa(po, ) + Wa (e, 1)
=Whn (Moa :ul)a
hence all inequalities are actually equalities. In particular, we find that X' :=

77;’35 € I',(po, p11), and there exists a > 0 such that 7! — 72 = a(7! — 73),
Z-a.e. Therefore

|7t — 72| 2z = W (pto, ) = tWe (o, 1)
t
=t|nt — 7|2z = EHW1 — 72| L2 (=),
hence a =t and 72 = (1 — t)7! + t73, Z-a.e., which implies that
1-2,2

X0 = 7('3425 = (' 72 and = WiSE = (m; J# X

This proves one part of the lemma.
To obtain the other part, we write

2(xy) = /E1 z1dv?, (1), 21 (x9) ::/ z3dvy, (23).

E3
3 1 w2 —tr® 3 w2 —(1—t)x! =
Since " = and 7° = ——=—""_ Z.a.e., we have
I—¢ t ) J
T9 — txs !EQ—].—t(El
O(wy) = 22 Ylae., 2(xy) = #, X0 ae.
1-—1¢ t

Therefore, we have Z-a.e.,

29 — (1 —1)2%(x2)
t

xo — t2t(x9)

3 xr1 = 5?(332) = 1_¢ )

r3 = s} (x9) 1=
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which implies that X! := (Ig x s})gpus and X0 = (59 x Ig)spp.

Note that s; depends (through 2°) on X°, but not on X'. This implies
that I, (pue, pt1) contains only one element. Since the same argument works for
I',(po, pe), the proof is complete. O

8.3 Subdifferentials of convex functionals

In this section we define subdifferentials of functionals and study some of
their properties under suitable convexity assumptions. First we introduce some
notation.

For p,v € Z(E) and X € P(E x E) with 7}, X = pu we define

I(X,v):={5¢cP2(E*: 7T71¢’25 =Y 5 e ()}

For1<p<oo,i=1,...,n,and 5 € Z(E"), we set

1/p
2= ([ laityaz)
En

For = € I'(pt, 2, 1) and 4, j € {1,2,3} we write

o 1/2
Wz(p', @) = </ |z — 2503 d5> .
E3

Following [4] and [59] we introduce the subdifferential associated with a
functional on the Wasserstein space. The definition strongly resembles the
corresponding definition for functionals on Hilbert spaces [18].

Definition 8.9. Let ¢ : Z(E) — RU {0} be proper and lsc. Let u € D(¢)
and ¥ € P(E x E) be such that 7'('?1#2 = and | Xz < o0.

(1) We say that X is contained in the subdifferential of ¢ at p, and write
X € 06(n), if

00) =00 > __nt [ fanas =l dZ + oW (u.0))

as W (p,v) — 0.
(2) We say that X is contained in the strong subdifferential of ¢ at u, and
write X € 0°¢(u), if for any = € I'(X,v),

() — Bu) > / (2, 23 — 1] dZ + o(W (1, )

E3

as Wz (u,v) — 0.
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Remark 8.10. Let us be more explicit and write for = € I'(X, v),

(%) := / [x2, 25 — 21|y dE.
E3
With this notation, the assertion X' € d¢(u) means that

Vv ePy,(E)IZ €l (X, v)I¥(E)eR:
v(Z)

o) —o(p) =2 I(Z) +¥(5) and WE(I,EIB)—»O We(uo) 0.
Similarly, & € 8°¢(11) means that
VvePu, (E)VZEel'(X,v)I¥(Z)eR:
o) — o) > I(5) + (5)  and NE)

lim ———
Wz (p)—0 Wz (p, v)
From this description it is clear that the following inclusion holds:

(1) C Ip(p).
We will use the notation
D(0¢) := {u € D(¢) : 9¢(n) # 2},
D(9°¢) := {n € D() : °d(n) # 2}

The next theorem provides a useful description of the subdifferential for
A-convex functionals. We refer to [4, Theorem 10.3.6] and [150, Theorem 3.8]
for the corresponding results in the Hilbert and Wiener space setting.

Theorem 8.11. Let ¢ : Z(E) — RU {0} be proper, lsc, and \-convex for
some A € R. Let p € D(¢) and let ¥ € P(E x E) satisfy 71'?1%2 = p and
| X220 < co. Then X' € d¢(n) if and only if for every v € Py, (E) there
exists = € I',(X,v) such that

— A
[ fmaa = i 4= + SWh ) + 6(0) < 0(0), (8.7)
B3
Proof. Clearly, (8.7) implies that X € 9¢(u).
Conversely, assume that X' € 0¢(u). Let v € D(¢) and let (u¢)iefo,1) €
P (FE) such that pg = u, p1 = v, and
Wi (ps, ) = [t — s|Wa (p,v),
A
o) < (1= 1)é(p) +to(v) — SH1 = Wi (p,v),

Since X € 9¢(u) there exists Z € I, (X, u) satistying
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o) — () > / (2, 25 — 2111 dBy + (Wi (1, )
B (8.8)
= t/EB[JUQ,xg —x1|g d=; + o(t),

1 2 7r3—(1—t)7r1)
t

- = : = 12,123 =
where = := (7! x 72 x 4=y, or equivalently = := (7" 7). 5.

1,35

We claim that =; € I',(X,v). Indeed, by Lemma 8.8 we have Ty S =
(m} ') 4T for some T € Iy(p,v). Therefore

D

73— (1 —t)m!

; )# t:WiT:V.

W;Et = (

[1

Since 7T?1$’2Et = ﬂ;fft = X, it follows that =} € I'(X,v). The optimality

follows from
2 = 1 2 5 1 2 2
s |z1 — 23]3 =t = 2 s |z1 — 23]3 =1 = ?WH(MMU/IE) = Wi (p,v).

This proves the claim.
Combining the A-convexity of ¢ with (8.8),

$(ue) — (p) + 51 = )W (1, v)
o) = o) > p =

_ A
> /3[$2, x3—21lgdZ +o(1) + 5(1 — W& (i, v).
E

Therefore, to complete the proof, it suffices to find = € I,(X,v) and a van-
ishing sequence t,, | 0 for which

lim [1‘2,1‘3 —J)1]H dEtn = / [1‘2,.133 _-Tl]H d=.
n—oo E3 E3

Since 77;;25,5 = Y and W%Et = v, the collection (Z¢)¢e(o,1) is tight. Let ¢, | 0
such that =, converges weakly to = € 2 (E?). Since Z; € I',(X, v) we clearly
have = € I'(¥, v). Moreover, by Lemma 6.2,

/ |21 — z3]3 dZ < lim
E3

. |21 — w3l dZ, = Wi, v),
n—oo

which implies that = € I, (X, v
Define A; := (72 x (73 — m1))4Z; and observe that A, — A = (72 x

(m% — 7)) = Since 7}, A; = 75, X, we have

_—

/ |z1)%, dA, :/ |z2)%, dX = |E|§72 < 0.
EXE EXE

Moreover,
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[ imliaai= [ el == o)
ExE E3

Since = € I,(¥,v) we also have

[ tmalrda= [ sy dE = W),
EXE E3
Therefore, we can apply Proposition 6.14 to obtain

lim (22,23 — x1]g d5;, = lim (21, x2]g dA;,
n—oo EB n—oo EXE

=/ [z1, 22| dA = [z2,x3 — x1|g A=,
ExE B3

which completes the proof. (Il

We proceed with a variation of [4, Lemma 10.1.2], which is based on an
argument first used by Otto. This result has also been useful in the inves-
tigation of invariance of closed convex sets under Wasserstein gradient flows
[104].

Proposition 8.12. Let ¢ : #(E) — RU{oo} be proper, lsc, and \-convex for
some A € R. Let i € D(¢) and v € D(¢), and let X, € Iy(Jhp, ) for some
h e I,. Take =) € F(g’h, v), and consider the rescaled plans

2 1 2 1

T =T =~ _
h )#Eh, S = (71'1 X

Then

() — D(Jnps) = / (w225 — 11] dSh — W2, (Jups,v).

or 2h
In particular,
Xy € 8S¢(Jhu).
Proof. The minimizing property of J,u combined with the identity %|a\§{ —
1%, = [a,a — blg — 3|a — b|% implies that
1

2
2% WH(V7 .u“)

= 1 =
|5L‘2 _xlﬁt[d:h — ﬁ/Ea ‘1'3 —xg‘%d:h

Hv) ~ 6(Ipe) 2 5 Wh (e ) -

1
2h | s

Ty — X1 = 1 9 =
= —w1]gdE, — — — 1|3 dE
/Eg[ 3 z1]g d=y, 57 /E'* lzs — z1 |5 A=)

- 1 -
Z/ [$27m3_$1}Hd:1h_ﬁ/ |z3 — 213 =)
B3 B3

- 1
= /E3 (22, 23 — 21]g A=) — %Wéh(Jhu,u).

The last statement is an immediate consequence. ([

>
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8.4 Regularity and interpolation of subdifferentials

The following result expresses a regularity property of A-convex functionals
(see also [4, Lemma 10.3.8] and [150, Theorem 3.11]).

Proposition 8.13. Let ¢ : #(E) — R U {oo} be proper, lsc, and \-convex
for some A € R. Let p € D(¢) and ¥ € P(E x E). If u, € D(0¢) and
X € 0d(pn) satisfy

hm WH(,u/na ,U/) = 07 En - 27 sup |En|2,2 < o,
n— o0 n>1

then p € D(0¢) and X € 0¢(u).

Proof. Let v € D(¢) be such that Wy (u,v) < co. We may assume that
We(pn,v) < oo for all n > 1. By Theorem 8.11 there exists =, € I,(X,, V)
such that

(V) — d(pn) > / (@2, 23 — x1]g d=, + %Wfl(um V). (8.9)

E3

Since ¢ is Isc, there exists a subsequence (g, )kx>1 for which

I o(pn, ) = lim ¢(pn) = ¢(p)-

n—oo

Since ptp,, — p by Proposition 6.10 and X, — X, the collection (=,)n>1

is tight. Let (=, )k>1 be a subsequence converging weakly to = € I'(X, v).
Note that = € I',(X,v), since Lemma 6.2 implies that

/ lz1 — x3|% dZ < lim |1 — 23|34 d=,,
E3 k—oo J E3

= m WIZ-I(:“"MV) = W}?{(/J,ll)

k—oo

Using (8.9) we obtain

o(v) = ¢(p) = m_ G(v) = G(pn,)

. = A 2
> kh—ilo . (22, x5 — x1]H dZ5, + §WH(IJ’7M€7V) (8.10)
] A
= lim [x1,562]H dAnk + *WI2{(N" V)v
k—oo JEXE 2

where A, := (72 x (7% —7')) 4 =, Note that A, — A:
Since my Ay, = 755, = 75X, we have

Il
5
[\v]

X
5

[
:],_.
g
[1]

sup [ oy dn, = sup| 5, < oc.
k>1JEXE k>1
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Moreover, since Wy (tin,,, ) — 0 and =, — =, Proposition 6.11 implies that

lim lim |z2|% dA,,

= lim lim lzg — 21|% d=,, = 0.
M —o00 k—oo {les—z1|a>M}

Combining this with the identity

k—o0

i [ ool ddn, = Jim Wh(une) = Whev) = [ Jaafiraa,
EXE k—oo EXE
we may apply Proposition 6.14 to obtain
lim [x1, 2] dA,, = / [x1, 2] g dA = [x2, k3 — x1] g dZ.
k—oo JExE EXE E3

It follows from (8.10) that

d(v) — ¢(p) > / (X2, x5 — 21]H A= + %WE(M,V),

E3
which together with Theorem 8.11 implies the desired result. O

In the next lemma, taken from [4, Proposition 7.3.1], we write E; to denote
identical copies of F.

Lemma 8.14. Lett € (0,1), and let =1, =" € P(E3) satisfy the compatibility
condition (m} %) 45 = 77;;25". Then there exists T € P(E*) such that

1,234 _ =l 1,234 _ =
Ty =5 (m, )T =E".

Proof. Set 5! := (m}327) 45t A measure T € P (E*) has the desired prop-

1,2,2%3,4)

erties if and only if 7" := (7, 41 satisfies

1,235 _ =1 1,345 _ —r
Ty T ==z, Ty r=z"
. i 1,321 1,2 =y
This can easily be arranged. Indeed, set Y := TytE =yt s and use

disintegration to write
5= / Hay .z A2 (21, T3), == Vg, zp A2 (21, x2),
FE1xFE3
for suitable piz, 4, € P(E2) and vy, 4, € P (Es3). Then
T = / Ky zs @ Vay zg dz(xla .133),
FE1XxFE3

has the required properties. ([
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It turns out that strong subdifferentials enjoy good interpolation proper-
ties. The next result is proved in Hilbert spaces in [4, Lemma 10.3.12].

Proposition 8.15 (Interpolation of strong subdifferentials). Let ¢ :
P(E) — R U {oo} be proper and Isc. Let u € D(0°¢) and take X2, X3 €
*p(pn). Let = € P(E3) satisfy W#ZE = 3?2 and ﬂjfE = 3. Fort € [0,1]
we have

S (7745 € ().

Proof. Let v € D(¢) and = € I'(Xy,v). By Lemma 8.14 there exists 1" €
P(E*) such that

=5, (nP7hur =25,

Observe that
1,2,4 1,3,4 2
m T e [(22%,v), 7 e I(5%,v).

Since X2, 33 € 0¢°(n),
(V) — ¢(p) > / (2, x4 — 1] AT + o (W (11, 1)),
E4

(V) — ¢(p) > /E4[3337JU4 —x1]g dY 4+ o(Wr (1, v)).

Taking weighted averages and using that

W%m,u):/ |x1—x4|%{cn‘=/ 1 — 23 A5, = W2, (),
FE4 E3

we obtain
60) = 0(0) = [ 101 )+ tas. s — ] dT + oW, (1.0)
> [ lonas = o dZ: + oW, (a.0),
which means that =, € 9°¢(u). O

8.5 Minimal selection

In this section we shall show that for proper lsc functionals which are \-
convex along generalised geodesics, the domain of the slope and the domain of
the subdifferential coincide. Moreover, we shall prove that the subdifferential
contains a unique element of minimal length if the subdifferential is non-
empty. This element will play a distinguished role in the theory of gradient
flows in Chapter 9.

In the proof of Theorem 8.17 we will use the following lemma which is
taken from [4].
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Lemma 8.16. Let X be a separable metric space, and let r, : X — X be
a sequence of Borel maps which converge uniformly on compact sets to a
continuous map r. If (un)n>1 C P(E) is tight and weakly converging to u €
P(E), then (ry)4in converges weakly to vy fi.

Proof. See [4, Lemma 5.2.1]. O

Theorem 8.17. Assume (H). Let ¢ : P(E) — R U {oo} be a proper lsc
functional satisfying (A1), which is A-convex along generalised geodesics for
some A € R. Then

D(|0¢]) = D(09),
and for any pn € D(|04]) we have
|00](1) = min{|X]22 : X' € 0d (1)}
The existence of a minimizer is part of the assertion.
Proof. Suppose first that p € D(0¢) and X € 9¢p(u). For every v € D(¢) we
can find = € I,(X, v) such that

b(k) - 9(v) < [E o1~ 23l 42+ o(Wir1,1)

1/2 1/2
<( / |xz|%d5) ( / m—xs%qu) oW )
E3 E3

= [Z122Wa (1, v) + o(Wa (1, v)),
from which we infer that p € D(]0¢|) and

— (o) — o))"
WH(ILI’I;)HOW S ‘2|2’2. (811)

This proves that D(|0¢|) D D(9¢) and

|00|(n) =

10¢|(1) < inf {|Z|22: X € 0g(n)}. (8.12)

Conversely, (8.6) implies that for u € D(]0¢]),
Wi (Inps ) o () — Sn(p)
() =1 A2 =21 : 1
|06 (1) lim W2 i - (8.13)
On the other hand, for X, € Ty (Jpp, ) and Xy, := (7t x ”2;”1 )#Sh, we have
1 W2 (I,
iBa= [ mlhasi= gy [ -l as, = Pt
ExXE ExXE
(8.14)

for each h € I. Moreover, Proposition 8.12 implies that X, € 9°¢(Jpu). Our
goal is to produce an element in d¢(u) by appealing to Proposition 8.13. We
observe that
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- WH(J}LLL, /J,) —0ash l 0 by (8.2).

— (X4, )n>1 is tight for some sequence h,, | 0. Indeed, to prove this, it
suffices to show the tightness of both marginals. Since w%&Z’h = Jpp and
W (Jnps ) — 0as h | 0 by (8.13), the tightness of (7}, X4, )n>1 follows
from Proposition 6.10. Using (8.13) and (8.14) we find

W2(J
sup |Ehn‘§,2 = sup/ m%{ d”izhn = sup 71{( h};"/i"u) < 00,
n>1 n>1JE n=>1 n

so that Proposition 6.12 implies that (Wiﬂhn)nzl is tight. By passing
to a subsequence we may assume that X} converges weakly to some
Y e PEXE).
Proposition 8.13 implies that y € D(9¢) and X € 9¢(u). This proves that
D(|0¢]) € D(9¢).
To prove the final assertion, we note that by Lemma 6.2 and (8.13),

lef(Jhn 1y M)

‘2@,2 < lim |Ehn|§,2 = lim 12 = |8¢|2(N)~
Combining this with (8.12) yields the desired result. O

Using the method devised in [4, Theorem 10.3.11] we show that the mini-
mizer obtained in Theorem 8.17 is unique.

Theorem 8.18. Assume (H). Let ¢ : P(E) — R U {oo} be a proper lsc
functional satisfying (A1), which is A-convex along generalised geodesics for
some X\ € R. Let u € D(0¢) and suppose that X% X3 € O¢(u) satisfy

12222 = | 2%]2,2 = [00](1).
Then X2 = 33,

In this situation, we will denote by 9°¢(u) the unique element in d¢(u) sat-
isfying
10°0 (1) |2,2 = |00 (),

which exists in view of Theorem 8.17

Proof. We proceed in several steps.
Step 1: We shall show that, for ¢ = 2,3, there exists a sequence h,, | 0
and strong subdifferentials 7} € 0°¢(Jy, 1) such that

Sho= X T e = | X2 = 08l ().

Suppose that X' € d¢(u) and | Xz 2 = |0¢|. For each h € I, there exists
Ep € IT,(X, Jpp) such that
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00) =00 = [ osves —wiln dEn -+ o(Wa (s ). (315)
E

We define =}, := (7! x 72 x ”1;7'3)#::;1 and claim that (Z},)ne(0,6) is tight for

some ¢ > 0. Indeed,

- - 1 = 1
[ 1ol zn = [ lealirdz = 5 [ o1 =l dEn = 5 Wh o).
E E3 E3

Since

1
m —

lim =W (1, Tupt) = 061 (1)

by (8.6), the tightness of (W%Eh)he(o’(;) for some ¢ > 0 follows from Proposi-
tion 6.12. Since 77;’25 = X, we conclude that (Z5,)ne(0,s) is tight.
Consider a sequence h], | 0 and let h,, | 0 be a subsequence such that =},

converges weakly to some limit point =. Lemma 6.2 implies that

/3|x3|%{d5§ lim
E

n—oo JE

fosfdZa, =100P (). (816)
On the other hand, since ’/T;:’QE =X,

| ol d= = 1513 = 100 ). (817)
Using (8.6) and (8.15) we arrive at

[06]% () = lim_ M

< lim 7/ [z2,x1 — x3]H d‘::hn +
E3 han

n—oo n

(8.18)
= lim [:L‘Q, Ig]H dEhn

The last step in this computation is justified by Proposition 6.14, which can
be applied since ﬂ;fEh = X, hence

lim lim 29|} =), = lim |29|3; dX =0,
=00 110 J{|zs|n >R} R=00 J{|za|n >R}

and, for § > 0 small enough,

N 1
sup / [ws[7r dZn = sup —z Wi (Jap, p) < oo,
he(0,6) J E3 he(0,9)
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Combining (8.16), (8.17) and (8.18), we arrive at

1 — -
5 [ laalh +laslh d= < (06 (0) < [ faa. el d,
E3 E3

from which we infer that =({x2 = x3}) = 1. Combined with the fact that

7,22 = X, we conclude that 5 = (r! x 72 x 7%) 4 %. This implies that

1,3 = 1,3 1,2~

Ty Eh, DM S =yt E =
On the other hand, an application of Lemma 8.16 with r,, := (7! — h,73) x 73
gives

X = ((71'1 — hp3) x 773)#5;1" — T E =

n

Since wiléhn € I'y(Jp, i, 1), Proposition 8.12 implies that

1 3 2 1

T — T =~ ™" =T = S
X, = (7r3 X — )#:hn = (wl X — )#(Wilzh") € 0°¢(Jp,, 1)

It follows from (8.6) that

lim , 23| dZh, = lim 5 Wi (Jn, p, 1) = |08]* (1),
E

which together with (8.17) yields that

Shulia = [ Lol S, = 151

hence X' has the desired properties. The proof of Step 1 is completed by first
applying this procedure to X := X2 and then to ¥ := 3.

Step 2: For i = 2,3, let (¥} ),>1 be as in Step 1, and take 1}, € Z(E?)
with w#iThn = X} . The tightness of (£}, ),>1 implies that (23, )n>1 is tight
as well. Passing to a subsequence we may assume that 13, — 7. We will show
that

L= (W}’/QQH?’)#T € 0p(p).

To show this, we define ¥, = (F},/22—>3)#Thn and check the conditions

from Proposition 8.13:

— Proposition 8.2(ii) asserts that Jp,, pu — p in Wy-distance.
— Proposition 8.15 implies that Xy, € 0°¢(Jy, ).
— Since 13, — 7, we have X),  — X.
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— Finally, for each » > 1 we have, using the triangle inequality in
L*(Yy,,; H) and the fact that 7Yy, = X} fori=2,3,

R N\ 1/2
| X, |22 = (/ 2| dEm)
ExXE

1 . 1/2
(/E3 |§$2 + 2$3|HdThn>
1 /2 4 1/2
([ e )+ 5( [ eatyan,)

E3 E3

5
1 2 1/2
(/‘ ma%dza) +(/) ma%dzi>

2 ExXFE 2 ExXFE

1

2

1
|27 22+ §|22”

IN

2,2

Taking Step 1 into account, we infer that sup, >, |2, 2.2 < o0.

Now we can apply Proposition 8.13 to conclude that p € D(9¢) and Ye

(k).
Step 3: We complete the proof. Using the fact that r= (ﬂi’éﬁs)#T and

the parallelogram identity in L?(Y; H), we obtain

~ 1 1
|E|§,2 = H§772 + §7TB||2L2(T;H)

1 1, . 1 ;

§||7T2||%2(T;H) + §||7T5H%2(T;H) - 1”72 - 773“%2(T;H)
1

= 100 (1) — 117 ~ 72

Theorem 8.17 enforces that 72 = 3 T-a.e., hence X2 = W;E’QT = W;QST =38,
O
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Gradient Flows

In this chapter we will consider gradient flows in the space & (F) endowed with
the Wasserstein metric Wy. Gradient flows can be defined in purely metric
terms, by means of an evolution variational inequality. Alternatively, using
the velocity fields and subdifferentials considered in the preceding chapters,
a more differential geometric formulation can be given in the Wasserstein
space. In this chapter we will show that both approaches are equivalent under
appropriate convexity conditions on the functional. Hilbert space and Wiener
space versions of such results can be found in [4] and [150] respectively.

First we collect some fundamental facts from the theory of gradient flows
in metric spaces developed in [4].

9.1 Metric properties

Let (X, d) be a complete metric space.
The following definition of a gradient flow is based on an evolution varia-
tional inequality.

Definition 9.1. Let ¢ : X — R U {oo} be a proper, lsc functional. A map
u € C(]0,00); X) N AC0c((0,00); X) is said to be a gradient flow for ¢ if there
exists A € R such that for any y € D(¢),

SO (u(0), ) + S (1), ) < 6(3) — H(u() (9.1

a.e. on (0,00).

The following result is one of the main results in the general theory of
gradient flows in metric spaces from [4]. This theory generalises the Hilbert
space results, which can be found in [18].

Let J C R be an open interval. For a function u : J — X and t € J we let
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d(u(t + h),u(t))
/ . 9
t) :=lim ——————=
A
denote the right metric derivative, provided this limit exists.

Theorem 9.2. Let ¢ : X — RU{oo} be a proper lsc functional satisfying the
assumptions (A1) and (A2) from Section 8.1. For each ug € D(¢) there exists
a unique gradient flow

u(+) := S()up € C([0,00); X) N AC)0¢((0, 00); X)

(in the sense of Definition 9.1 with X as in (A2)) satisfying w(0) = ug. More-
over, the following properties hold:

(i) (Exponential formula) For t > 0 we have
u(t) = Tim J7,uo.
(ii) (Regularising effect) For t > 0 we have u(t) € D(|0¢|) C D(¢) and
B(u(t) < B(0) + 5. (w,0), 7 €D(G),
00 (1)) <1062 (0) + P (uo, o), o € D(]).

(iii) (A-contractive semigroup) For s,t > 0 and ug € D
S(s+t)ug = S(s)S(t)uo, d(S(t)ug, S(t)uo
() If ug € D(¢) and t > 0 we have
—0 ¢(u(t)) = 09[*(u(t)) = [u), [*(t) = |0g](u(t)) [, |(1).
In the first term of (iv), 9; denotes the right derivative.
Proof. See [4, Theorems 2.4.15 & 4.0.4]. O

9.2 Differential properties

e Throughout this section we assume that (H) holds.

The very definition of a gradient flow (9.1) suggests that it might be useful
to calculate the derivative of the squared Wasserstein distance along absolutely
continuous paths:

Proposition 9.3. Let J C R be an interval, let (u)ies € AC?(J; P4(E))
with velocity field Z € L?*(M,; H) as defined in Theorem 7.2, and let v €
P, (E) for some s € J. For a.e. t € J and any X € I',(ps, v) we have

30Wuw) = [ (Za)a =yl (o),
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Proof. For any t € J for which (7.9) holds, we have

WE(I +hZ) gy, v) — Wi (e, v)
h b

W (11, v) = lim
and for any h € R we find
WE( +hZe) g, v) — Wi (e, v)

< [ ez - oP - e -y dS G
EXE
:/ 2h[Zt(x),x—y]H—l—hQ\Zt(:U)ﬁqu(x,y).
ExXE
Letting h | 0, we arrive at

S0WhG) < [ (Za)n = sl dZ(ey),

ExXE

The reverse inequality follows by passing to the limit A T 0. O

The next theorem gives a differential characterisation of gradient flows. In
its proof we need the following simple lemma.

Lemma 9.4. Let XY, Z be Polish spaces, let = € P (X XY X Z), let p €
BZ(QX), and suppose that there exists a Borel mapping r : X — Y satisfying
71;&’ = = (Ix x r)gp. For every Borel measurable f : X XY x Z — [0, 00] we
have

/ flz,y,2) dE:/ flz,r(z),2)d=.
XXYXZ

XXYXZ

Proof. By the Disintegration Theorem 6.3 there exists a family of Borel prob-
ability measures (vz,y)(2,y)exxy © Z(Z) such that

= :/ Va,y AT x X 1)z, y).
XxXY

In particular,

/ flz,y,2)d= = / /f(x,y7z) Ve y(2) dIx X T)pp(x,y)

XXYXZ XxXY Z

://f(a:,r(x),Z)d’)’x,r(;c)(z)d#(f%
X Z

while on the other hand we have
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[1]
I

f(x,r(x), 2)

XXYXZ

/ / x,r(z),2) dygy(2) d(Ix X 1) gpu(z,y)
z

// 2) e (2 (2) ().

This proves the result. O

The next result shows that the metric definition of a gradient flow is equiv-
alent to a differential inclusion. The second assertion should be interpreted as
a Wasserstein version of the differential inclusion

W (8) + 06(u(t)) 5 0,
which has been studied in Hilbert spaces in [18].

Theorem 9.5. Let ¢ : P(E) — R U {oo} be proper, lsc, and A-convex for
some A € R. Let (ut)i>0 € C([0,00); 24(E)) N ACE([0,00); 2¢(E)), and

loc

let Z € L} (M,;H) be its velocity field as in Theorem 7.2. The following
assertions are equivalent:

(1) (p)1>0 is a gradient flow for ¢ in the sense of Definition 9.1;
(2) For a.e. t > 0 the following differential inclusion holds:

(Ig X (=Z4)) g1t € 0 (p1t)-

Here, the space L2 (M,,; H) consists of all (equivalence classes of) Borel func-
tions Z : [0,00) x E — H satisfying [, [}, 1Z:(2)|3; dpe(x) dt < oo for all
compact subintervals J C [0, 00).

Proof. To show that (1) implies (2) we take v € P, (F). By Definition 9.1
and Proposition 9.3 we obtain for a.e. t > 0 and any X; € I, (4, v),

[ (2000 = sl dZ+ SWh(0) + 6m) < 600
ExE

Put 5; := (7! x(—Zor!)x7?) 2 Xy and note that =y € I',((IgX(—2Z¢)) g hit, V).
Since the integral appearing above equals

/ [z2, x3 — x1]m A=y,
E‘3

we obtain (2) by virtue of Theorem 8.11.
Conversely, it follows from (2) and Theorem 8.11 that for any v €
P, o (E) there exists =y € I,((Ig % (—Z4))4 4, v) such that

[ Joais ol 4=+ Wi G,0) + 0) < 000).
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By Lemma 9.4 the integral equals

/Ez Zu(21), 71 — 73] 1 A5

Since ﬂ;gBEt € I',(pt,v), the result follows from Proposition 9.3. O
The following result is a variation of (11.2.7) — (11.2.9) in [4, Theorem
11.2.1).

Theorem 9.6. Let ¢ : P (E) — RU{oo} be a proper, lsc functional satisfying
(A1), which is A-convez along generalised geodesics for some A € R. Let py €
D(¢), and let (p)e>0 be the corresponding gradient flow. For t,h > 0 there

exists Xy p € To(pit, fietn) such that for any t > 0,

1_ 12

o I 1 T IS
0 () = lim (" )#Et,h, 9.2)

where the convergence is understood with respect to Wi« . Moreover,

—0 p(pe) = Wy [P () = |06 (1) = |0°d(112) 13 - (9.3)

Proof. Let t > 0. The first two equalities in (9.3) follow from the general
metric theory of Theorem 9.2(iii), and the last identity has been proved in
Theorem 8.17.

Let us prove (9.2). From Theorem 8.17 and Theorem 9.2(ii) we know that
0p(pt) # . Set Xy := 0°¢(put). Since Xy € O¢(ut), for any h > 0 there exists
::t,h € (X4, pean) such that

Pueen) = o) 1
h ~h

/ (@2, 23 — 1)1 dét,h + oW (pe, ) ut+h))-
B3 h (9.4)
- o(W (pes pte+n)) .

= — d: _—
/E3 (2, z3]g A=y + h )

where =y, = (7! x 7% x ”1;”3)#§t)h. Since p; € D(]0¢|) by Theorem 9.2,
we have

Tm W (gt pe4n)

< |u'|(t .
i~ < (1) < oo

Therefore we obtain, as b | 0 in (9.4),

O ¢(ue) > lim < - /E3 (T2, 23] 1 dEt,h)-

h|l0O

On the other hand, since ﬂiEth = ﬂil’t for any h > 0, Theorem 9.2(iv)
implies that



190 9 Gradient Flows

=07 o) = 106 ) = |Zi3 o = [ foally dZun.
E
Applying Theorem 9.2(iv) once more,

W2 (e,
07 (yue) = |, [2(8) = lim VW pren)

hl0 h?
= lim % |z — z1|% d::t,h = lim 23| A= -
Rl0 h? [gs RO Jgs

Combining the latter three statements, we obtain

Tim \xrxg@,dzt,h:m/ 1ol dZ,
3 hl0 J g3

o (9.5)
- 2/ (2o, 23] g A= +/ lz3|2% d=;. < 0.
B3 E3
Set E‘uh = 7T3¢’3§t,h and note that E’th € I, (put, tt+n). Then
ol a2y
Wf{xH(Zm (7T1 o )#Et,h>
2 1,2,1 !l —mN o
< [ Manws) = ) (e x =) Z
E4 #
o252,
= T1,T z =
o 1,42 1, h HxH t,h
T — w32 =
= — d=
/E3 T2 A ’ t,h
= / |£C2 - xsﬁq dEt,hv
ES
and therefore (9.2) follows from (9.5). O

The next result shows, loosely speaking, that the velocity field along the
path of a gradient flow selects the element of minimal length in the subdiffer-
ential.

Corollary 9.7. Let ¢ : Z(E) — RU{oo} be a proper, lsc functional satisfying
(A1), which is \-convex along generalised geodesics for some X € R, and
assume that D(¢) C P¢(E). Let i € D(¢), let (p1)i>0 be the corresponding
gradient flow with o = p, and let Z € L (M,; H) be its velocity field. Then,
for a.e. t >0,

(e % (=Z¢))phte = O°P(jt)-

Proof. Since u; € D(¢) for any ¢ > 0 by Theorem 9.2, this follows immediately
by combining Theorem 7.4 and Theorem 9.6. t
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Entropy and Fokker-Planck Equations

In this chapter we study a class of entropy functionals on the Wasserstein space
(Z(E),Wg). Under suitable assumptions on the reproducing kernel Hilbert
space, it will be shown that Gaussian entropy functionals are displacement
convex in the sense of McCann [118] and Ambrosio, Gigli, and Savaré [4].

This result will be applied to relative entropy functionals associated with
invariant measures of linear stochastic differential equations in Banach spaces.
We will prove that the associated Wasserstein gradient flows satisfy a Fokker-
Planck equation corresponding to the SDE, thereby establishing a connection
between Parts I and II of this thesis. The underlying Hilbert space in the
definition of the Wasserstein metric is the reproducing kernel Hilbert space of
the noise term in the SDE.

10.1 Entropy functionals

For v € Z(FE) we consider the relative entropy functional (also known as
Kullback-Leibler divergence)

H, : P(E) — [0,00], H, (1) ::{prlogpdV; w L, = pv

0, otherwise.

The asserted nonnegativity of H, (1) follows from the observation that 1 —¢+
tlogt > 0 for t > 0, together with the identity

/plogpduz/l—p+plogpdy.
E E

We will use some continuity and contractivity properties of relative entropy
functionals, which have been proved in a Hilbert space setting in [4, Lemma
9.4.3] and [4, Lemma 9.4.5]. The proofs remains valid in our setting (see also
[166, Theorem 29.20] for related results).
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Lemma 10.1. Let (u"),>1 and (V™")p,>1 be sequences in P (E) converging
weakly to p,v € P(E) respectively. Then

Hy(p) < lm Hyn (7).

n—oo

Lemma 10.2. Let 7 : E — E be a Borel map. For all p,v € P(E) we have

Hor o (mgept) < Hu(p). (10.1)

10.2 Displacement convexity of Gaussian entropy

In this section we assume that

e v is a Gaussian measure on E. Let S be its reproducing kernel Hilbert
space, let ¢ : S — FE be the canonical embedding, and set 2 := w.*.

In some parts of this section we will impose the following additional assump-
tion:

(B) There exists 3 > 0 such that (2z* z*) < g%(Qx*,z*) for any z* € E*.

It is not difficult to prove that Assumption (B) holds if and only if the following
equivalent conditions are satisfied:

— The mapping
U:ita™ — 2", x* € E*, (10.2)

is well-defined and extends uniquely to a bounded linear operator U €&
L(H, ) of norm < f3;

— As subsets of E, we have the inclusion ¢ C iH, together with the norm
estimate

\hlgr < Blhlwe,  he . (10.3)

In this situation, the operator j := U* € £ (4, H) is the inclusion mapping,.
This assumption guarantees that the following version of Talagrand’s in-
equality [161] holds.

Proposition 10.3. Assume (B). Then D(Hy) € Pu~(E), and for all p €
D(H.,) we have

L
232
where 3 > 0 has been defined in (B).

Wi (1, 7) < Hy (),
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Proof. Tt follows from (10.3) that Wy (o, p1) < BWae (1o, p1) for all pg, uy €
Z(E). Combining this inequality with Talagrand’s inequality [161] in abstract
Wiener spaces (see [62, Theorem 3.1], [54, Section 5], or [66, Théoreme 5.8.7]):

1
SWorlw) SHy(w),  we 2(E),
we obtain the result. 0

The goal of this section is to prove that, under Assumption (B), Gaussian
entropy functionals are S~ 2-convex along generalised geodesics. The proof
proceeds along the lines of [150], where the case H = ¢ has been considered.

Theorem 10.4. Assume (B) and let o,p; € D(H,) for i = 0,1. Let = €
P(E3) be such that 77;2: € I'y(o, o) and W;LS: € I'y(o, p1). Forallt € [0,1]
we have

P () < (1= 1M, 10) + 174, (12) = 5001 = W o pa), (10.)

where py == (1773) 4=, and 8 > 0 has been defined in (B).

The proof of this result relies on a finite dimensional approximation pro-
cedure.

A finite dimensional result

First we will state the finite dimensional displacement convexity result which
will be used in the approximation argument.

In this subsection we will work in £ = R" endowed with the Euclidean
metric | - |. We consider 0 € Z(R") of the form o = Z le=V.#", where
Z = [gne”V dZL™ is a normalising constant, and V € C?*(R™) is K-convex
for some K >0, i.e.,

V((1—t)a+ty) < (1— )V (x) +V(y) - %Kt(l ) — yf2a

for every x,y € R™ and t € [0, 1], or equivalently, D>V (x) > K in the ordering
of positive matrices for every x € R".

The following displacement convexity result for the relative entropy func-
tional H, is well known (see, e.g., [166, Theorem 17.15] for the case of con-
vexity along an optimal plan, and [4, Theorem 9.4.11] for a version with gen-
eralised geodesics and K = 0). We use the notation I'*" to denote optimal
plans with respect to the Wasserstein distance Wgk» induced by the Euclidean
metric on R™.

Lemma 10.5. Take o, po, 1 € D(Hy) and E € P (R3) such that 71'# ElS
T (o, uo) and 7r# 5 € I'* (0, 11), and set p; = (71'?*3) Z fort € [0,1].

Then

Ho (1) < (1= 8)Ho(po) + tHo (1) — %Kt(l — )Wgn (po, 1), ¢ €[0,1].
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Cylindrical approximation

We continue with finite dimensional approximation of probability measures.
Recall that the collection C and the functionals (z}),>1 and (y;;),>1 have
been introduced in Section 6.3.

Lemma 10.6. The set C is dense in LP(v) for all 1 < p < oco.

Proof. We claim that the linear subspace S spanned by (¢*z7}),>1 is dense in
€. Indeed, it suffices to show that this subspace is weak*-dense, i.e., sepa-
rating. Suppose that [h,t*2%]» = 0 for some h € # and all n > 1. Then
(th, z}) = 0, which implies that h = 0, since the subspace spanned by (¥ )n>1
(which equals the subspace spanned by (27 ),>1) was chosen to be weak*-dense
in E*.

Consequently, for each z* € E* we can find a sequence of functionals
(t*2%)n>1 C S such that ¢*z} — (*2* in . By Proposition 1.12 and Theorem
1.18 this implies that (-, z%) — (-, 2*) in LP(y) for any 1 < p < oo. Using
this fact and an easy truncation argument, we obtain that, for any Hermite
polynomial H,,, with m > 0, the function H,,({-, z*)) can be approximated in
LP(v) with elements from C. The result follows from this observation, since
the functions of the form H,,((,2*)) span a dense subspace of L?(vy) by (1.2)
and Theorem 1.18. O

The following easy lemma will be used in the proof of Proposition 10.8
below.

Lemma 10.7. Let (fin)n>1 C P(E) be tight and suppose that the Fourier
transform (fin(z*))n>1 converges for each x* € E*. Then (fin)n>1 converges
weakly.

Proof. See [130, Lemma 2.18]. O

Proposition 10.8. Assume (B). For all p € P(E) satisfying pu < v we have
(Pn)gp — p as n — oo.

Proof. We proceed in several steps.

Step 1: We prove the result for p = .

The Fourier transforms of v, := (P,,)#7 and v are given for * € E* by
<PnQPfLa:*,x*>>,

ey 1
fyn(x)—exp( 5
1

F(x*) = exp ( ~5 (D", 1:*>)

In view of the identity Piz* = >, _,(Qz}, z*)x} and (10.3), we obtain
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n

(PR2Prx* z*) = <,@ Z(Qaﬁ;, x*)ay, Z<Q$Z, $*>$Z>
j=1

k=1
n 2
= | St e keat |, = 0P
k=1
< U [l 2" 1% = 52 (Qa*, z*),
where 8 > 0 has been defined in (B). Since @ is the covariance of a Gaussian
measure on F, this estimate implies that the sequence (v,)n>1 is tight by

covariance domination (Proposition 1.5). Using the boundedness of U once
more, for each x* € E* we obtain, as n — o0,

(Pr2Pla*,a*) = |UPni*a" |3 — |Uia" |50 = [|le" 2" |5 = (227, 2%),

hence 7, (z*) — F(z*). Therefore Lemma 10.7 yields the desired conclusion.
Step 2: The result holds for = pvy, where p € C.
Indeed, since p o P,, = p for n large enough, we obtain for any ¢ € C},(E),

lim Ewd(Pn)#(p7)= lim [ (poP,)-pdy

n—oo n—oo E

= E(an)-(p—popn)dwr/E(w-p)oPndv

= lim @pdvnszdm
E E

n—oo

where we used Step 1 and the fact that pp € C,(E).

Step 3: We prove the result for u = py, where p € L'(v) is an arbitrary
probability density on E.

For this purpose, let € > 0 and take, using Lemma 10.6, p € C such that
lp—pllLi(y) <e. For ¢ € Cy(E) and n large enough we obtain from Step 2,

‘/E(@oPn).pdvf/Ewpdv‘S‘/E(woPn).(p,ﬁ)dvl

+‘/ (<poPn—so)ﬁd’y‘+’/s0(ﬁfp)d7’
E E
<ellelloo + € + ellPlloos

which gives the result. [

Proof of the convexity of the Gaussian entropy



196 10 Entropy and Fokker-Planck Equations

Proof (of Theorem 10.4). Let us first remark that Wy (o, ;) < oo fori =0,1,
as a consequence of Talagrand’s inequality (Proposition 10.3) and the triangle
inequality.

Put o™ := (Ppn)xo and ul' := (P,)xp;. Proposition 10.8 implies that
0" — o and pi — p;. We claim that WH(,ug, i) < We(po, p1). Indeed, for
Y € I,(po, p1) and £ := (P, x P )#E we have

W) < [ fo-uiydSn = [ Pao - ylhdS

ExE ExE (10'5)

< / & — 43, dE = W (o, ).
ExE

By the same argument we obtain that Wy (o™, u?) < Wy (o, u;) for i = 0, 1.
Take =™ € Z(E3?) satisfying

;f SN N CANTIOR ;3 =" e Lo(o™, putt).

Since the collections (¢™),>1 and (4] )n>1 for ¢ = 0, 1, are tight by Prokhorov’s
Theorem 6.1, the collection (=™),>1 is tight as well. By passing to a subse-
quence we may assume that =" converges weakly to = € I'(o, po, pt1). Using
Lemma 6.2 we obtain

WI%I(U’:U’O) < / ‘l‘—yﬁ{dE(.’B,y’Z’)
E? (10.6)
< lm [ oyl dE @y, ) = lim W™, ).

n—oo J 3 n— 00

Since we already obtained the inequality Wy (o™, u?*) < Wy(o, ;) for all

n > 1, we infer that equality must hold in (10.6). In particular this implies

that 7771#’25 € I',(o, o), and by the same argument, 773435 € Loy ).

Note that 4" := Py is a Gaussian measure on F, which is supported on
the finite dimensional Hilbertian subspace

H™ .= lin(i*zy)1<k<n-

We use the orthogonal basis (i*z})1<r<n to identify H™ with R”, and re-

mark that under this identification the covariance operator P" 2P™* of 4"

represented by the matrix R" = ((Zx},2]))} ;- For ai1,...,a, € R we set
= > p_; axx}. Using (B) we obtain

n
E (2xf, 2] )ara; = (Da™, z™)
k=1

§52<Q$*7$*> :52 Z <ka7xl ara) = 5 Zaka
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which shows that R” < 32 in the ordering of positive matrices. Note that
the measure 7, has a density with respect to Lebesgue measure of the form
Z~te=V where Z > 0 and V(¢) := %[(R”)*lf,f]. For 0 <t < 1, put

n (Wt2—>3) —=-n

My = #= -

Since D2V (€) = (R™)~! > 372, it follows from Lemma 10.5 that

1 n n
Tﬁzt(l - t)szi(m (1o 17)

suf@nmm+wuwof§;mfﬂW%w&w»

Hon (') < (L= 8)Hyn (pg) + tHan (11) —
(10.7)

Since pf converges weakly to i := (77 73) 2= as n — oo, Lemma 10.1 implies

that ., (p:) < lim Hn (17'). Therefore, in order to prove (10.4), it suffices

—n—00

to prove that
Jim W (g, ) = Wi (o, 1) (10.8)

For this purpose, take T™ € I'H(ug,ut). The tightness of (u3)n>1 and
(4} )n>1 implies that (77™),>1 is tight. Passing to a subsequence we may as-
sume that 7™ converges weakly to some 1" € I'(ug, pt1). Applying Lemma 6.2
we arrive at

wﬁmmmjs/’ & — yl2 dT(z, )
BB (10.9)

< lim [z =y} dY" (z,y) = lim W (ug,n),

n—oo J ExXFE n—00

and combining this with (10.5), we obtain (10.8). This completes the proof of
(10.4). O

10.3 Entropy gradient flows and Fokker-Planck equations

In this section we establish a connection between Parts I and II of this thesis by
applying the theory developed in the current chapter to the study of Fokker-
Planck equations associated with a class of infinite dimensional stochastic
processes.

We will follow the line of argumentation from the paper by Fang, Shao,
and Sturm [59], who adapted the approach of Jordan, Kinderlehrer, and Otto
[85] to the Wiener space setting.

We consider the following setup:

e —A is the generator of a Cy-semigroup (S(t));>0 of bounded linear oper-
ators on a separable Banach space F.
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e As before, H is a separable Hilbert space, i : H — FE is a continuous
embedding, and Q :=ii* € L(E*, E).

Furthermore, we will assume in the sequel that the functionals (z}),>1 ap-
pearing in the definition of C in Section 6.2 are contained in D(.A*). This can
be assumed without loss of generality, since D(A*) is weak*-dense in E*.

We consider the following assumptions:

(C1) For each t > 0, the operator Q; € L(E*, E) defined by

t
Q: ::/0 S(5)QS*(s)x* ds, x* e B*,

is the covariance of a Gaussian measure p; on E. Moreover, Qo :=
lim;_. o, @ exists in the weak operator topology, and @, is the covari-
ance of a Gaussian measure p, on E, whose reproducing kernel Hilbert
space (see Section 1.2) will be denoted by Hy

Assumption (C1) has already been imposed in Section 2.1 of Part I. It allows
the construction of the associated Ornstein-Uhlenbeck semigroup P, which is
defined for t > 0 and f € Cy(E) by

(P( /f r+y)du(y), c€E.

The measure jio, is an invariant measure for P in the sense that for all ¢ > 0,

/P(t)fduoozf fdus, [ €Cu(E).
E E

Furthermore, the semigroup P extends to a Cy-semigroup of positive contrac-
tions on LP(peo) for 1 < p < co. The generator is denoted by —L and admits
the expression

L) = —5 S (@oh ) dep(o,ai), . . 3)

k,e=1

. (10.10)
+ Z (e, A2 ) O ((z, 27), . ..z, 2))), zxeE,
k=1

for functions f € C of the form (7.2) (see also (4.2)). We refer to Chapter 2
for more information on Ornstein-Uhlenbeck semigroups.

(C2) For t € [0,00) we have QS*(t) = S(¢)Q.

In Proposition 2.18 various characterisations of this assumption have been
stated. In particular, it has been shown that this assumption is equivalent to
the selfadjointness of the Ornstein-Uhlenbeck semigroup P.
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(C3) There exists a constant 8 > 0 such that
(Qooz™, x*) < f*(Qx*, ), x* e kR,

It has already been discussed in Section 10.2 that Assumption (C3) is equi-
valent to the existence of a bounded operator U € L(H, Hs) of norm <
satisfying U (i*z*) = i a* for every z* € E*. This condition holds if and only
if Hy, € H and

\hlu < Blhlu.,  heH, (10.11)

in which case the operator j := U* is the inclusion mapping from H, into H.

The next result, taken from [33, Theorem 4.2] and [70, Lemma 5.2], pro-
vides equivalent conditions in terms of decay rates for various semigroups.
Recall from Chapter 2 that the semigroups S, and Sy denote the restric-
tions of the drift semigroup S to the Hilbert spaces H,, and H respectively.

Proposition 10.9. Assume (C1) and (C2). The following conditions are

equivalent for B > 0:

(1) Assumption (C3) holds;

(2) [Soc )l (1) < exp(—552) fort > 0;

(3) ISu ()l ey < exp(—g5z) fort > 0;

) PO fllrz(ue) < exp(—g5) 1 fl22ue) for t > 0 and all f € L?(poo)
satisfying fE fdus = 0.

Further equivalent conditions can be given in terms of a logarithmic Sobolev
inequality for the generator —L and a hypercontractivity estimate for the
semigroup P. We refer to [33] for the details.

e From now on we assume that (C1) — (C3) are satisfied.

As an application of the theory developed in the first part of this chapter
we obtain the following result.

Theorem 10.10. The relative entropy functional H,_ is (372)-convex along
generalised geodesics in (P (E), Wg). More precisely, let o,v; € D(H,_) for
i = 0,1. For each £ € P(E3) satisfying 7771425 € I,(o,19) and 77;&’35 €
I'y(o,v1), and for any t € [0,1] we have

iy () < (1= )My (v0) + tHy (1) — 55t = W (v0,1), (10.12)

1y
232
where vy := (1273) 4=, and B > 0 has been defined in (C3).

Proof. This follows immediately from Theorem 10.4 and (C3). O
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Combining this result with the abstract theory developed in [4] we obtain
the existence of a gradient flow on &?(E) associated with the functional H,,
and the (pseudo)-metric Wyy.

Theorem 10.11. Let 0 € D(H,,, ). There exists a unique gradient flow u €
C([0,00); Z(E)) N ACioc((0,00); P(E)) associated with the functional H,,
and satisfying u(0) = o. Moreover, for any o¢,01 € D(H,,_) we have

W (uo(t),u1(t)) < e /Wy (oo, 00), >0, (10.13)
where ug and uy are the gradient flows starting from oy and o1 respectively.

More explicitly, in view of Definition 9.1, this result asserts that there
exists a unique function u € C([0,00); Z(E))NAC10c((0, 00); Z(E)) satisfying
u(0) = o and, for any v € D(H,,_), the evolution variational inequality

%&Wfl(u(t), V) + == Wh(u(t),v) < H, (V) — Hu (u(t)) (10.14)

1
232
a.e. on (0, 00).

Proof. This is a consequence of Proposition 8.7, Theorem 9.2, and Theorem
10.10. (]

Let us introduce some notation. We will denote by
S 2 D(0m) C L*(proo; H) — L (ioo)
the adjoint of the gradient V. Similarly, we let
St D(01.) € L (ftooi Hoo) — L (1)
be the adjoint of the gradient Vg _ .

Remark 10.12. The simplest operator L contained in the framework of this
section is the classical Ornstein-Uhlenbeck operator (also known as the num-
ber operator). To obtain this operator we let @) be the covariance of a Gaus-
sian measure pg on E, and set S(t) := e~ I for ¢ > 0. In this case we have
Qoo = 3@, and the conditions (C1) — (C3) are trivially fulfilled with 8 = %

The Ornstein-Uhlenbeck operator L can be written as
1
L= 5HoovHoo = §6HVH

Theorem 10.10 and Theorem 10.11 imply that H,__ is 2-convex along gen-
eralised geodesics, and W (ug(t), u1(t)) < e 2Wg(09,01), for t > 0, where
up, uy : [0,00) — P(F) are the gradient flows starting from o and oy respec-
tively.
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Since |h|lg = %|h| H,, for any h € H, it follows that the same func-
tional H,,__ is 1-convex with respect to the different Wasserstein metric Wg__,
which corresponds to the result proved in [59]. Accordingly, it follows that
Wi (to(t),u1(t)) < e Wy (09,01) for the associated gradient flow with
respect to the metric Wy .

The difference between the rates of exponential decay is due to the fact
that @;(2t) = w;(t) for ¢ > 0, which can be seen from the exponential formulae
(Theorem 9.2(i)).

In the remainder of this section we will show that the gradient flow asso-
ciated with the functional H,_ and the metric Wy satisfies a Fokker-Planck
equation associated with the operator L. The proof proceeds along the lines
of [59, 85] with some modifications.

We will use the following result of Cruzeiro [42] on the existence of flows
associated with Malliavin differentiable vector fields on Wiener spaces. Gen-
eralisations have been recently proved in [3, 58]. We formulate the result in
the Wiener space (E, Hoo, fioo). The spaces W;}i (too) and W}fli (too; Hoo)
appearing below are the Gaussian Sobolev spaces for the Malliavin derivative,
which correspond to the spaces considered in Section 11.4 in the special case
where it = oo, H = Hoo, and V = Iy __.

Proposition 10.13. Let Y € (), Wfli (Hoo; Hso) be such that

exp (e0lY]a.), exp (kol|Va Y lle@.)), exp (Moldr Y]) € L (poo)

for every g, ko, Ao > 0. Then there exists a collection (Ui)ier of Borel maps
U, : E — E such that

U9+t = USOUt7 S,teR, (10 15)
Ui(z) :x—|—f0tY(Us(z))ds, t R, for poo-a.e.  in E. '
Moreover, if 6y, Y € W;I’jf(uoo), we have fort € R,
t
(Up) g ttoo = exp (/ 0. Y (U_s(x)) ds) oo
0
Proof. See [42, Theorem 1.4.1]. O

The next proposition is a variation of this result involving H-valued (in-
stead of H.o-valued) vector fields.

Proposition 10.14. For f € C there exists a collection (U;)er of Borel maps
U, : E — E satisfying

{ Us+t:USOUt7 S7t€Ra

Ul(z) =+ [L Vi f(Usx))ds,  tER, for po-a.e. x in E. (10.16)
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Moreover, fort € R we have

(U) s fioe = exP (2 /Ot LE(U_y(2)) ds) oo (10.17)

Proof. We claim that i(V g f(2)) = 2600 (A5 V. f(x)) for all z € E. To prove
the claim, we note that i (D(A*)) C D(A%,) by Lemma 2.9. In view of (C2),
Proposition 2.18, and Corollary 2.12; we obtain for «*,y* € D(A*),

(loo (ASi®™), ") = [ASicer™ isey’]

1
[Aseisea™ isey™] + glisea™, Aisey]

N = N

sk ko ek ok 1** *
["a®, Y] = Sttt y).

Since 5 (D(A*)) is weak*-dense in H.,, we infer that 2i., (AL i z*)
i(¢*z*), which implies the claimed identity.

Therefore the result follows from Proposition 10.13 applied to Y :=
2A%5 Vi f, and the observation that 6y Y = 2L f, which is a consequence
of Theorem 2.16 and Theorem 4.3. g

In Lemma 10.15 and Proposition 10.16 we fix f € C and let (Uy)icr be
the associated collection of Borel maps U; : E — FE obtained in Proposition
10.14. For t € R we consider the functions K;, A; : E — F defined for p-a.e.
x € E by

ki) = (2 [ LEU@)as) A= ] [ LA ds

t

with the understanding that Ay = Lf. The following lemma will be used in
the proof of Proposition 10.16.

Lemma 10.15. For € D(H,__) and T > 0, the collection (A¢)o<i<T 1S
uniformly bounded in L?(u).

Proof. We proceed in three steps.
Step 1. We claim that for any ¢ > 0,

sup ||K5||%2(Hoo) < /Eexp (8t|Lf(9c)|) oo (x) < 0. (10.18)

Is|<t

To prove the claim, we use Jensen’s inequality (in the second estimate)
and (10.17) to obtain
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1 t
K3l < [ow ([ AILIU- )] ds) dc )
1 t
< / : / exp (4L (U (x))]) ds daoe ()
E 0

1/0t/EeXp (4125 (@) ) Ko (@) dpioc () ds

- exp (8t|Lf(2)] ) dpoo() 1/QIIICSIILz(uoo)dS
FAVEICEEEES)

Vel as( [ o (s170) dieto) 7

Replacing f by —f and arguing similarly we find that

1 t 1/2
K- < § [ Il ds( [ oo (s25@)) dunto))
0 E

Combining these estimates we obtain

max { | K-l Z2 i) 1EKellE2 ) }

1/2

< sup (| K2 (/ exp (8t|Lf(x)\) duoo(x)) ,
5| <t B

and therefore

sup ||KS||%2(%0) < /Eexp (8t|Lf(x)|) dptoo ().

s|<t

The finiteness of the right-hand side follows by combining Fernique’s Theorem
1.3 with the fact that Lf(xz) = b(z) + (z, F(z)) for some bounded functions
b € Cp(F) and F € Cy(E; E*) according to (10.10). This completes the proof
of (10.18).

Step 2. There exists €9 > 0 such that for any ¢t > 0 we have

/exp (50|At(m)|2) dtoo () < sup || K|l 12 (u)
E 0<s<t

« </Eexp (220/LF()P) duoo(x)>1/2 < 0.

To prove this estimate, we write Lf(z) = b(z) + (z, F(x)) as in Step 1.
Fernique’s Theorem 1.3 implies that there exists g > 0 such that

(10.19)

/Eexp (2e0|Lf(2)]?) dptoo (z) < 00.

Using (10.17) and the inequalities of Jensen (twice) and Cauchy-Schwarz, we
obtain
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2
] exp (<ol e(@)P) die ()
E
2
t )duoo(x)
€0 ¢
< Lo (% [ 100 @)Pas) dunt)
E 0

< [ o (lt e ds et

1 t
7/0 LU, o(x)) ds

0
-+ t [ e (olL ) Kia(0) i)
<1/ t |Kt_s||m<uw>( [ e (2lLs@)P) duoo(x)> "

1/2
sup ||KS||L2(MOO)(/EGXP (250|Lf(3;)|2> duoo(x)) ,

0<s<t

IN

which implies (10.19).
Step 3. To finish the proof, we write pt = p and use Young’s inequality
uv < e* 4 wvlogwv for u,v > 0 to obtain in view of (10.18) and (10.19),

[ 1@ duta)
E

= [ colau@P2 dyc )
E €o

1 1
< [ exp (2ol i @)) dioc (o) + Mo () — oo
E €0 €o

< ([ o (11G1) dio@)) ([ o0 (20250) i)

1 1
+ 7H/Loo (:u’) - logEOa
€o €0

which implies that supg<, <7 || A¢l|L2(u) < o0 O

Proposition 10.16. Take € D(H,,_) and h > 0. For ¥ € I,(i, Jop) and
f € C we have
1
i [ Fatw.e-ndSey =2 [ L@ domE.  (1020)
ExE E

Proof. For each t > 0 we have
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%(Wé(u, (U4 (Inp)) = Wi (1, Jup))
1

< — [z = U(y)lz — o — yl} d% (10.21)
2t JexE
1 1

— o [ WU} [ ey Ul
2t EXE t ExE

For pioo-a.e. y in E we have

< |Va fllst,

ly— Uiyl = ] [ vasw.w)as )

from which we infer that the first summand in the right hand side of (10.21)
tends to 0 as ¢ | 0. Moreover, the same estimate shows that ¢ — U;(y) is
right-continuous at ¢ = 0 for p-a.e. y € E, hence

Ui(y) - ‘
% - %/0 Vi f(Us(y)) ds — Vuf(y), Jloo-a..€.

Since Jpu < pioo, this implies that for Y-a.e. (z,y) € E x E,

%[x 4y =UW)]r — =2 =y, V().

Since

1
=y =Ulul <l = ylul Vi fllo

and

1/2
/ Ix—ylHdE<</ Ix—ylird2> = Wh(p, Jnp) < o0,
ExXE ExXE

we can use the dominated convergence theorem to pass to the limit in (10.21)
to obtain

%%(Wé(ﬂ, (Un) g Inp) = Wi (p, Jnp)) = — /ExE[x =y, Vuf(y)lgd¥.

By definition of Jpu we have

h

7 (M ) = P (W) 1)) <

: (Wﬁ(u, (Ue) s Inp) — Wir(p, Jhﬂ)),

1
2t
which leads to

%%(HMW(JW) —H,., ((Ut)#JhM)) < —% /EXE[@“ — vy, Vuf(y)lud¥.
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Replacing f by —f and arguing similarly, we arrive at

lim % (Huw (Jn) = Hpu ((Ut)#Jhu)) > —% / [z —y, Vuf(y)ludZ,

t]0 ExXE

and combining these inequalities we infer that

lin % (Hum (Jnr) = My ((Ut)#Jh:u)) = —% EXE[% =y, Vaf(y)ludX.
(10.22)

On the other hand, (10.17) implies that for v = pu., € D(H,.) and
p € Cy(E),

/E (@) d((U) ) () = / o(U(2))p() dpins ()

p(2)p(U—t()) d((Ur) g0 ) ()

m\m\m

p(2)p(U-t(2)) Ke() dptoo (),

/\

and thus (U)xV = pipieo, where py(x) := p(U_i(x))Ki(x) for pioo-a.e. z in E.
Taking into account that log(K; o Uy) = 2tA; € L'(v) by Lemma 10.15, it
follows that

He (U0 30) = [ o (pw_t(as))m(x)) A(U) ) ()
= [ 108 (o) (V1)) o)
Hyo (v) + / log 1, (Us (1)) du(x)

=H,. (v)+2t /E Ay(z) dv(z),

hence

Huw((Ut)#z) — Hp (V) _ Q/EAt(x) dv(z).

Lemma 10.15 implies that (A¢)iepo,7] is uniformly bounded in L?(v), and
therefore uniformly integrable with respect to v. Since ¢t — Ug(x) is right-
continuous at t = 0 for v-a.e. x € E, it follows that A;(x) — Lf(z) for v-a.e.
r € Fast] 0, hence

ltil%l Huw((Ut)#’;) — My (V) —9 /E Lf(z)dv(z).

Applying this result to v = Jpu and using (10.22) we obtain (10.20). O
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Now we are in a position to show that the gradient flow associated with
H,.., and W solves a Fokker-Planck equation associated with L. The factor
2 appearing in the statement of the result is not essential and can be removed
by multiplying the entropy functional or the Hilbert space norm by a scaling
factor (see also Remark 10.12).

Theorem 10.17. For ¢ € D(H,_), let (0,)i>0 be the gradient flow in
(P (E), Wr) associated with the functional H,_ and satisfying oo = o, which
has been obtained in Theorem 10.11. The measures (o¢)1>0 satisfy the Fokker-
Planck equation

8tot + 2L*0't =0

in the following sense: for all f € C and o € C°[0,00) we have

g s .

+/O ()/2Lf()dat()dt—oz /f )do(z).

Proof. Take f € C and a € C¢°[0,00), and let T > 0 be such that supp(a) C
[0,7). Forhe(o1)setzv:L%J+1Fork_o — 1, we take
Yk e I,(Jfa,Ji o) and set o) := JFo whenever t € ((k - 1)h7kh]. With
this notation we have

/Oooo/(t f(z)dol(z) dt

~—

N—-1
= 3 (ol 1) = atkh) [ f@)d7i )@
k=0
:Zzola (kh) (/ F(2) d(JFo)(z /f d(Jyt o) (a ))
/ F(@) do(@
- j:aach)( [ i@ twastan) - a) [ @ st

Moreover, by Proposition 10.16,

> h
/0 a(t) /E 2L (x) dol(z) dt
N-1 .(k+1)h
— Z/k aft) dt/E2Lf(m) d(Jy o) (x)

e h

(k+1)h
%Z/ dthxE[VHf(y)aﬂf—y]HdEk(x,y).
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Combining these two identities we infer that

| w [ s@aotaie= [t [ 215 dota) a
N

-1

= Z a(kh)I), + Z ﬁk/ Vuf),z—ylgdX"(z,y) (10.24)

= — (I11),

where

L= / (@) — 1) — [V f @)z — yln d5* (@, y),
ExE

| kDR
Bk == a(kh) — f/ a(t) dt.
h Jkn

Before estimating both sums in (10.24) individually, we observe that by defi-
nition of J,’f“a,
2h WH(Jh g, Jk+1 ) < H,“oo (J”;:U) - HHOC (Jfk7,:+10->7

hence

=
2
L

k1 ko k1
b(Jro, Ji o) < (Hl‘oc(‘]ha-) Hyoo (), U)) (10.25)

To estimate (I) we use (10.25) to obtain

()] < 5 llall IV f||ooz/ & — y2 dz*

N-1

= f||a||oo||v fllse > Wi (o, JiH o)
k=0

< Bl IV flloe (Hun (0) = Hou (T ) )

from which we infer that (I) — 0 as h — 0.
To estimate (I1) we use the estimates |8x| < h||¢/[o and N < 2T the
Cauchy-Schwarz inequality, and (10.25) once more, to arrive at
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N—1
D) <l Ve Y [ o=yl dS* )
k=0 Y EXE
N—-1 1/2
< h|a'||oo||va||oox/N( > [ -l dz%,y))
k=0 Y EXE

N-1 1/2
< VITh ||a'||oo||va|oo( S Wi (o, Jlf“a))

k=0

< V2R oo |V i f||oo\/ 20 H,u . (0),

which converges to 0 as h | 0.
Combining the estimates for (I) and (I7) with (10.24) we arrive at

/DO a’(t)/ f(z)dol(z) dt
0 o (10.26)

— 8] e O'h X (6] i o\xr) —
/0 <t>/Esz< ) do (z) di + (0)/Ef( ) do(z) — 0,

as h | 0.
It remains to analyse the limit behaviour of the first two terms in (10.26)
individually. Since o} — o as h | 0, we have for each t > 0,

/Ef(gc)dath(ac)—>/Ef(ac)dat(ac)7 (10.27)

hence by dominated convergence,
> / h N > / o
/0 a(t)/Ef(x) do} (x)dt /0 ! (t)/Ef(z)d +(x) dt.
We claim that
/O T ) /E Lf(z) do?(z) dt — /O ) /E Lix)do(z)di  (10.28)

as h | 0. The latter two identities together with (10.26) imply (10.23). There-
fore, to complete the proof, it remains to show (10.28).

For this purpose, we use the explicit formula (10.10) to write Lf(z) :=
b(x) + (z, F(x)) for some b € Cp(E) and F € Co(E;E*). For R > 0 let
Cr € Cb(R) be a cut-off function satisfying supp (g C [—2R, 2R), ||[¢rllc < 1,

and (Cr)|[—r,r] = 1. By Fernique’s Theorem 1.3 there exists ¢ > 0 such that

/Eexp (E\xﬁ;) Ao () < 00.

Using Young’s inequality uv < e" + vlogwv for u,v > 0 we obtain for ¢ > 0
and h > 0,
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[ o Pl (1= Galale)) dot )
<15 [ oot
< B0 ([ oo (cbe) (o) + 2, (02) ~ Z1oge)  (1029)

1F o / 2 1 1
=\, exp (5|m|E> oo () + gHuoo (o) - loge
C

IN

with C' not depending on h and R. Combining this estimate with the fact that
b e Cy(E), it follows that

/ |Lf|dol < oo.
E
Furthermore, as H,__ (o) < oo, the same argument shows that
/ |Lf(z)|do(z) < 0. (10.30)
E

Taking into account that o — o, and the functions b and (-, F'(-))¢r(|- |E)
are contained in Cp(E), we obtain using (10.29),

i /E Lf(z) dol (x)
— Tim hIn(/Eb(a:) daf(x)+/E<x,F(z)><R(IzIE)dof(x)

R—o0 h|0

+ /E<x>F($>>(1 — Cr(|2]p)) daf(m))

SR@)@ (/Eb(x)dat(x)+/E<$7F(33)>CR(|5U|E)dUt(x)+g)
g/Eb(x) dcrt(x)—F/E(JU,F(x»dUt(x)
- [ Li@ o)

where the last inequality uses the dominated convergence theorem, which can
be applied since [, |(x, F(x))| dp: < co in view of (10.30). The same argument
shows that

lim Lf(x)da;}(x)z/ELf(x)da—t(g;),

hl0JE

and therefore we arrive at
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hlo J g

fim [ Lf(z)do"(z) = /E Lf(z) doy().

Since | [, Lf(z)dof(z)] < |blloc + & + 2R||F||o for any h > 0, t > 0, and
R > 0, the dominated convergence theorem (which can be used due to the
fact that o € C2°[0, 00)) implies that

o0

fim [ a(t) /E Lf(z) dol(z) dt = /0 T alt) /E Lf(z) dow(z) dt,

R0 Jo

which proves (10.28). This completes the proof. O






Part 111

Malliavin Calculus in Banach Spaces






11

Banach Space-valued Analysis on Wiener
Spaces

This chapter deals with the Malliavin calculus for Banach space-valued ran-
dom variables. Using radonifying operators instead of symmetric tensor prod-
ucts we extend the Wiener-Ito isometry to Banach spaces. In the white noise
case we obtain two sided LP-estimates for multiple stochastic integrals in arbi-
trary Banach spaces. It is shown that the Malliavin derivative is bounded on
vector-valued Wiener-Ito chaoses. Our main tools are decoupling inequalities
for vector-valued random variables. In the opposite direction we use Meyer’s
inequalities to give a new proof of a decoupling result for Gaussian chaoses in
UMD Banach spaces.

11.1 Preliminaries

We start by collecting some preliminary results on decoupling, y-radonifying
operators, and UMD Banach spaces.

Decoupling

Decoupling inequalities go back to the work of McConnell and Taqgqu [119,
120], Kwapieni [96], Arcones and Giné [6], and de la Pena and Montgomery-
Smith [50] among others. We refer to the monographs [49, 97] for extensive
information on this topic.

First we introduce some notation which will be used throughout this chap-
ter. For j > 1 and a finite sequence i = (i1, ...,,) with values in {1,2,...}
we set

N i 1< B < i — i S - L .
JA) =#{ir : 1 <k <n,ir =7}, |i|l=n, |is: max i, ! Hk(l)

Let (yn)n>1 be a Gaussian sequence, i.e. a sequence of independent standard
Gaussian random variables on a (sufficiently rich) probability space (£2, F,P),
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and let (’yﬁk))nzl be independent copies for each k > 1. Let (H,y,)m>0 denote
the Hermite polynomials already considered in Chapter 1. We set

¥ = (i)' H Hjy (v5)-
jz1

The next theorem states two well-known decoupling results which were
obtained in [6, 96, 120]. A general result containing both parts of the next
theorem is due to Giné (see, e.g. [49, Theorem 4.2.7]).

Theorem 11.1. Let E be a Banach space, let m,n > 1, and suppose that we
are in one of the following two situations:

1. (symmetric case) Let (x3)j3—m C E satisfy x; = xy whenever i’ is a
permutation of i, and set

F = Z (il /m!)Y 2 W
li|=m.lilc<n

2. (tetrahedral case) Let (13)ij=m C E satisfy x; = 0 whenever j(i) > 1 for
some j > 1, and set

F = Z Yiy e Vi Ti-

li]=m,i]co <n

In both cases we put

F = Z fyi(ll) e -’yi(:j)xi.

[i]=m,i]co <n

Then there ezists a constant Cp, > 1 depending only on m, such that for all
t > 0 we have

1 ~ ~ t
—P(IFll5 > Cut) < P(IFlls > 1) < CuP(| Flls > o).

Consequently, for 1 < p < oo we have
1E N o (2:8) =pm |F | Lo (2:)-

Remark 11.2. The requirement that |ij.c < n is chosen for convenience, to
ensure that we are dealing with finite sums exclusively. Note however that the
constants in all of our estimates do not depend on n.

Spaces of v-radonifying operators

The class of radonifying operators which has been considered in Part I will
play an important role in this chapter. We refer to Section 5.2 for the definition
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and the basic properties. An important role is played by spaces of iterated
radonifying operators v (H, E). We define these spaces inductively by

71(HaE) = V(HaE)’ 'Vm—H(H’E) = ’y(H,’ym(H,E)), m > 1.

To improve readability we will write T'(h,h') instead of (Th)(h') if T €
v*(H, E). Furthermore we will write (h ® h’') ® = to denote the operator
h® (k' ®z) € ¥2(H,E). Similar remarks apply when m > 2. For future
use we record that for operators of the form

T= > (u,®Qu,)®, xck, (11.1)
li|=m,|ilcc <n
the norm in v™(H, E) is given by

2
1 m
1Ty =B X a8

[i=m,|i]oo <n

, (11.2)

where we use the multi-index notation from Section 11.1.

If K is a Hilbert space then 4™ (H, K) is canonically isometric to the
Hilbert space tensor product H ®m@K. It has been shown in [90] (see also
[134]) that y™(H, E) is isomorphic to v(H®™, E) for all m > 1 if and only if
the Banach space E has Pisier’s property (o) [144].

We have already considered in Proposition 5.13 the pairing

[T,S], :=tr (I*S), T e~(H E), Se~(H E, (11.3)

which allows us to identify v(H, E*) with a weak*-dense subspace of the dual
space y(H, E)*. The next result from [147] (see also [90]) shows that if E is
K-convex, the inclusion y(H, E*) — ~v(H, E)* is actually an isomorphism.

Proposition 11.3. If E is K-convez, then (11.3) establishes an isomorphism
of Banach spaces

V(H, E") =~ (v(H, E))".

We will return to K-convexity and its relevance for vector-valued Malliavin
calculus in Remark 11.7 below.

Let us now consider the important special case that H = L?(M, p1) for some
o-finite measure space (M, u). A strongly measurable function ¢ : M™ — E
is said to be weakly-L? if (¢, z*) € L?(M™) for all z* € E*. We say that such
a function represents an operator T, € v"(L*(M), E) if for all fi,..., fm €
L?(M) and for all z* € E* we have

(To(fr,- -, fm) 2") = filtn) oo fm(tm)-
Mm

Aty tn), @) du®™ (L, .. ).

We will not always notationally distinguish between a function ¢ and the
operator Ty € v(L?(M), E) that it represents. The subspace of operators
which can be represented by a function is dense in v (L*(M), E).
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UMD Banach spaces

Let us collect some well-known facts concerning UMD Banach spaces. Let
1 < p < co. A Banach space E is called a UMD(p)-space if there exists
a constant (8, g such that for every finite LP-martingale difference sequence
(dj)}—; with values in E and for every {—1,1}-valued sequence (g;)7_; we

have . 1 ) 1
(IEHZajdj p)? < By (EHZdJ P)E.
=1 =

It can be shown that if F is a UMD(p) space for some 1 < p < oo, then it is a
UMD (p)-space for all 1 < p < oo, and henceforth a space with this property
will simply be called a UMD space.

Examples of UMD spaces are all Hilbert spaces and the spaces LP(.S) for
1 < p < oo and o-finite measure spaces (S, X, u). If E is a UMD space, then
L?(S;E) is a UMD space for 1 < p < oo. For an overview of the theory
of UMD spaces and its applications in vector-valued stochastic analysis and
harmonic analysis we recommend Burkholder’s review article [21].

11.2 Wiener-Ito chaos in Banach spaces

In this section we will prove a Banach space analogue of the classical Wiener-
It6 isometry. First we fix some notation, most of which has already been used
in Chapter 1.

Let (£2,F,P) be a (sufficiently rich) probability space, let H be a real
separable Hilbert space and let W : H — L?(2) be an isonormal Gaussian
process on H, i.e., W is a bounded linear operator from H to L?({2) such that
the random variables W (h) are centred Gaussian and satisfy

]E(W(hl)W(hg)) = [hl,hg}H, hl,hz € H.

We assume that F is the o-field generated by {W(h) : h € H}. We fix an
orthonormal basis (u;);>1 of H, and consider the Gaussian sequence defined
by v; := W(u;) for j > 1. For m > 0 we consider the m-th Wiener-It6 chaos

HO™ = T{ Hy (W ()« ] = 13,

where the closure is taken in L?(2). Furthermore, let H®™ be the m-fold
symmetric tensor power which is defined to be the range of the orthogonal
projection Pg € L(H®™) given by

1
P@(h1®®hm)zﬁ Z h”(1)®®hﬂ'(m); hla"'ahmeHa

TESm

where S,,, is the group of permutations of {1,...,m}.
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Theorem 1.14 asserts that the following orthogonal decomposition holds:

L(2,F,P)= P H™.

m>0
Moreover, the mapping &,, defined by
By Po(ui, @ @uy, ) (il/m) 20, (11.4)

extends to an isometry from H®™ onto H (m) Recall that ¥; is the generalised
Hermite polynomial defined in Section 11.1, to which we refer for notation.
Let us consider the vector-valued Gaussian chaos

H™(E):=TIn{f®z: fe H™ z e E},

where the closure is taken in L?(£2; E). The following well-known result is
a consequence of the decoupling result in Theorem 11.1(1) and the Kahane-
Khintchine inequalities. Extensive information on this topic can be found in
the monographs [49, 97].

Proposition 11.4. Let E be a Banach space, let m > 1, and let 1 < p,q < oo.
For all F € H™(E) we have

1EN| Lo 28y =mopaa 1 F ]l La(2:8)-

Our next goal is the construction of the spaces v®™(H, E), which will be
the Banach space substitutes for the symmetric Hilbert space tensor powers
He®™. We refer to Section 11.1 for the definition of the space ™ (H, E). For
T € y™(H, E) we define its symmetrisation PgT € v™(H, E) by

(PoT)(ha, ... hy) = % > T(haqys- s hagmy)s has... hm € H,
TESm
and we will say that T' € v™(H, E) is symmetric if PgT = T. The mapping
P, is easily seen to be a projection in £L(y™(H, E)) and we define v©™(H, E)
to be its range.

We remark that if K is a Hilbert space, then v®™(H, K) is isometrically
isomorphic to the space H®™®QK, where & denotes the Hilbert space tensor
product.

Now we are ready to state a Banach space-valued extension of the canonical
isometry (11.4).

Theorem 11.5. Let E be a Banach space, let 1 < p < oo, and let m > 1.
The mapping

(@ @ 1) : Po(hy @ @ hi,) @ = (il/m) 0 @,

extends to a bounded operator (P, @I) : y©™(H, E) — LP(£2; E), which maps
y®™(H, E) onto H™)(E). Moreover, we have equivalence of norms

H(@m ® I)T”LP(Q’E) :m,p ||T||,Y'm(H7E), T E ,Y@TVL(H’ E)
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Proof. Let T be a symmetric operator of the form (11.1) and observe that
T = Z Pg(uiy, @ Qu;,, ) ® .
[i|l=m,lilec <n
Using (11.2), the decoupling result from Theorem 11.1(1) and the Kahane-

Khintchine inequalities we obtain

P
E|(® DT, = ]EH 3 (i!/m!)l/QWixiHE

[i|=m,i|oc <n

s I R

[i|l=m,|ioc <n

" (H,E)

p
" S ITIE

In view of Proposition 11.4 it is clear that &,, ® I maps v©™(H, E) into
H(™)(E). To show that its range is H("™) (E), we observe that &, ® [(h®™ ®
x) = Hp(W(h)) -z for all h € H with ||h|| = 1 and all z € E. Now the result
follows from the norm estimate above and the identity

H")(E) =Tn{H,,(W(h)) -z : ||h| =1,z € E},
where the closure is taken in LP({2; E). 0

Remark 11.6. In the special case that E = R and p = 2 we recover the classical
Wiener-It6 isometry (see Theorem 1.19).

Remark 11.7. Let m > 1 and let J,,, be the orthogonal projection onto H (™).
It is well known that for all 1 < p < oo the restriction of J,, to LP(2) N L%(£2)
extends to a bounded projection on LP({2). A Banach space F is said to be
K-convex if J; ® I extends to a bounded operator on L?(£2; E). Actually,
this notion is usually defined using Rademacher instead of Gaussian random
variables, but this does not affect the class of Banach spaces under consider-
ation [63]. It has been shown by Pisier [145] that in this case the operators
Jm ® I (which will be denoted by .J,,, below) are bounded for all m > 1 and
all 1 < p < co. Every UMD space is K-convex. These facts will be used in
Sections 11.4 and 11.5.

11.3 Multiple Wiener-1to6 integrals in Banach spaces

As in the previous section we consider a real separable Hilbert space H and an
isometry W : H — L?(£2) onto a closed linear subspace consisting of Gaussian
random variables.

In addition we assume in this section that H = L?*(M, B, 1) for some o-
finite non-atomic measure space M. We let By := {B € B : u(B) < oo}. For
A € By we write with a slight abuse of notation W(A) := W (1,4). In this way
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W defines an L?(§2)-valued measure on By which is called the white noise
based on pu.

Our next goal is to construct multiple stochastic integrals for Banach
space-valued functions. Our construction generalises the well known multiple
stochastic integral for Hilbert space-valued functions, and in another direc-
tion, the (single) stochastic integral for Banach space-valued functions which
has been constructed in [135].

For fixed m > 1 we define &,,(E) to be the linear space of tetrahedral
simple functions F' : M™ — R of the form

F= Z LA, xxA,, " Tis (11.5)

[i]=m,|i]oc <n

where the A;’s are pairwise disjoint sets in By, n > 1, and the coeflicients
x; € E vanish whenever j(i) > 1 for some j > 1. Tt is easy to see that such a
function F represents an operator Tp € v (L?(M), E) in the sense described
in Section 11.1, and by taking an orthonormal basis (u;);>1 of L?(M) with
uj = ,u(Aj)*l/glAj for j =1,...,n, one can check that

1 m
T 12 m 2200, 5) :]EH 3 ALt
fil=m. il <n (11.6)
2
(AT (AR

=
We recall that ('y](-k)) j>1 are independent Gaussian sequences for k£ > 1.

Lemma 11.8. The collection of operators represented by functions in E,,(F)
is dense in y™(L*(M), E) for all m > 1.

Proof. This follows by reasoning as in the proof of the corresponding scalar-
valued result [138, p.10], taking into account that the measure space M is
non-atomic. U

Suppose that Tr € y™(L?(M), E) is represented by a strongly measurable
weakly-L? function F. Then Tr belongs to ¥y©™(L?(M), E) if and only if F
agrees u®™-almost everywhere with its symmetrisation F defined by

1
F(tl,...,tm) I:ﬁ E F(tTr(l)7"')t7T(m))'
’ WESWL

For F € &,,(E) of the form (11.5) we define the multiple Wiener-It6 integral
Iy (F) € L*(£2; E) by

In(F) = > W(Ay)-...-W(4,,) - a1 (11.7)

[i[=m, oo <n
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One easily checks that this definition does not depend on the representation
of F as an element of &,,(E). Moreover, I, is linear and I,,(F') = I,,,(F). The
next theorem may be considered as a generalisation of the classical Wiener-
Ito-isometry for multiple stochastic integrals to the Banach space setting.

Theorem 11.9. Let m > 1 and 1 < p < oco. The operator I, : En(E) —
LP(2; E) extends uniquely to a bounded operator

Ly : 4™ (L*(M), E) — LP(§2; E)
which maps Y™ (L*(M), E) onto H™)(E). Moreover, for F € y™(L?(M), E)
we have:
(i) I F = I, F:;
(i) | Im Fl| v (2:8) =mp |Fllym 200),8) < NFlym 200, E)-

Proof. First we show that for all F € &,,(F) the following equivalence of
norms holds:

L F | o (2s8) ~mop |1 Fllym (L2 (0),E)-

For that purpose we take F' € &,,(E) of the form (11.5). Since I,,(F') = L, (F)
we may assume that F' is symmetric, hence L (i 1ysemrin(my) = E(i1remmrim) for all
permutations m € S,,,. Let (u;);>1 be an orthonormal basis of L*(M) with
uj = p(A;)"Y%1,, for j = 1,...,n, and let (y;);>1 be the Gaussian se-
quence v; = W (u;) for j > 1. Using the decoupling inequalities from Theorem
11.1(2), (11.6), and the Kahane-Khintchine inequalities we obtain

p
M F Iy =B D0 W) WA, - o

lil=m,liJoc <n

E

:]EH Z %1""'%’m'H(A1)1/2'---'M(An)1/2~xi I;
li|=m,|i|lcc <n
m P
~m,p EH Z %_(11) R .%_(m) 'M(A1)1/2 .o N(An)l/Q 2 .
li|=

|iloo <n
~m,p ||F||gm(L2(M),E)'

Now the first claim follows from Lemma 11.8. To prove that I,, T € H"™) (E)
for all T € y™(L?(M), E) we first let T = Tp for some tetrahedral function
F of the form (11.5). It follows from (11.7) and the fact that

W(A;,)-...-W(A;, ) e H™

whenever all ji’s are different, that 1,7 € H(m)(E). Since I,,, is continuous
the same holds for general T' € y™(L?(M), E) by Lemma 11.8. To show that
the mapping I,,, : v"(L?(M), E) — H™)(E) is surjective we proceed as in
Theorem 11.5. The other statements are clear in view of Lemma 11.8. O
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11.4 The Malliavin derivative

In this section we study a vector-valued analogue of the Malliavin derivative.
Consider a complete probability space (2, F,P), a real separable Hilbert space
H, and an isonormal Gaussian process W : H — L?(£2). As before we assume
that F is the o-algebra generated by W.

Let us introduce some notation. For n > 1 we denote by Cp5(R") the
vector space of all C*°-functions f : R” — R such that f and its partial
derivatives of all orders have polynomial growth, i.e. for every multi-index «

there exist positive constants Cy, p, such that
|0 f ()] < Ca(1 + [a])".

Let . be the collection of all random variables f : 2 — R of the form
f=eW(hy),...,W(hy,)) (11.8)

for some ¢ € C5g)(R"), h1,...,h, € H and n > 1.
For a real Banach space E we consider the dense subspace .7(E) of

LP(; E), 1 < p < oo, consisting of all functions F' : 2 — E of the form

F= ifi - T,
i=1

where f; € ¥ and z; € F, i = 1,...n. Occasionally it will be convenient to
work with the space P(E), which is defined similarly, except that the functions
@ are required to be polynomials.

For a function F = f -z € .Y (F) with f of the form (11.8) we define its
Malliavin derivative DF' by

DF = Zn:ajga(W(hl),...,W(hn))hj ® . (11.9)

j=1

This definition extends to .(FE) by linearity. For F € .(F) the Malliavin
derivative DF is a random variable which takes values in the algebraic tensor
product H ® E, which we endow with the norm || - ||,z z) (cf. Section 11.1).

The following result is the simplest case of the integration by parts formula.

We omit the proof, which is the same as in the scalar-valued case [138, Lemma
1.2.1].

Lemma 11.10. If F € ./(E), then E(DF(h)) = E(W(h)F) for all h € H.

A straightforward computation shows that the following product rule
holds:

D(F,G) = (DF,G) + (F,DG), F e #(E),G e Z(E").



224 11 Banach Space-valued Analysis on Wiener Spaces

Here (-, -) denotes the duality between F and E*. Combining this with Lemma
11.10 we obtain the following integration by parts formula:

E(DF(h),G) = E(W(h)(F,G)) — E(F, DG(h)), F e .7(E),G ¢ #(E*).
(11.10)

This identity is the main ingredient in the proof of the following result.

Proposition 11.11. The Malliavin derivative D is closable as an operator
from LP(2; E) into LP(2;v(H, E)) for all 1 < p < .

Proof. Let (F,) be a sequence in .7 (£2) ® E be such that F,, — 0in LP({2; E)
and DF, — X in LP($2;v(H, E)) as n — oco. We must prove that X = 0.
Fix h € H and define

Vi ={GeSQ)RE: Wh)G e .#(2)® E*}.

We claim that V}, is weak*-dense in (LP(§2; E))*. Let % + % = 1. To prove
this it suffices to note that the subspace {G € #(2) : W(h)G € L (12)} is
weak*-dense in L4(§2) and that L(2) ® E* is weak*-dense in (L?((2; E))*.
Fix G € V},. Using (11.10) and the fact that the mapping Y — E(Y (h), G)
defines a bounded linear functional on LP(§2;~(H, E)) we obtain
E(X(h),G) = nlgrgo E(DF,(h),G) = nlgrgo E(W (h)(F,,G)) — E(F,, DG(h)).
Since W (h)G and DG(h) are bounded it follows that this limit equals zero.
Since V}, is weak*-dense in (LP(§2; E))*, we obtain that X (h) vanishes almost
surely. Now we choose an orthonormal basis (h;);>1 of H. It follows that
almost surely we have X (h;) = 0 for all j > 1. Hence, X = 0 almost surely. O

With a slight abuse of notation we will denote the closure of D again by
D. Tts domain in LP(§2; E) will be denoted by DY'P(§2; E), which is a Banach
space endowed with the norm

1/
HF”DLP(Q;E) = (”F”Z[),p(Q;E) + ”DF”ip(_Q;—Y(H,E))) P

Furthermore we will write DV (§2) := DLP(£2;R).
Derivatives of higher order are defined inductively. For n > 1 we define
D" TP (0 E) :={F € D"P({; E) : D"F € D**(£2;7"(H, E))},
D"'F .=D(D"F), FeD""'?(;E).
It follows from Proposition 11.11 that D™ is a closed and densely defined

operator from D"~ 1P ((2; E) into LP(£2;~4"(H, E)). Its domain is denoted by
D™P(§2; E) which is a Banach space endowed with the norm

n 1/p
HFHn,p = ”F”D”W(Q;E) = (”FHIZP(Q;E) + Z ||DkF”IL)P(Q;'y’“(H,E))> :
k=1
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The main result in this section describes the behaviour of the Malliavin deriva-
tive on the E-valued Wiener-Itd chaoses. It extends [138, Proposition 1.2.2] to
Banach spaces (and to 1 < p < oo, but this is well-known in the scalar case).

Theorem 11.12. Let E be a Banach space, let 1 < p < oo and let m > 1.
Then we have H™) (E) C D?(£2; E) and D(H"™)(E)) C H™ V) (y(H, E)).
Moreover, the following equivalence of norms holds:

IDF || 1o (25 (11,5)) =pam IFllLo(sm),  F € H™(E).

Proof. Let (uj);>1 be an orthonormal basis of H and put y; := W (u;). Let
(7§k))j21 and (7;);>1 be independent copies of (yj)j>1. For i = (i1,...,%m)
and k > 1 we will write (i,k) = (41,...,%m, k).

First we take F € H(™)(E) of the form

F= Z m.qu i)

lil=mm,[i]cc <n

Clearly we may assume without loss of generality that the coefficients x; are
symmetric, i.e. ; = zy whenever i’ is a permutation of i.
It follows from Theorem 11.1(1) that

n p
BIFIE =B > ot [T HiwOn)n
i|l=m,|ilcc <n j= 2
lil=m, [i]oo < =t (11.11)
;m,p V’L(yn)
li|=m B

On the other hand, by a change of variables to modify the range of summation
from {|i| = m} to {]i| = m — 1}, and rearranging terms, we obtain with the
convention that H_1 = 0,

Dr = Z m11/2 Z H i) 'VJ Hk (i)— 1('Yk) ur ® i,

lil=m, il <n k=1j#k
n n

Ui & <m1/2 Z ’7] x(, k))
k=1

Ii\:m—l,lilooén j=1

n 1/2 §11/2
=D w® <(mm1>'/ > W%%M)-

lil=m—1,]ije <n

Using the Kahane-Khintchine inequalities and Theorem 11.1(1) once more,
we find
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E|DF|” 1 5y = EEHZ%DF w)|

ml/2 1/2
_EEH m-Di7? Z’Yk Z m 1k)H

lil=m—1,|i]lcc <n

~ ml/2 §11/2
= D D T (ZW o)l

lil=m—1[il s <n

Sm.p EEH > 1)””“7’“)”;;

li|=m—1,i|oo <n k=1

(11.12)
Comparing (11.11) and (11.12) yields the norm estimate. The theorem follows
by the closedness of D and the fact that functions F' of the form considered
above are dense in H("™ (E). O

Remark 11.13. In the special case where E is a UMD Banach space the result
above is known. Indeed, it follows from Meyer’s inequalities (Theorem 11.16
below) that

IDF || 1o (2 (r1,5)) ~p.e M 2| F || Lo(asy, F € H™(E).

This formula gives an explicit dependence on m, but in contrast with Theorem
5.3 the constants depend on (the Hilbert transform constants of) E. We return
to this observation in Section 11.5.

11.5 Meyer’s inequalities and their consequences

Let (P(t))i>0 C L(L?(£2)) be the Ornstein-Uhlenbeck semigroup defined by

P(t):=> e ™y (11.13)

m>0

As is well known, this semigroup extends to a Cy-semigroup of positive con-
tractions on LP(£2) for all 1 < p < co. We refer the reader to [138] for proofs
of these and other elementary properties.

Let E be an arbitrary Banach space. By positivity of P, (P(t) ® I)i>0
extends to a Cy-semigroup of contractions on the Lebesgue-Bochner spaces
LP($2; E) for 1 < p < oo which will be denoted by (Pg(t))i>0. The domain in
LP(£2; E) of its infinitesimal generator Ly is denoted D,(Lg). The subordi-
nated semigroup (Qg(t))¢>o is defined by

Qrt)f = /000 Pg(s)f dv(s), (11.14)

where the probability measure vy is given by
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dve(s) = ;e_tz/‘ls ds, t>0. (11.15)

2V/ms3

The generator of (Qg(t))i>0 will be denoted by Cg. As is well known we have
Cp=—(—Lgp)Y2

Often, when there is no danger of confusion, we will omit the subscripts E.

The next lemma is a vector-valued analogue of the representation of L as
a generator associated with a Dirichlet form. We omit the proof which follows
from the scalar-valued analogue in a straightforward way.

Lemma 11.14. Let E be a UMD space. For all ' € P(E) and G €
DYP(£2; E*) we have

E(LpF,G) = —E[DF, DG,

In the following Lemma we collect some useful commutation relations,
which follow easily from the corresponding scalar-valued results.

Lemma 11.15. Let E be a Banach space and let 1 < p < oo.
(i) For F € DY (£2; E) we have Pe(t)F, Qr(t)F € DY?(2; E) and

DPE(t)f = e_tP'y(H,E)DFa DQE( )f Q'\/(H E)

where Q( (n.p) i the semigroup generated by —(I — L,Y(H7E))1/2.
(ii) For F € 73( ) we have LgF, CpF € DY?(2; E) and

DLgF = _(I - LW(H,E))DF7 DCEF = _(I_ L»Y(H’E))I/QDF.

Pisier proved in [146] that Meyer’s inequalities extend to UMD spaces.
Using «-norms his result result can be formulated as follows.

Theorem 11.16 (Meyer’s inequalities). Let E be a UMD space and let
1 < p < oo. Then D,(Cg) = DYP(2;E) and for all f € DYP(; E) the
following two-sided estimate holds:

HCEf”LP(_Q E) ~p,E HDfHLP(Q v(H,E))- (1116)

In Theorem 11.21 we shall state an extension of this result.

The following lemma is the crucial ingredient in the proof of Meyer’s mul-
tiplier Theorem. The proof in the scalar case in [138, Lemma 1.4.1] does not
extend to the vector-valued setting, since it depends heavily on the Hilbert
space structure of L?(£2). We give a simple proof in the case that E is a
UMD space, which is based on Meyer’s inequalities. Recall that J,, denotes
the chaos projection considered in Remark 11.7.
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Lemma 11.17. Let 1 < p < oo and let E be a UMD space. For each N > 1
and t > 0 we have
PO —Jo—Ji— .. = In-D)ll e ey Sepn e N

Proof. For F € P(E) we set

RF =D i m-V2) F, S(D i JmF) = i m'/2 ], F.
m=1 m=0 m=1

Note that the sums consists of finitely many terms since F' € P(FE). Both
operators are well-defined and LP-bounded by Theorem 11.16. Using the fact
that

SYRVF = i Im P,
m=N

we obtain by Lemma 11.15 and Theorem 11.16,

1P —Jo—J1— ... = In-1)FlLr(0;E)

Sy
m=N

= 18Y e PO RYF 1o (i) < eV ISIVIRIMIF || o)

= HSNRNP(t)F”LP(Q;E)

LP($2;E)

O

Using this lemma, the remainder of the proof of Meyer’s multiplier Theo-
rem [128] in the scalar case as given in [138, Theorem 1.4.2] extends verbatim
to the vector-valued setting. It is even possible to allow operator-valued mul-
tipliers.

Theorem 11.18 (Meyer’s Multiplier Theorem). Let 1 < p < oo, let E
be a UMD space, and let (ar)je, C L(LP(§2;E)) be a sequence of bounded
linear operators such that Y.~ o lakl c(rr(2:m)N* < oo for some N > 1.
If (p(n))n>0 C L(LP(£2; E)) is a sequence of operators satisfying ¢(n) =
oo agn™" for n > N, then the operator Ty defined by

T,F =Y ¢(n)J.F, F€P(E)
n=0

extends to a bounded operator on LP(§2; E).

As a first application of the multiplier theorem we determine the spectrum
of L. We start with a simple but useful lemma.

Lemma 11.19. Let E be a K-conver Banach space, let 1 < p < oo, and let
F € LP(§3; E) such that J,,F =0 for allm > 0. Then F =0 in LP(£2; E).
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Proof. For G € P(E*) we have

E(F,G) =E(F, Y  JmG) =E()_ JnF,G) =0.

m>0 m>0

This implies the result, since P(E*) is dense in L9(§2; E*), hence weak*-dense
in LP(§2; E)*.
O

Proposition 11.20. Let 1 < p < oo and let E be a UMD space. Then
o(—L)=1{0,1,2,...}.

Moreover, every integer m > 0 is an eigenvalue of —L and ker(m + L) =
H™)(E).

Proof. To prove that {0,1,2,...} C o(—L) we take an integer m > 0 and a
non-zero F € H™)(E). Since P(t)F = e"™F it follows that F' € D, (L) and
(m + L)F = 0, hence m € o(—L) and ker(m + L) D H™(E).

To show the converse inclusion for the spectrum, take A € C\ {0, 1,2,...}.
To prove that A+ L is injective, take F' € ker(A+ L). Since J,, is bounded for
m > 0 by Remark 11.7 (UMD spaces are K-convex), it follows that J,,,LF =
LJ, F = —mJ,, F. This implies that (A — m)J,,F' = J, (A + L)F = 0, hence
I F =0 for all m > 0, so that F = 0 by Lemma 11.19.

To prove surjectivity, we conclude from the Multiplier Theorem 11.18 that

Ry = X_:OA_lme

extends to a bounded operator on LP(§2; E'). Using the fact that L is closed,
we infer that (A + L)Ry = I, hence A + L is surjective.

It remains to show that ker(m + L) C H™(E) for all m > 0. Take
F € ker(m + L). Since

(m—k)J,F = (m+ L)JyF = Jy(m+ L)F =0

for all integers k > 0, we have JyF' = 0 for all k¥ # m. This implies that
J(F — JF) =0, hence F = J,,F € H™)(FE) by Lemma 11.19.
O

Next we give the general form of Meyer’s inequalities in the language of
~-radonifying norms. This result is stated in a slightly different setting in
[112, Theorem 1.17], but the proof given there contains a gap. More precisely,
the last formula for the function 1 defined in [112, p.300] should be replaced
by ¢(t) = e /2(Io(L) + I1(%)). This function however is not contained in
L1(0,00); but this is needed to conclude the proof.

The proof given below uses Lemma 11.17, which is based on the first order
Meyer inequalities from Theorem 11.16. This allows us to adapt the argument
in the scalar case from [138, Theorem 1.5.1].



230 11 Banach Space-valued Analysis on Wiener Spaces

Theorem 11.21 (Meyer’s inequalities, general case). Let E be a UMD
space, let 1 < p < oo and let n > 1. Then D,(C™) = D™P(£2; E), and for all
F € D™P(£2; E) we have

D"Flrpco.mn < n IC™F 1o -
[ | Lo (2ym (11, E)) SpoBom | L (2;E) (11.17)

SpEn |l Lese) + 1D Fl Lo oy (11,E)) -

Proof. The proof proceeds by induction. The case n = 1 has been treated in
Theorem 11.16. Suppose that (11.17) holds for some n > 1. Using Lemma
11.15 and the fact that the operator C™(I — L)~"/2 = (=L)"?(I — L)~"/? is
bounded on LP({2; E') we obtain by the induction hypothesis

E”DHHFHgnH(H’E SpEn E”CnDF”p(HE) Spen Bl - L)R/QDFHP

¥ v(H,E)
= }EHDC"FHg(H,E) ~p.5 E|C"TLE|R.

)

To prove the second inequality, we note that according to Remark 11.7,
1C™"(Jo+ .-+ Jn-1)Fllp Sppm | Fllp,  F €LV E).
Therefore it suffices to show by induction that

IC™F |l o (258) Spoan ID™Fl o (@mm (11,19

for all F € P(F) with JoF =...=J,_1F =0.

Let us assume that this statement holds for some n > 1 and take F' € P(E)
satisfying JoF = ... = J,F = 0. It follows from Lemma 11.17 that (P(¢))¢>0
restricts to a Cp-semigroup (P, (t))¢>0 on

— LP(2E)
Xop(E) = D HM(E) ,

m>n

satisfying the growth bound ||P,(t)|lz(x., () SEpm €™ for some constant
K depending on n. Consequently (see e.g., [7, Proposition 3.8.2]), we have

(e — L)1/2F||p ~p,E ||(B— L)1/2F||pa Fe X, p(E),

for all a, 3 > —n, and in particular is (I — L)}/2C~! bounded on X, ,(E).
Using Lemma 11.15 and the fact that C"DF € X, ,(v(H, E)), it follows that

E|C™ |, =p.5 E|DCFIP = EI(I ~ LY/*DF|
Spnn I = D207

~p,E,n EHD"“F||§

p
v(H,E)

p n P
(X (o, EIC"DEIL g1

mH(H,E)
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As an application of Meyer’s inequalities we will show that v(H, E)-valued
Malliavin differentiable random variables are contained in the domain of the
divergence operator J. First we give the precise definition of 4.

Fix an exponent 1 < p < oo and let % + % = 1. For the moment let D
denote the Malliavin derivative on L((2; E*), which is a densely defined closed
operator with domain D%9(£2; E*) and taking values in L4(£2;~v(H, E*)). We
let the domain D,(4) consist of all w € LP(£2;~v(H, E)) for which there exists
an F, € LP(02; E) such that

E[u, DG], = E(F,,G) for all G € D"($2; E*).
The function F,, if it exists, is uniquely determined. We set
o(u) :=F,, X €D,(9). (11.18)
In other words, ¢ is the part of the adjoint operator D* in LP(£2;v(H, E))
which maps into LP(§2; E). Here we identify LP(§2;~v(H, E)) and LP(§2; E) in
a natural way with subspaces of (L4($2;~v(H, E*)))* and (L({2; E*))* respec-
tively.
The divergence operator 0 is easily seen to be closed and densely defined.

The proof of the following result is a variation of the proof of the scalar-valued
result in [138, Proposition 1.5.4].

Proposition 11.22. Let 1 < p < 0o and let E be a UMD space. The operator
d is bounded from DYP(2;v(H, E)) into LP(§2; E).

Proof. Let uw € DYP(2;~v(H, E)) and G € P(E*). Using Theorem 11.12 we
find that | DJ1G||, ~p ||J1G||p, and therefore

[Efu, D(Jo + J1)Gly| < Jull o2y, 20 1P (Jo + J1) Gl La(oiy(,E%))

(11.19)
SpE ullne @iy 2 |Gl La(2:87) -

Now we assume that JoG = J1G = 0. By the Multiplier Theorem 11.18 the
operator

= m
T ::mz:ﬂme

is bounded on LP(£2;v(H,E)). By Lemma 11.17 the operator L~1 is well
defined on X ,(E), where we use the notation from the proof of Theorem
11.21. This justifies the use of L~ in the following computation. Using Lemma
11.14 and Theorem 11.21 we obtain
|E[u, DG],| = |E[u, LL"'DG],| = |E[Du, DL™'DG],|
< IDullze@iyan,mp IPL DGllaaneansy () o)
= [ Dull oz, 2) 1D* L7 TG oz o))

Sp.E ||Du||LT’(Q;'y?(H,E))||G||L‘1(Q;E*)-
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Combining (11.19) and (11.20) we conclude that for all G € P(E*) we have

|E[u, DG, | Sp.E Jullpre2;e) |Gl La(oip+)-

It follows that there exists an F, € (L(2; E*))* such that E[u, DG], =
E(F,,G). Since E is a UMD space, we conclude that F,, € LP({2; E) and we
obtain the desired result. o

For 1 < p < 0o we define the vector space of exact E-valued processes as
LE(22(H, E)) = {DF : F € D'*(; B)}.

The next result is concerned with the representation of random variables as
divergences of exact processes.

Proposition 11.23. Let E be a UMD space, let 1 < p < oo, and let
F € LP(§;E). Then U := DL YF — E(F)) is the unique element in
L2(2;~(H, E)) satisfying

F=E(F)+46(U).
Proof. By an easy computation we see that
F=E(F)+dD(L™Y(F - E(F))) (11.21)

for all F' € P(E). It follows from Lemma 11.17 (or Proposition 11.20) that
L1 is well-defined and bounded on {G € LP({2;E) : E(G) = 0}. Meyer’s
inequalities imply that D is bounded from D, (L) into D'P(£2;~y(H, E)), and
by Proposition 11.22 we have that ¢ is bounded from D'?(£2;~v(H, E)) into
LP($2; E). Using these facts and an approximation argument with elements
from P(E) we conclude that the right hand side of (11.21) is well-defined for
all F € LP(§2; E), and the identity remains valid.

To prove uniqueness, suppose that F' = E(F) + 6(DF’) for some F’ €
DYP(§2; E) with DF’ € D,(d), and put G := F' — L™'(F — E(F)). Then
0DG = 0, hence (G, LP) = 0 for all polynomials P € P(E*). In particular,
for all m > 1 and all P € P(E*) N H™)(E*) one has (G, mP) = 0, and since
P(E*) N H™ (E*) is dense in H™) (E*), we have (J,,G, F) = (G, JF) =0
for all F € L1(02; E*). Tt follows that J,,G = 0 for all m > 1, which implies
In(G — JoG) = 0 for all m > 0. We conclude that G = JyG by Lemma
11.19, hence F' = L™Y(F — EF) + x for some z € E. We conclude that
DF’ = DL~Y(F — EF), which is the desired identity. O

We conclude the chapter with an application of the vector-valued Malliavin
calculus developed in this work. We give a new proof of Theorem 11.1(1) under
the additional assumption that F is a UMD space, which is based on Meyer’s
inequalities. This approach seems to be new even in the scalar-valued case.
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Theorem 11.24. Let E' be a UMD space, let 1 < p < oo, and define F' and
F as in Theorem 11.1(1). Then we have

1Ellp =pm, 2 1 Flp-

Proof. We argue as in the proof of Theorem 11.12. By (11.11) we have

ilt/2
Z mii/2 Uix;

lil=m,li|oc <n

p
E|F|E =E

E

and according to (11.12),

1/2 {1/2
]E”DFHP (H.E) ~ EEH(m’”l),l/z Z (m ’1);1/2 (Z’Ykif(l k))

fil=m—1[ilc<n

Noting that CF = m!/2F, Meyer’s inequalities imply that

irl/2
Z mii/2 Uix;

[ij=m,|i]co <n

p

E

E

Z (ml|11/2'1/2 (Z’Y}gl‘(l k))

lil=m—1,|ilcc <n

:p,m,E EE

The desired result is obtained by repeating this procedure m — 1 times. [
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The Clark-Ocone Formula

Let 2 be a separable real Hilbert space, let T' > 0, and let F = (F):c(0,1)
be the augmented filtration generated by an J#-cylindrical Brownian motion
(Woe(t))ieo, ) on a probability space (£2, F,P). In this chapter we will prove
that if E is a UMD Banach space, 1 < p < oo, and F € DVP(Q; E) is Fr-
measurable, then

T
F =E(F) +/ Pe(DF) dW s,
0

where D is the Malliavin derivative of F' and Py is the projection onto the
F-adapted elements in a suitable Banach space of LP-stochastically integrable
L(#€, FE)-valued processes.

12.1 The Skorokhod integral

As in Chapter 11, (£2, F,P) is a complete probability space, H is a separable
real Hilbert space, and W : H — L?(§2) is an isonormal Gaussian process.
We assume that F is the o-field generated by {W(h): h € H}.

The Malliavin derivative acting on possibly vector-valued functions will
be denoted by D. We collect some versions of the product rule which will be
useful below.

1
o

Proposition 12.1. Let 1 < p,q,r < 0o such that % + % =
(i) For all F € D'*(2; E) and G € D"(; E*) we have (F,G) € D(12)

and
D(F,G) = (DF,G) + (F, DG).
(ii) For all F € DVP(2) and G € DY9(2; E) we have FG € DV7(£2; E) and

D(FG) = F DG+ DF @ G.
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(iii) For all F € DY (;E) and G € DY9(2; E*) and h € H we have
(DF(h),G) € L"(£2) and

E(DF(h),G) = E(W(h)(F,G)) — E(F, DG(h)).

We continue with a useful Lemma concerning the divergence operator,
which has already introduced in (11.18).

Lemma 12.2. We have . (§2) @ v(H, E) C D,(0) and

5(f@R)=> W(hj)f ® Rhj — R(Df),  f€ (), Re~(H,E).

7j>1
Here (hj);j>1 denotes an arbitrary orthonormal basis of H.

Proof. For f € (2), R € v(H,FE), and G € .¥(2) ® E* we obtain, using
the integration by parts formula (11.10) (or Proposition 12.1(iii)),

E(f ® R,DG) =Y E(f ® Rh;, DG(h;))

§>1
=Y E(W(h))(f ® Rhy,G)) — E([Df, hjlu @ Rh;, G)
j>1
_E<ZW ) f ® Rh; —Z[Df,hj]H®th,G>
j>1 j>1

—E<ZW Nf ® Rh; — (Df),G>.

j>1

The sum >, W(h;)f ® Rh; converges in LP(§2; E). This follows from the
Kahane-Khintchine inequalities and the fact that (W (h;));>1 is a sequence of
independent standard Gaussian variables; note that the function f is bounded.

(]

We shall now assume that H = L%(0,T; 5¢), where T is a fixed positive
real number and J# is a separable real Hilbert space. We will show that if the
Banach space E is a UMD space, the divergence operator  is an extension
of the stochastic integral for adapted L£(5¢, E')-valued processes constructed
recently in [134]. Let us start with a summary of its construction.

Let Wy = (Wue(t))iep,r) be an J#-cylindrical Brownian motion on
(2, F,P), i.e., for each t € [0,T], Wye(t) is a bounded linear operator from
J into L?(£2) having the following properties:

(1) Woeh := (Wue(t)h)ieo,1) is a real-valued Brownian motion for all h € 77
(2) E(Wue(s)g- Woe(t)h) = (s At)[g, h] for all s,t € [0,T] and g, h € .

We shall assume that W is adapted to a filtration F = (F;):c[o, 1) satisfying
the usual conditions, i.e., W_zh is adapted to F each h € 5. The It6 isometry
defines an isonormal process W : L2(0,T; 5#) — L?(2) by
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T
W() = / 6dWre, & L(0,T; ).

Following [134] we say that a process X : (0,T) x 2 — (A, E) is an
elementary adapted process with respect to the filtration F if it is of the form

m n l
X(tw)=> > 1 aq®la, @) he ® ziji, (12.1)
i=1 j=1 k=1

where 0 < tg < -+ < t, < T, the sets A;; € F;,_, are disjoint for each j,
and hyg, ..., hy € 5 are orthonormal. The stochastic integral with respect to
W 4 of such a process is defined by

m n l

T
I(X) = /0 XdWop =Y "> " 1a, (Woe(ti) e — W (tio1)hi) © wiji,

i=1 j=1k=1

Elementary adapted processes define elements of LP(£2;~(
in a natural way. The closure of these elements in LP(£2;~(
is denoted by LE(£2;v(L?(0,T; ), E)).

L*(0,T;2¢), E))
L2(0,T;. %), E))

b

Proposition 12.3 ([134, Theorem 3.5]). Let E be a UMD space and let
1 < p < o0. The stochastic integral uniquely extends to a bounded operator

I LE(2;4(L%(0,T; ), E)) — LP($; E).

Moreover, for all X € LE($2;~v(L*(0,T;.5¢), E)) we have the two-sided esti-
mate

(X[ r(2ip) = 1 X | Lo (2iy (22 0.150¢), B))
with constants only depending on p and E.

A consequence of this result is the following lemma, which will be useful
in the proof of Theorem 12.12.

Lemma 12.4. Let E be a UMD space and let 1 < p,q < oo satisfy %Jr% =1.
For all X € LE(2;v(L2(0,T; ), E)) and Y € LE(2;v(L*(0,T;5¢), E*)) we
have

E(I(X),I(Y)) = E(X,Y).

Proof. When X and Y are elementary adapted the result follows by direct
computation. The general case follows from Proposition 12.3 applied to FE
and E*, noting that E* is a UMD space as well. ]

In the next approximation result we identify L2(0,t;.5#) with a closed
subspace of L?(0,T; ). The simple proof is left to the reader.
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Lemma 12.5. Let 1 < p < 00, let 0 <t < T, and let (¢, )n>1 be an orthonor-
mal basis of L2(0,t; 7). The linear span of the functions

with f € #(2), h€ H, x € E, is dense in LP (2, Fy;v(H, E)).

The next result shows that the divergence operator ¢ is an extension of the
stochastic integral I. This means that § is a vector-valued Skorokhod integral.

Theorem 12.6. Let E be a UMD space and let 1 < p < oo be fized. The space
LE($2;4(L*(0,T; ), E)) is contained in D,(8) and
§(X)=I(X) forall X € LE(2;v(L*(0,T; ), E)).

Proof. Fix 0 < ¢t < T, let (hg)r>1 be an orthonormal basis of ¢, and put
X:=1y ZZ:l hi @ xp with A € F; and zp € E for k = 1,...,n. Let (wj)jzl
be an orthonormal basis of L?(0,t; 7). By Lemma 12.5 we can approximate
X in LP (02, Fy; (5, E)) with a sequence (X;);>1 in L (2,7(H, E)) of the
form

M,
Xi=> fun(W(Wr), ... W(¥n)) @ (hm @ 2im)

with z;,, € E.
Now let 0 < ¢t < u < T. From ¢, L 1, ® b in L?(0,T; ) it follows
that DX;(1(;,,) ® h) =0 for all h € . By Lemma 12.2,

M,
1w ® Xy = Z Jin W (@1), ..o, W ([ 4n)) @ (L] @ hun) @ Tpm)
m=1

belongs to D, (d) and

M,
6(1(t,u] ® Xl) = Z W(l(t,u] ® hm)flm(W(wl)a SEE) W(wn)) @ Tim
m=1

= I(l(t,u] %9 Xl).

Noting that 1(;,) ® X; — 1, ® X in LP(02;4(L?(0,T; ), E)) as | — oo,
the closedness of 0 implies that 1(;,) ® X € D,(d) and

0110 © X1) = T(L () ® X1).

By linearity, it follows that the elementary adapted processes of the form
(12.1) with ¢ > 0 are contained in D,(d) and that I and § coincide for such
processes.

To show that this equality extends to all X € LE(§2;~v(L*(0,T;.5¢),E))
we take a sequence X, of elementary adapted processes of the above form
converging to X. Since [ is a bounded operator from LE(2;v(L?(0,T; ), E))
into LP($2; E), it follows that 6(X,,) = I(X,) — I(X) as n — oo. The fact
that ¢ is closed implies that X € D,(6) and 6(X) = I(X). O
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12.2 A Clark-Ocone formula

Our next aim is to prove that the space LL(£2;~v(L?*(0,T;),E)), which
has been introduced in the previous section, is a complemented subspace of
LP(£2;4(L?(0,T; ), E)). For this purpose we need a number of auxiliary re-
sults. We refer to Section 5.1 for the definition of the notion of y-boundedness
and the notation v(.7).

Proposition 12.7. Let J be a y-bounded subset of L(E, F) and let H be a
separable real Hilbert space. For each T € T let T € L(y(H, E),v(H,F)) be
defined by TR := T o R. The collection T ={T : T € T} is y-bounded, with
WT) =(F).

Proof. Let (v;);>1 and (7;);>1 be two sequences of independent standard

Gaussian random variables, on probability spaces (§2, F,P) and ((NZ, F , ﬁ’) re-
spectively. By the Fubini theorem,

]EH -TRvH :]EEH 5 S TR b
27j I 21%271 3| L
j= i= J=
~ n i 2
j=1 i=1

2

<A (TEE|| Y Y FiRh|
j=1 i=1

2

—72(3)EEH;%;%RM .

2

= A(7)E| injH
j=1

V(H,E)

This proves the inequality 'y(% < (7). The reverse inequality holds triv-
ially. O

The next proposition is a result by Bourgain [17], known as the vector-
valued Stein inequality. We refer to [36, Proposition 3.8] for a detailed proof.

Proposition 12.8. Let E be a UMD space and let (Fy)¢cjo,1) be a filtration on
(2, F,P). Forall1l < p < oo the conditional expectations {E(-|F;) : t € [0,T]}
define a y-bounded set in L(LP((2; E)).

We will use a multiplier result due to Kalton and Weis [90], which has
already been stated in Proposition 5.16. This time we need a slightly more
general version, which is stated below for the convenience of the reader. In
its formulation we make the observation that every step function f : (0,7) —
v(H#, F) defines an element R, € v(L*(0,T; ), E) by the formula
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T
ngb::-/o f)o(t) di.

Since Ry determines f uniquely almost everywhere, in what follows we shall
always identify Ry and f.

Proposition 12.9. Let E and F be real Banach spaces and let M : (0,T) —
L(E,F) have y-bounded range {M(t) : t € (0,T)} =: 4. Assume that
for all x € E, t — M(t)x is strongly measurable. Then the mapping M :
[ [t— M(t)f(t)] estends to a bounded operator from ~(L*(0,T; ), E) to
V(L2(0,T3.5), F) of norm ||M|| < (4.

Here we identified M (t) € L(E, F) with M(t) € L(v(J,E),v(,F)) as in
Proposition 12.7.

The next result is taken from [134].

Proposition 12.10. Let H be a separable real Hilbert space and let 1 < p <
oo. Then f — [h— f(-)h] defines an isomorphism of Banach spaces

LP($2;~(H, E)) ~~(H, LP($; E)).

After these preparations we are ready to state the result announced above.
We fix a filtration F = (F;)scj0,7) and define, for step functions f : (0,T) —
(A, LP($2 E)),

(Pef)(t) == E(f(t)|F2), (12.2)

where E(-|F;) is considered as a bounded operator acting on (¢, LP({2; E))
as in Proposition 12.7.

Lemma 12.11. Let E be a UMD space, and let 1 < p,q < oo satisfy %—k% =1

(i) Pr extends to a bounded operator on y(L*(0,T; ), LP(§2; E)).
(ii) As a bounded operator on LP(82;+(L*(0,T;57),E)), Pr is a projection
onto the subspace LE($2;~(L?(0,T; ), E)).
(iii) For X € LP(Q2;~v(L*(0,T; ), E)) and Y € Li(2;~(L*(0,T; ), E*))
we have
E(X, PrY) = E(PeX,Y).

(iv) For all X € LP(£2;~y(L?(0,T; ), E)) we have EPr X = EX.

Proof. (i): From Propositions 12.7 and 12.8 we infer that the collection of con-
ditional expectations {E(-|F;) : t € [0, T} is y-bounded in L(y (2, LP(£2; E))).
The boundedness of Py then follows from Proposition 12.9. For step functions
[ :(0,T) — v(#,LP(£2; E)) it is clear from (12.2) that P?f = Prf, which
means that Pr is a projection.

(ii): By the identification of Proposition 12.10, Py acts as a bounded pro-
jection in the space LP(£2;~(L%(0,T;5#),E)). For elementary adapted pro-
cesses X € LP(£2;7(L*(0,T;5¢),E)) we have PrX = X, which implies that
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the range of Py contains LE(£2;~(L?(0,T;.5¢), E)). To prove the converse
inclusion we fix a step function X : (0,7) — ~(5, LP(£2; E)) and observe
that PpX is adapted in the sense that (PpX)(¢) is strongly F;-measurable
for every ¢ € [0,T]. As is shown in [134, Proposition 2.12], this implies that
PrX € LE(2;4(L*(0,T; ), E)). By density it follows that the range of Py
is contained in LE(£2;v(L*(0,T; ), E)).

(iii): Keeping in mind the identification of Proposition 12.10, for step func-
tions with values in the finite rank operators from # to E this follows from
(12.2) by elementary computation. The result then follows from a density
argument.

(iv): Identifying a step function f : (0,T) — ~(52, LP(£2; E)) with the
associated operator in v(L?(0,T; ), LP(£2; E)) and viewing E as a bounded
operator from v(L%(0,T; ), LP(2; E)) to v(L*(0,T; ), E), by (12.2) we
have

EPef(t) = BE(f(t)|F) = Ef(t).
Thus EPpf = Ef for all step functions f : (0,7) — ~(42,LP(§%; E)), and
hence for all f € v(L?(0,T;57), L?(£2; E)) by density. The result now follows
by an application of Proposition 12.10. O

Now let F = (F¢)¢cjo,r) be the augmented filtration generated by We.
It has been proved in [134, Theorem 4.7] that if E is a UMD space and
1< p<oo,andif F € LP(§2; E) is Fp-measurable, then there exists a unique
X € LB(82;~v(L*(0,T; ), E)) such that

F =E(F)+ I(X).

The following two results give an explicit expression for X. They extend the
classical Clark-Ocone formula and its Hilbert space extension to UMD spaces.

Theorem 12.12 (Clark-Ocone representation, first LP-version). Let E
be a UMD space and let 1 < p < oo. If F € DYP(£2; E) is Fr-measurable,
then

F =E(F)+ I1(Ps(DF)).
Moreover, Pp(DF) is the unique Y € LE($2;~v(L*(0,T; ), E)) satisfying F =
E(F) + I(Y).

Proof. We may assume that E(F) = 0.

Let X € LE(2;~v(L*(0,T; ), E)) be such that F = I(X) = 6(X). Let
i, % =1, and let Y € L9(82;~v(L?(0,T; 7)), E*)) be arbitrary. By Lemma
12.11, Theorem 12.6, and Lemma 12.4 we obtain

S

E(Ps(DF),Y) = E(DF, BpY) = E(F,6(FrY))
=E(0(X),6(PpY)) = E(I(X), I(FrY))
— E(X, PrY) = E(P:X,Y) = E(X,Y).
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Since this holds for all Y € L4(2;~y(L*(0,T; 5#), E*)), it follows that X =
Pr(DF). The uniqueness of Pr(DF) follows from the injectivity of I as a
bounded linear operator from LE(£2;~(L?(0,T; ), E)) to LP($2, Fr). O

With a little extra effort we can prove a bit more:

Theorem 12.13 (Clark-Ocone representation, second LP-version). Let
FE be a UMD space and let 1 < p < oo. The operator ProD has a unique exten-
sion to a bounded operator from LP(£2, Fr; E) to LE(£2;v(L?(0,T; ), E)),
and for all F € LP(2, Fr; E) we have the representation

F =E(F) + I((Py o D)F).

Moreover, (Pr o D)F is the unique Y € LE(£2;~(L?(0,T; ), E)) satisfying
F=EF)+I1(Y).

Proof. Tt follows from Theorem 12.12 that F — I((ProD)F') extends uniquely
to a bounded operator on LP ({2, Fr; E), since it equals F — F —E(F) on the
dense subspace DYP(£2, Fr; E). The proof is finished by recalling that I is an
isomorphism from L% (§2;~v(L*(0,T; %), E)) onto its range in LP(£2, Fr). O

12.3 Extension to L!

We continue with an extension of Theorem 12.13 to random variables in the
space L'(2, Fp; E). As before, F = (F;)iepo,7] is the augmented filtration
generated by the J#-cylindrical Brownian motion We.

We denote by L°(§2; F') the vector space of all strongly measurable random
variables with values in the Banach space F', identifying random variables that
are equal almost surely. Endowed with the metric

d(X,Y) =E(|X =Y A1),

L°($2; F) is a complete metric space, and we have lim, .., X, = X in
L°($2; F) if and only if lim,, .. X,, = X in measure in F.

We let LO(£2;~v(L2(0,T; ), E)) denote the closure of the elementary
adapted processes in LY(£2;v(L%*(0,T; ), E)). By the results of [134], the
stochastic integral I has a unique extension to a linear homeomorphism from
LY($2;4(L*(0,T; ), E)) onto its image in L°(£2, Fr; E).

Theorem 12.14 (Clark-Ocone representation, L!-version). Let E be a
UMD space. The operator Pp o D has a unique extension to a continuous
linear operator from L'($2, Fr; E) to LY(£2;~v(L*(0,T; ), E)), and for all
F € LY, Fr; E) we have the representation

F =E(F) + I((Ps o D)F).

Moreover, (Pr o D)F is the unique element Y € L3(£2;~(L*(0,T;5),E))
satisfying F = E(F) + I(Y).
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Proof. We shall use the process £x @ (0,T) x 2 — ~(L?(0,T;57), E) associ-
ated with a strongly measurable random variable X : 2 — v(L?(0,T; ), E),
defined by

Extw)f = (XW)Apaf),  feL*0,T;2).

Some properties of this process have been studied in [134, Section 4].

Let (F,,)n>1 be a sequence of Fp-measurable random variables in . (£2) ®
E which is Cauchy in L' (2, Fr; E). By [134, Lemma 5.4] there exists a con-
stant C' > 0, depending only on FE, such that for all § > 0 and € > 0 and all
m,n > 1,

P(||Pe(DF, — DEy) |y (12 (0,750), ) > €)

oLk
< =5 +B( swp |1(Epor,—pr,) (1) 2 9)

S
te[0,T
» C6?
2 — +P( sup [|E(F, — FulFi) — E(F, — Fp)|l > 0)
€ te[0,7T]

< — + =E|F, — F,,, —E(F, — F)]||-
-+ SEl (Fo = )

In this computation, () follows from Theorem 12.12 which gives
E(F|F:) — E(F) = E(I(PeDF)|F;) = E(I(€p.pr(T))|F:) = I(Eppr(1)).

The estimate (xx) follows from Doob’s maximal inequality. Since the right-
hand side in the above computation can be made arbitrarily small, this proves
that (Pr(DF},))n>1 is Cauchy in measure in v(L?(0,T; 57), E).

For F € LY(2, Fr; E) this permits us to define

(ProD)F := nl:n;o Pr(DF,),
where (F},),>1 is any sequence of Fr-measurable random variables in . (2) ®
E satisfying lim,, .o, F,, = F in L*(£2, Fr; E). It is easily checked that this
definition is independent of the approximation sequence. The resulting lin-
ear operator Prp o D has the stated properties. This time we use the fact
that I is a homeomorphism from L3(£2;~(L?(0,T; ), E)) onto its image in
LO(0, Fr; E); this also gives the uniqueness of (Py o D)F. O
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Summary

Analysis of Infinite Dimensional Diffusions

This thesis is concerned with analytic aspects of stochastic differential equa-
tions in infinite dimensional state spaces. Such equations provide a mathemat-
ical description of various phenomena in physics, biology, finance, and other
fields of science.

Part I of this thesis contains a study of operators which arise as infinitesi-
mal generators of transition semigroups associated with stochastic differential
equations in Banach spaces. The focus is on a class of elliptic differential oper-
ators on Wiener spaces, for which a detailed analysis is presented in suitable
LP-spaces. The main results are LP-estimates and domain characterisations
for the elliptic operators and their square roots, which generalise the classical
Meyer inequalities. As an application, it is shown that the boundedness of the
Riesz transform is preserved under LP-second quantisation of analytic Hilbert
space contraction semigroups. The methods are analytic in spirit with a proba-
bilistic flavour, and build on recent advances in operator theory, in particular
the holomorphic functional calculus for sectorial operators and randomised
boundedness of operators on Banach spaces.

The underlying framework is inspired by the theory of perturbed Hodge-
Dirac operators, which provides a unified setting for various problems in
harmonic analysis including the Kato square root problem. In this setting,
randomised gradient bounds for transition semigroups and Littlewood-Paley-
Stein inequalities for the associated generators are obtained.

By duality, the transition semigroups studied in Part I of this thesis induce
a flow in the space of probability measures, representing the evolution of the
law of the underlying stochastic process. In Part II of this thesis a framework
is developed for the study of these evolutions as gradient flows associated
with entropy functionals on the Wasserstein space over an infinite dimensional
Banach space.
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For this purpose a Wasserstein distance for probability measures on a
Banach space is considered, where the underlying metric is induced by the
reproducing kernel Hilbert space of the noise in the stochastic equation.

It is proved that a continuity equation can be associated with smooth
curves of probability measures, which allows for the introduction of velocity
fields associated with smooth curves and subdifferentials of functionals, in the
spirit of Riemannian geometry.

For functionals satisfying appropriate displacement convexity conditions
it is shown that the metric formulation of a gradient flow in the sense of an
evolution variational inequality is equivalent to a differential geometric formu-
lation in the sense of the Riemannian structure. Under natural assumptions
on the reproducing kernel Hilbert spaces it is proved that entropy functionals
associated with Gaussian measures are displacement convex. The correspond-
ing gradient flows are shown to satisfy Fokker-Planck equations involving the
generators considered in Part I of this thesis.

The Malliavin calculus is a differential calculus on an infinite dimensional
space endowed with a Gaussian measure. The scalar-valued theory extends in
a natural way to Hilbert spaces, but the straightforward Banach space-valued
extension breaks down. In Part III of this thesis a Banach space-valued theory
having most of the good features of the scalar theory is developed. This exten-
sion relies on the systematic use of radonifying operators. Among the obtained
results are analogues of the Wiener-1to isometry, two-sided LP-estimates for
multiple stochastic integrals, and boundedness of the Malliavin derivative on
each vector-valued Wiener-1t6 chaos. Some results require geometric assump-
tions on the Banach space under consideration, such as the Clark-Ocone rep-
resentation formula for random variables, which holds if the Banach space has
the so-called UMD property.



Samenvatting

Analyse van Oneindig-Dimensionale Diffusies

Dit proefschrift is gewijd aan analytische aspecten van stochastische differen-
tiaalvergelijkingen in oneindig-dimensionale toestandsruimten. Zulke verge-
lijkingen geven een wiskundige beschrijving van diverse verschijnselen in de
natuurkunde, biologie, econometrie, en andere delen van de wetenschap.

In deel T van dit proefschrift worden operatoren bestudeerd die optre-
den als generatoren van overgangshalfgroepen behorende bij stochastische
differentiaalvergelijkingen in Banachruimten. De nadruk ligt op een klasse
van elliptische differentiaaloperatoren op Wienerruimten, waarvoor een gede-
tailleerde analyse in zekere LP-ruimten wordt gepresenteerd. De hoofdresul-
taten zijn LP-afschattingen en domeinkarakteriseringen voor de elliptische
operatoren en hun wortels, die de klassieke Meyer-ongelijkheden generaliseren.
Als toepassing wordt bewezen dat de begrensdheid van de Riesz-transformatie
behouden blijft onder LP-tweede quantisatie van analytische contractiehalf-
groepen op Hilbertruimten. De gebruikte methoden zijn analytisch met een
probabilistische component, en borduren voort op recente ontwikkelingen in
de operatorentheorie, in het bijzonder de holomorfe functionaalcalculus voor
sectoriéle operatoren en gerandomiseerde begrensdheid van operatoren op
Banachruimten.

De onderliggende structuur maakt gebruik van de theorie van verstoor-
de Hodge-Dirac-operatoren. Deze theorie verschaft een algemeen kader voor
verschillende problemen in de harmonische analyse, waaronder het wortelpro-
bleem van Kato. In deze context worden gerandomiseerde gradient-afschattin-
gen voor overgangshalfgroepen en Littlewood-Paley-Stein-ongelijkheden voor
de bijbehorende generatoren bewezen.

De overgangshalfgroepen die bestudeerd zijn in Deel I geven aanleiding
tot een stroming in de ruimte van kansmaten, die de evolutie van de verde-
ling van het onderliggende stochastische proces beschrijft. In Deel II van dit
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proefschrift wordt een kader ontwikkeld waarbinnen deze evoluties beschreven
kunnen worden als gradient-stromingen behorende bij entropie-functionalen
op de Wassersteinruimte over een oneindig-dimensionale Banachruimte.

In dit kader wordt een Wassersteinafstand voor kansmaten op een Ba-
nachruimte beschouwd, waarbij de onderliggende metriek bepaald wordt door
de reproducerende kern Hilbertruimte van de ruis in de stochastische verge-
lijking. Er wordt bewezen dat er een continuiteitsvergelijking kan worden
toegevoegd aan een pad van kansmaten, die het mogelijk maakt snelheids-
velden voor gladde paden en subdifferentialen voor functionalen in te voeren.

Onder geschikte convexiteits-aannamen wordt bewezen dat de metrische
formulering van een gradient-stroming in de zin van een evolutie-variationele
ongelijkheid equivalent is aan een differentiaalgeometrische formulering in de
zin van de Riemannse structuur. Onder natuurlijke voorwaarden op de re-
producerende kern Hilbertruimten wordt bewezen dat entropie-functionalen
voor een Gaussmaat verplaatsings-convex zijn. Er wordt aangetoond dat de
bijbehorende gradient-stromingen voldoen aan Fokker-Planck-vergelijkingen,
waarin de generatoren die in Deel I van dit proefschrift beschouwd worden
een rol spelen.

De Malliavincalculus is een differentiaalrekening op een oneindig-dimensio-
nale ruimte voorzien van een Gaussmaat. De scalaire theorie generaliseert op
natuurlijke wijze naar Hilbertruimten, maar er bestaat geen voor de hand
liggende uitbreiding naar Banachruimten. In Deel IIT van dit proefschrift
wordt een Banachruimte-waardige theorie ontwikkeld, die de meeste goede
eigenschappen van de scalaire theorie behoudt. In deze uitbreiding wordt sys-
tematisch gebruik gemaakt van radonificerende operatoren. Onder de verkre-
gen resultaten zijn een analogon van de Wiener-Ito-isometrie, tweezijdige LP-
afschattingen voor stochastische integralen en begrensdheid van de Malliavin-
afgeleide op elke vectorwaardige Wiener-It6-chaos. Voor sommige resultaten
zijn geometrische aannamen op de Banachruimte vereist. Een voorbeeld is de
Clark-Ocone formule die wordt bewezen voor Banachruimten met de zoge-
naamde UMD-eigenschap.
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